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Abstract: Bidomain model is a mathematical representation of the anisotropic electrical properties of cardiac tissue. It is
used to simulate cardiac electrical tissue computationally and to study the stimulation of cardiac tissue and defibrillation
of the heart. The model is developed using realistic physiological parameter values based on experimental measurement.
The first part of this review describes the brief history and development of the bidomain model followed by the
formulation of the bidomain equations. The third part of this review presents under what conditions the bidomain model
reduces to the monodomain model and discusses its advantages and limitations over the bidomain model. The influence
of boundary conditions at the interface between cardiac tissue and an adjacent conductor is described in the fourth part.
In the fifth part the properties of cardiac tissue and its relation to conductivity tensors are presented. The bidomain model
has successfully predicted many effects of electrical stimulation of the heart. Its limitations and the validity of its

predictions to measurements obtained mostly using optical mapping are described in subsequent sections.
Keywords: Bidomain model, cardiac tissue, computer simulation, electrical stimulation,  defibrillation.

INTRODUCTION

The bidomain model of cardiac tissue was first
suggested by Otto Schmitt [1] and was further
developed by several researchers in late 1970s [2-4]. No
rigorous derivation of the bidomain model was
performed as of 1980. Early papers did not present any
connection of the macroscopic equations to the
microstructure and to the anisotropic properties of the
tissue. Calculations by Plonsey and Barr [5,6] in mid
1980s and several researchers in late 1980s [7-9]
established the model as an important tool for analyzing
cardiac tissue. In 1989, Sepulveda et al.’s calculation of
the transmembrane potential during electrical
stimulation [10] introduced the use of the model for
understanding pacing and defibrillation. The review by
Henriquez [11] remains a useful overview of the
bidomain model with more recent reviews found in
Wikswo and Roth [12], Henriquez et al. [13], and
Trayanova et al. [14]. These are all chapters in the book
Cardiac Bioelectric Therapy: Mechanisms and Practical
Implications.

Neu and Krassowska [15] first derived a
homogenized syncytium model (reaction-diffusion
equations) from the microstructure and basic physical
principles and found that the bidomain model is a
special case of the homogenized syncytium model.
They derived this model by considering an idealized,
periodic representation of the tissue microstructure
consisting of cells connected by low resistance
junctions and surrounded by extracellular fluid. They

defined a few fundamental material constants in each
idealized structure such as conductivities of the
cytoplasm inside the cells () and the interstitial fluid
outside the cells (o), surface specific resistivity of the
membrane that separates the inside and outside of the
cells (Ry), capacitance of the membrane (C,) and a
typical measure of the cell dimension (dc). By using
these five fundamental material constants, they
formulated several additional time and length constants.
They treated the potentials inside and outside of the
membrane separately and considered them as the
solutions to Laplace equations in their respective
domains. The electrical properties of the membrane
were represented by the boundary conditions that were
applied to intra- and extracellular potentials. With all
these considerations, they derived a homogenized
syncytium model that was represented in the form of
reaction-diffusion equations.

Cardiac muscle cells are called myocytes. Each
cell is roughly circular cylindrical in shape, typically 30
— 100 pum long and 8 — 20 pum wide. The cells are
stacked tightly together in nonuniform layers and are
connected to adjacent cells through intercellular
channels located at the gap junction. Gap junctions
provide intercellular communication by allowing the
movement of small molecules, ions and electrical
impulses from the intracellular space of one cell to its
adjoining cells. A gap junction is composed of two
hemichannels called connexons, one in each cell, that
come together and form a pore, which establishes
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electrical connectivity between the cells [16]. The
number of gap junctions between cells determines the
electrical properties or conductance of the cardiac
tissue.

The heart has on the order of 10™° cardiac cells.
In modeling the electrical behavior of such cells, the
discrete cellular structure is replaced by an averaged
continuum that represents the heart. Continuum models
of cardiac tissue have several advantages over discrete
models, including ease in describing current flowing in
both spaces in three dimensions and in applying
numerical schemes such as finite difference and finite
elements to solve the complex cardiac geometries.

