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In this paper, we consider the existence of time periodic solutions of the nonlinear strain wave’s equation. The method
we use is similar to the existence of periodic solution of the navier-stokes equations. Firstly, by Leray-Schauder fixed
point theorem, we show the existence of approximate solutions of the modified nonlinear strain wave’s equation, then
we show the convergence of the approximate solutions, and we also get the uniqueness of the solution to the modified
equation.
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INTRODUCTION

Refer literature [1], we know the Nonlinear strain waves equation was introduced by Xianyun Du in 2011.
Before that, in [2] and [3], we have learned the concept of random attractors. In 1997, Hisako Kato wrote about the
existence of periodic solutions of the Navier-Stokes equations in [4]. Therefore, we have combined many articles and
combined with the article by Guo B and Xianyun Du in [5], we want to study about the existence of time periodic
solutions of the nonlinear strain wave’s equation. We motivated by the ideas in [1, 4, 6, 7], we can accomplish this paper.
As we all known, in some problems of nonlinear wave propagation in waveguides, the interaction of waveguides, the
external medium and the possibility of energy exchange through lateral surface of waveguide cannot be neglected. When
the energy exchange between the rod and the medium is considered, there is a dissipation of deformation wave in the
viscous external medium. The general cubic double dispersion equation can be derived from Hamilton principle:

1
Wit = Wox = (aw? + 6W? + bwy — CWyy + dwy) 1 #(1.1)

where a, b, ¢, d are some positive constants depending on Young modulus Ej.

In this paper, we concerned the existence and uniqueness of periodic of nonlinear strain waves equations:

Wee = (@Wee + BW) e = (W — YWy + f(W))xx +9(x, )#(1.2)
w(x, t) =w(x, t+T)#(1.3)
where o, B,y are positive constants, f is a sufficiently smooth real valued function with f(0) = 0, let the given external
force g(x, t) be periodic in t with the same period T.

To describe our theorems accurately, we introduce some function spaces and notion. We define
Cop ={€ € C5° (W)}

where Q is a bounded domain in the N-dimentional Euclidean space RN with smooth boundary 9. In addition, we define
H, as the closure of Cg% in L,(Q), and Hg,, as the closure of Cg>, in H(£2). Throughout this paper, L,(€) represents the

Hilbert space equipped with the inner product
N
(u,v) = Z:fuividx
i=1
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We denote the L,(Q)-norm by ||. ||. L,(Q) and H™ are usual Sobolev spaces. Then let X be a Banach space. We
denote by C*(T; X) the set of X-valued T-periodic functions on R* with continuous derivatives up to order k. Next let us
define the norm

k
sup ;
I llcrran = <t< T[ZHDt’f(t)HX}
i=0
We denote by Lp(T; X) (1 < P < ) the set of T-periodic X-valued measurable functions f on R? such that

T p
W llprio = <f ||f(t)||§) <+o (1<P <o),
0

sup
U lirinr = g < g g PIF@Ilx < +oo

We denote by W*P(T; X) the set of functions f which belong to L, (T; X) together with their derivatives up to
order k, and in particular we write H*(T; X) = W¥(T; X) when X is a Hilbert space, and let A be the unbounded linear
operator defined by Aw = —DZw.

It is convenient to introduce a transformation:

U=W; +eW DU = Wy + W, = Wy + (U — ew)
S0, we have:
W =U— W
Wi = Uy — €U + 2w
where ¢ is a positive. The problem (1.2) — (1.3) is equivalent to:
Uy —eu + 2w — aA(u; — su + €2w) — BA(u — ew) = Aw — yA*w + Af (w) + g(x, t)

the calculation is:
Uy — U + 2w — adu, + acAu — ag?Aw — BAu + BeAw = Aw — yA%w + Af (W) + g(x, t)
and then we can get:
us + (ae — BAu — aAu, — su — (1 + ae? — Be)Aw + 2w + yA%w — Af (w) = g(x, t)#(1.4)
(w,u)(x,t) = (w,u)(x,t + T)#(1.5)

Approximate solutions

In this section, we are going to show the existence of approximate solutions of (1.4) — (1.5). Let w;(i =
1,2, ...) be the completely orthonormal system in H, consisting of the eigenfunctions of A with a homogeneous Dirichlet
boundary condition on Q. We consider as follows:

(Uns + (ae — AU, — aAuy, — euy, — (1 + ag? — Be)Aw, + ?w, + yA*w, — Af (W), w;)
=(g(x,t),w;), ({=12,..,n)#(2.1)
W, u) (x, 8) = (W, u) (x, t + TH#(2.2)

where Wn(t) = ?:1 ain(t)wi ’ un(t) = ?:1 bin(t)wi-

Let W, be the subspace of H, spanned by w;,w,,...,w,.It is well known that for any v,(t) =X~ cin(Hw; €
C1(T; W,), there exists a unique T-periodic solution of the linear equation:
(Upe + (ae — B)Au,, — aluy,, — eu, — (1 + ac? — Be)Aw, + 2w, + YA Wy, wy;)
= Af(v) + g(x, 1), w)#(2.3)

With the mapping F: (u,, ,) = (u,, w,) continuous and compact in C1(T,W,), we shall prove the existence of the
solution of (2.1) — (2.2), and by applying the Leray-Schauder fixed point theorem, it is only required to show the
boundedness:

Su
LW (O ll, + iy ®l,) < ¢
for all possible solutions of(2.1) - (2.2) replaced by 8(Af(wn))(0 <6 <1) instead of nonlinear terms Af(w,)
respectively, where c is a constant independent of &.

Lemma 2.1. Suppose f is a nonlinear function satisfying conditions: for all m € R, we have
f(m)m = ¢, F(m) = c,|m|?P*2? > 0#(2.4)

If M) < c3(Im[?P** + |m|)#(2.5)
where F(m) = fom f(s)ds and c;(i = 1,2,3) are positive constants.
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and for g € H=1(0.1),we have

1d 2 2 2 2 2 2 2 :
¥ lunllZez + allunll® + lwnllZ12 + (1 + ae® = Be)llwy[I* + v VW, I + 2 [ F(wy)dx
0
l
+A (llunll2 +allugll® + e2llwyll? + (1 + ae? = ) llwylI* + ¥ llVwnll? + 2[ F(Wn)dx>
0

< ¢, #(2.6)

Proof: Taking the inner product of (1.4) with (—A)~1u and using u = w, + ew, we have

d
230 +n(0) = 0#(2.7)
where
1 2 2 2 2 2 2 2
@) = E(Ilunll_l,z + allugll® + 2llwpllZi, + (1 + ae? — Be)llwy |l + yIIVw, |

1
+2 f F(wy,)dx)#(2.8)
0

N = —ellunll2,2 + (B — ae)llunll? + e2llwy 21, + (1 + ae? — Be)ellwylI* + yel|Tw,||?

l
+SJ fw)w,dx #(2.9)
0
choose 6 and ¢ such that
. (1 . (1 BA1
0<6< mm{;, 1},0 <eg< mln{g,m}#(z.lo)
ere c; is defined in (2.4) and 4, is the first eigenvalue of A. It follows from (2.4) and (2.5) that

l l
sf f(w)wy,dx — 6ef F(wy) dx = e(c; — 8)cyllwyli3his
0 0

using (2.10) and computing, we get
n(t) — 6eg(t)
> (BA — (1 +8) (1 + ar))llugllZyz + €3 (1 = )llwylI21 2 + e(1 + ag® = Be)(1 = &) [IwyI?
+ye(1 = 8)|IVw,I?
+ecy(cy — 28)llwyll5hit — cllgli?s, = —cllgll2, 2 #(2.11)

and
a(llY (DN, + Iwa(DN3533) < 3®) < bIY O, + Iwa (D15215)#(2.12)
where
1
a= zmin{a, (1 + ag? — Be),y,2c,/c,}
and

1
b= Emax{a +1/2;,€%/A, (1 + ae? — Be),2c3/cq, v}
by (2.7) and (2.11) , we have

d
Ei(t) +A(t) < c,#(2.13)
where A = 6 > 0.

from the definition of {(t) , we know that {(t) is a T-periodic function.
next, integrating (2.13) from 0 to T, we can get

T T
AJO O sjo s = Tc, #(2.14)

and there exists t* € [0, T], such that
AL(tY) < ¢, #(2.15)
integrating (2.13) again from t* to t + T(t € [0, T]) , we can see

=T g t+T t+T
J a((t) dt + J l{(t)dt < J c,dt

* * *

t+T
=>(t+T)—J(t") + A()dt <c,(t+T—t")
o

=(t) —{(t") < 2Tc,
from (2.15) , we can obtain
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U(t) < 2Tc, + 2171, #(2.16)
from (2.4), (2.8) and (2.16), we obtain

sup
(lunll? + allugll® + e2llw, lI? + (1 + ae? = Be)llwyll? + ¥ IV, [I?)