The bidomain model approximates the average
electrical behavior of many cells rather than describing
each cell individually. Hence the bidomain model is a
continuum model. In the bidomain model, the
microstructure of cardiac tissue is replaced by
intracellular and extracellular continua, each filling the
space occupied by the actual tissue. The parameters of
the continua are derived by a suitable average of the

cellular structure. Both spaces are described by the
same coordinate system. The membrane separates both
domains at each point. Hence the bidomain model is the
most realistic mathematical expression for macroscopic
simulation of cardiac muscle.

The bidomain model is also a multi-
dimensional cable model. Figure 1 shows the one
dimensional bidomain model. It is represented by rows
of resistors coupled through the parallel resistor and
capacitor that corresponds to the membrane [17]. If the
extracellular resistors were replaced by a zero resistance
wire, the one dimensional bidomain model reduces to a
monodomain model.

A two dimensional bidomain consists of two
domains, the intracellular and extracellular, as shown in
Figure 2. Each domain is represented by a network of
resistors. The lower grid represents the intracellular
domain and the upper grid represents the extracellular
domain. Both domains are coupled by resistor and
capacitor combinations representing the membrane.
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Fig-1: A circuit representation of the one-dimensional cable model. The membrane is represented by the parallel
resistors and the capacitors placed between intracellular and extracellular resistors. Reproduced with permission
from Roth [17].
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Fig-2: A circuit representation of the two-dimensional cable model. The lower and upper two-dimensional resistor
networks parallel to the x-y plane represent the electrical properties of the intracellular and extracellular
domains. The vertical resistors and capacitors represent the electrical properties of the membrane.

The Intracellular and extracellular spaces have
different electrical conductivities. Both of these spaces
are in general anisotropic and hence they have a
different electrical conductivity in the direction parallel
to the myocardial fibers (the longitudinal direction) than

in the direction perpendicular to them (the transverse
direction). Moreover, the degree of anisotropy is
different in the two spaces. In the intracellular space,
the conductivity parallel to the fibers is about ten times
greater than the conductivity perpendicular to the fibers
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(10:1), whereas in the extracellular space the ratio is
only about 2.5:1. This indicates that the intracellular
space is more anisotropic than the extracellular space
[18]. This condition of unequal anisotropy ratios in the
bidomain model leads to many of the interesting and
unexpected stimulus induced responses.

FORMULATION OF BIDOMAIN EQUATIONS
The bidomain equations can be formulated from

Ohm’s law and the continuity equation in each domain.

The continuity equations are

V.= —Ip @

Ve= In )

where J; and J. are the current densities (A/m?) in the
intracellular and extracellular domains and I, is the
membrane current per unit volume (A/m®). The
negative sign in equation (1) is a sign convention
indicating that the current leaving the intracellular
domain is positive. Adding equations (1) and (2) gives

V.(Ji+ Je)= 0. @)

Equation (3) implies the conservation of total current.

The membrane current is composed of a capacitive
current (I;) due to the dielectric nature of the cell
membrane and an ionic current (l,,,) due to currents
flowing through different ion channels, pumps and
exchangers. Hence

b= Le + Ton
BUtl, = fCrn 2 and by = BCom 2™ + Ligy -

In the passive model the membrane current is given
by
I = B(Cn 22+ Gu¥in) . (4)
where V,, is the transmembrane potential (mV), 5 is the
ratio of membrane surface area to tissue volume
(surface-to-volume ratio) (1/m), C,, is the membrane
capacitance per unit area (F/m?), and G, is the
membrane conductance per unit area (S/m?). These
equations govern the passive behavior of cardiac tissue
when ion channels are not opening and closing. In the
passive model, an electrical stimulus does not cause an
action potential to propagate.