0<t<sT
< 4Tc, + 2471, #(2.17)
where C, is independent of N.
Set 4TC, + 247'C, = M,
from above all, we can easily get

Su
P12, < cMp)
and
Su
Pllwa (I3575 < c (Mo )
SO, We can see:
Su
P llwn (O)ll, < C(My )
and then there has
su
Plln©ll, < c(Mp)
The proof is complete.

Estimates of derivatives of higher order
In this section, we continue to estimate the high order derivatives of the solutions of (2.1) - (2.2). Before
starting to prove our lemma on the uniform boundedness of ||A™w,, (t)||(m = N/4 — 1/2), we note that we can choose
the basis {w;; i = 1,2, ...} such that eigenfunctions w; of A are also eigenfunctions of A™ and that we can write
Aw; = pw;, A™w; = pi" w;#(3.1)
where y; is the eigenvalue of A.

Lemma 3.1. let w, (t) be the solution of (2.1) — (2.2) give above. Suppose that:

su
o<1 p o lAgle D2 = 2M#(3.2)

Then we have

1A™w, (D) < (ZT + %£_1T> (c(My) + M)#(3.3)

Proof: considering (2.1) — (2.2) and(3.1), taking the inner product of (2.2) with(—4)~14%™u,,, we can see

1d m 2 m 2 1d m 2 2 1d 2 m 2
S 1A unll? + (B = allA™ | + 5 = allA™ |12 = ellunl? + 572 (1 + ae? = Be)l|A™w |

1d 1d
+ (L4 as? = el A™wll? + 5 2llwll2 + & w2 + 5V IA™ w12 + yell A, |12

+ [ FOndwnedx + 2 [ Fomwndx = (90, 47mw,)
and then we set

1
G =S (A |I* + allA™un|I1* + (1 + ae® = AT wylI” + 21 A™wy [1” + v [IA™ w2

+2fF(Wn)dx #(3.4)
n1(@) = (B — ae)llA™uylI? — ellu, I + (1 + ag? — B)e||A™wy || + €3 |A™wy I* + yell A wy, |2
+£ff(wn)wndx — (g(x,t), A2™u,)#(3.5)

—(g9(x, ), A%Muy) = — (1A g (x, O NI A™ ur I
where we used Holder inequality and Young inequality.
Obviously, we have

d
TGO +m(@) = 0#(3.6)
let (3.5) — 2 £(3.4) , we can see

n1(t) — 2e4;(t) = (B — ae) |[A™u, ||* — ellu,lI* + €ff(Wn)Wndx = (1A™g (e, OINA™ ) — ellA™uy,|1?
— agl|A™u,||? - 2¢ fF(Wn)dx

> (5 - 20z = AT w? = ellul? + & [ FOwIwndz ~ 2 [ Fowax)
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1 m 2 1 m 2
— 3147 g G, D117 = 2 1Ay |2#(3.7)
where by using the spectral representation A = f:’ AdE; , u > 0, we obtain the inequality

1A%un |l < P (| APu, || O=<as<p)

choose a = m,b = 0, so we have
LA™ up || = [Jug |

then we can see
lA™ wn1? = u=2™ |uy |I?
setu™?mpB =g,
by (2.4) (3.2) and (3.7), we can get
1 (6) = 260,(8) = —p~2m <2ae be+ %) lunll2 = M > —c(My ) — M#(3.8)
by (3.6) — (3.8), we can have the conclusion:

%(1(1:) + 2e0; (t) < c(M,) + M#(3.9)
from the definition of ¢; (¢t) , we know that ; (¢t) is a T-periodic function.
S0 next integrating (3.9) from 0 to T, we can get
fTZza{l(t)dx < JT(C(M0 )+ M)dx =T(c(My ) + M)
and there exists t* € [0, T], such tﬁat ’
2e,(t) < T(c(My) + M) = {(t") < %s‘lT(c(M0 ) + M)#(3.10)

integrating (3.9) again from t* tot + T(¢t € [0,T]) , we can see
t+T

t+T d t+T
f* Eil(t)dx + ft 2eq;(t)dx < ft (c(My) + M) dx
t+T

=>0@E+T) -4 @)+ f 2e(;()dx < (c(Mg)+ M)t +T —t%)