For active tissue capable of supporting
propagation of action potential wave fronts, the term
containing G,V,, is replaced by an lonic current (lion),
which consists of more complex, nonlinear terms in the
form of several ordinary differential equations that
specify how the ion channelsin the cell membrane
respond to changes in the transmembrane potential.
This set of coupled ODEs is solved numerically using
the Forward Euler method. li,, consists of several
sodium, potassium, calcium, pump and exchange
currents. The Beeler-Reuter model [19], the Luo-Rudy
model [20, 21], and the TNNP model [22] are some of
the active membrane models used to study the
propagation of action potentials in cardiac tissue.

The transmembrane potential can be written in
terms of the extracellular (V.) and intracellular (V;)
potentials as
Vn=Vi—Ve. ®)

Similarly, the current densities in the
intracellular and extracellular domains can be written in
terms of intracellular and extracellular potentials as

Ji= =gV, (6)
]e = _geVVe ) (7)
where &; and K, are the intracellular and
extracellular conductivity tensors (S/m).

Using equations (6) and (7) in equation (3), and
eliminating V; in favor of V, and V,,, yields
V.[(Gi + §IVVe]l = =V.(GiVV) 8

Equation (8) is one of the bidomain equations.

Inserting equation (4) to equation (2) and replacing
GV by lign gives

~ Vi

V. ( geVVe) = _ﬁ (Cm? + Iion) . (9)

Rewriting equation (9) gives another bidomain equation
OV 1 ~

Cm? = —ljon — E V.GV, . (10)

lion is the membrane ion current (where the Luo-Rudy
model enters the equations). Equations (8) and (10) are
coupled partial differential equations and are the final
bidomain equations.

Equation (10) depends explicitly on time, is
nonlinear because of I,y,, and has properties similar to a
parabolic partial differential equation (a reaction-
diffusion system). l;o, describes the total ionic current in
the form of several ordinary differential equations and
is solved numerically by Euler's method. Equation (8)
has no explicit time dependence, and is an elliptic
partial differential equation (a boundary value problem)
that is usually challenging to solve numerically. These
coupled equations are often approximated with finite
differences or finite elements. At each time step,
equation (10) is used to update V., and then equation (8)
is solved for V. using the updated V,,in the source term
on the right-hand-side.

MONODOMAIN MODEL

The monodomain model describes the current
flowing only in the intracellular region of the heart. The
bidomain model can be reduced to the monodomain
model if we neglect the effect of the extracellular
potential or if we consider the case where the
anisotropy ratios of both spaces are equal [23].

Assuming equal anisotropy ratios, i.e. g, =
A g; , equation (8) becomes

635



Sunil M Kandel., Sch. Acad. J. Biosci., 2015; 3(7):633-639

2 v.(g.v).

AL AR

Inserting this equation into equation (9) gives

p) ~ Vi,
57 (V) = B(Cn 52+ Jion) (11)

Equation (11) is the monodomain equation. It
consists of a single parabolic partial differential
equation in terms of Vi, only. It is a special case of the
bidomain model. It needs less processing time, and is
less challenging to solve numerically. If we are
interested only in wave propagation, the monodomain
model is sufficient. However if we consider the effect
of the bath, stimuli, and conductivity tensors to make
tissue anisotropic, we should use the bidomain model.
The bidomain equations are particularly useful for
simulations where the extracellular space is important
for injecting current, such as investigations of
defibrillation shocks [24, 25].

The unequal anisotropy ratios of cardiac tissue
results in the characteristic spatial distribution of
transmembrane potential during unipolar stimulation of
the cardiac tissue [10]. Unipolar stimulation induces
adjacent regions of depolarized and hyperpolarized
tissue. Cathodal stimulation depolarizes the tissue under
the electrode and hyperpolarizes it along the direction
of the fibers. Anodal stimulation results in just the
opposite arrangement. The regions of depolarization
and hyperpolarization are called the virtual cathodes
and virtual anodes [26-28].