*

=GO = G(t") S (c(Mo) + M)t +T —t7)

1
= G@) <2T(cMy )+ M) + (%) < 2T(c(My ) + M) + Ee'lT(c(Mo )+ M)
SO, We can see
1
@) < (27‘ + Ee'lT) (c(My) + M)#(3.11)
from (3.4) and (3.11), we obtain:
PP AN 12 + @ll A, |12 + (1 = Bz + ag?)|A™wy]I? + 247w, |12 + YIIA™+ 1w, [12)
1
< (ZT + ze'lT) (c(My) + M)#(3.12)
set (2T + %e‘lT) (c(My) + M) =M,
from above all, we can easily get
1
P Pllamw, (01 < (28 + DTM = |47 w, ()] < (ZT + Es-lT) (c(My) + M) < C(M,)#(3.13)
and
1
" PAmu, @0 < (26 + DTM = |47, ()] < <2T + Eg—lT) (c(My) + M) < C(M,)#(3.14)
Consequently, the proof of Lemma 3.1 is complete.

T-Periodic solutions
This part, we want to show the convergence of the approximate solutions we shall derive estimates of

derivatives of higher order. By Lemma 3.1. We have known if 0 <‘Zu5 _oollAg(x, t)||? = 2M, the approximate
solutions satisfy B
" Plamw, @l < coy)
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and
A, @Ol < coy)
wherem =N/4 —1/2.

Lemma 4.1. let w,,(t) be the solution of (2.1) — (2.2) give above. Suppose that:
sup
LllgCe )l < M,
Then we have
Su
Plvw, (01l < c(my)

Su
Pllw (I < € (Mo, My, M)

Proof: by Lemma3.1. wesetm = % so there have SI;pHan(t)ll < (ZT + %e‘lT) (c(My) + M);

from equations (2.1) — (2.2), we see
(U + (e — B)Au, — aAu,, — cu,, — (1 — B + ac?)Aw,, + 2w, + YA wy,, u,;)
= (Af (W) + g(x, ), up ) #(4.1)
and
1d
lnell® + 5=

2 ld 2
@z = DIVu I 5 —ellu |

< allVupll* + (1 — Be + ae®) [[Awylllwncll — e2lwnlllltnell = YA Wy [l une |l

HIAf W) llllwnell + 11g Ce, ) Hlupe lI#(4.2)

where using the Holder inequality.

for the left, by (3.7), we have

1d , 1d ,_1d , 1d , 1d
52 (@ = BV |2 = S ellunll? = 5= (ae = Dpillunl® =5 ellunl> = [(ae = Hus = el 5 lual

for the right, we have
Af )l + lgCe DIl + (1 = Be + ae®) | Awp|l — e2llwy Il — Y IlA? Wy [l |l <

1 1
SUAf )l + g G Ol + (1 = Be + ae®) | Awnl = 2 lwnll = yIA* W ll]* + = llune ]l

where using the Young inequality.

for
NAf W)l = I WD VW |12 + 11 (W) 1Ay || < (M)

SO

1
SUAf )l + llgGe Ol + (1 = Be + ae®) | Awn | = 2 llwall = yllA?wy|l]* < C*(Mo, My)

by (3.7), we have

1 1 1
@Vt + 5 Nt lI? < lVatge I + 5 13 1Vl = (@ + 5 157) 102t

the equation (4.2) ends up being U ,
tp”unt(t)” < C*(Mo, My, My)#(4.3)

therefor
Sl;p”unt(t)” < C(Mo, My, M2)#(4.4)

su
L llwn (I < C(My, My, Mp)#(4.5)
This completes the proof of lemma 4.1.

Lemma 4.2. Let w,(t) be the approximate solutions give above. Then, we have
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" Plaw, (O < C(Mo, My, M,)#(4.6)
P P9 (Ol < € (Mo, My, My)#(4.7)
P P lAwne (O] < C(My, My, M,)#(4.8)
P P IWnee (O] < C(Mo, My, My)#(4.9)

Proof: from (2.1) - (2.2), we can see
(U + (as — B)Au, — aluy,, — su, + (Be — as? — 1)Aw,, + 2w, + yA%w,, Au,) = (Af (W) + g(x, t), Auy,)
and
(ag = PIAunll® < llugellllAug |l + allAupll|Auy || + ellug [l Au, || + (Be — ag? — D|Aw, [[I| Ay || + €2 [lwy || Awy |
+ vl A wy || Aug || + NIAf W)l Aug Il + 11lg Ce, D)1 Ay, |
by the known, we can find
”AWn(t)” < C(MO' M1; MZ)

by the equation (3.14) and the definition of u,,, respectively when m = %and m = 1, we can get
1YWy (DIl < € (Mo, My, M)

and
lAwn (DIl < C (Mo, My, M3)
moreover, similarly, By the equation (4.4) and the definition of w,,, there have
[IWnee (DNl < C (Mo, My, My)

Consequently, the proof of Lemma 4.2 is complete.

SUMMARIZE
Firstly, we shall show the convergence of the approximate solutions w,, (t) obtained above. Since the estimates
in Lemma 3.1, Lemma 4.1, and Lemma 4.2 are valid, standard compactness arguments imply that there exists a
subsequence wy, (t) tending to a function w(t) in such a way
w, - w weakly” in LDO(T; D(A))#(S.l)

w, = w strongly in L, (T; D(Al/z)) #(5.2)

Wy = W, weakly™ in Lo, (T; D(Al/z)) #(5.3)
Wyt = W, strongly in (T; H,)#(5.4)
where the function w(t) satisfies
w € H2(T; H,) N HY(T; D(A)) N Lo, (T; D(A))
here, (5.1) — (5.3) are evident, and hence it is sufficient to show the convergence (5.4).

Next, considering unique of the solution for equation (2.1) — (2.2).

Let (u;,w;)(i = 1,2) be the solutions of the problem. Set (x,y) = (u; — up, wy; —wy), f(n) € C¥71, |If' W)l <
Aw?, (p > 0). Then (x, y) satisfies the equation
ye + (ae — P)Ay — ady, — ey — (1 + ae? — pe)Ax + e?x + yA%x — A(f(wy) — f(w,)) = 0#(5.5)
y = x; + ex#(5.6)
e, )(E+T) = (x,y)(O#(5.7)

taking the inner product of (5.5) with (—A™1)y, it follows that

1d 2 2 2 1 2 2 2 2
[(1+ D) lIylly-1q) + (1 + ae? + eD)|Ix]1?] + 59[(1 +O)yllg-10)° + 1+ ag® +&?)lx]|?]

2dt
—(Ba"te™t + et + )yllg-1(0) + (F(Wr) — fF(w),y) < 0#(5.8)
@ =2:>0)
since
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1
< ||Y||H‘1(n){ Dxf f'(w, + sx)ds }
0
< Iyl {IDxNAIW, Il o) + Iwalloy)” + ¢ e IDXNAIDWy || + [1Dw, 1D}
- -_ -_— * 2
<Ba e+ Bet + llylly-1) + IDx||?[2P ACP (M) + 2c*c,C(M,)]

it follows that we obtain
(1 + Dllyllray + (1 + ae? + DIl < (1 + ) Iylly-2) + (1 + @z? + £2)|x[|?) (0)exp(—61), vt = 0

1
Df f'(wy + sx)xds
0

1
(fw1) = f(wy), y) = (f f'(ws + Sx)xds,y> < Iylla-1@

1
+ xf f"(w, + sx)dsD(w, + sx)
0

4(Bale 1+ Be 1 +¢)

since (x,y) is T-periodic in t, for any t > 0, and for any positive integer N, have
(A + DMy lly-1q) + (1 + ae? + eDxl?) (©) = (A + Dlylly-1(q) + (1 + @e? + eD)|x1?) (¢ + NT)

so, it follows
(1 + DIyl + (A + ae? + eD)xl2 < (A + D ylly-1) + (1 + ae? + e2)1x]I?) (0)exp(~oNt)

which implies (1 + a)llyllz-1¢q) + (1 + ae? + €*)|lx||> = 0. The proof of unique is complete.
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