BOUNDARY CONDITIONS

The electrical properties of cardiac tissue are
significantly influenced by the boundary conditions at
the interface between cardiac tissue and an adjacent
conductor [29, 30]. In our simulation, we use a no-flux
boundary condition for cardiac tissue that is electrically
isolated from the conductive medium. If the cardiac
tissue is surrounded by a conductive medium, such as
blood or a perfusing bath, then Laplace's equation has to
be solved in addition to the bidomain equations.

We apply a unipolar stimulus current through a
cylindrical electrode centered at the origin. It has a
length of 1 mm along the z direction (the direction of
the myocardial fibers) and a diameter of 0.4 mm along
the p direction (radially outward, perpendicular to the
fibers), and has a surface area of 1.51 mm? Three
boundary conditions are applied at the tissue-electrode
interface: the normal component of the intracellular
current density is zero; the extracellular potential is
constant; and the total current passing from the
electrode into the extracellular space is equal to the
stimulus current [29]. At the tissue’s outer edge, the
normal component of the intracellular current density is
zero and the extracellular potential is zero. During
unipolar cathodal stimulation, the outer edge of the
tissue behaves as the anode and has negligible influence
on the electrical behavior near the stimulating electrode.

BIDOMAIN PROPERTIES

Since cardiac cells are not uniform, it is difficult to
determine the conductivity tensors (conductivities)
associated with the intra- and extracellular spaces.
Conductivity tensors vary spatially. Different
researchers estimate different values of the conductivity
tensors, examine the effects produced by them and try
to correlate them with macroscopic experiments.
Bidomain conductivities have been  measured
experimentally but the values are inconsistent [31-33]
(Table 1). One could not get accurate values of the
conductivity tensors unless microscopic properties of
the tissue are completely known, such as the resistance
of the gap junctions. The resistance of the cardiac tissue
depends on the number of gap junctions between the
cells. Since different connexin proteins are found in
different regions of the heart, it is difficult to find
accurate values of the conductivity tensors. The
measured values of the resistance of gap junctions vary
widely in the literature, ranging from 0.5 to 40 MQ. In
general, the properties of cardiac tissue depend on the
cell shape and size, and the gap junction distribution.

Table-1: The bidomain conductivities for ventricular tissue.

Parameter
Symbol Clerc Robert et Robert & Roth [34] | Roth [35]
[31] al. [32] Scher [33]
Intracellular conductivity parallel to
the fibers (S/m) i, 0.17 0.28 0.34 0.35 0.2
Intracellular conductivity
perpendicular to the fibers (S/m) O 0.019 0.026 0.06 0.03 0.02
Extracellular conductivity parallel to Oe: 0.62 0.22 0.12 0.30 0.2
the fibers (S/m)
Extracellular conductivity Oep 0.24 0.13 0.08 0.18 0.08
perpendicular to the fibers (S/m)
Ratio 0i/9, 8.9 10.8 5.8 11.7 10
Ratio Oe/9ep 2.6 1.7 1.5 1.7 2.5
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In my simulations using the bidomain
equations, conductivities are assumed constant
throughout the tissue, which may not be the case for
normal and diseased tissue. In general, the orientations
of the cells in the heart are not uniform. As a result, the
conductivities are heterogeneous. However, my
calculations focus primarily on unipolar stimulation
with stimulus strengths only a few times threshold. As
long as the fiber geometry and direction are constant
within a few millimeters around the unipolar electrode,
these calculations should be relatively insensitive to the
fiber geometry through the rest of the tissue.

VALIDITY OF THE BIDOMAIN MODEL

Neu and Krassowska [15] pointed out the limitations
of the bidomain model and argued that the model might
not apply when (1) the region of interest is near the
tissue surface, (2) the calculated transmembrane
potential is significantly greater than the experimental
value, (3) the electric field is strong and nonuniform,
(4) the phenomena of interest is near the external source
and (5) the phenomena of interest occurs on a time scale

of less than 1 ms. Despite its limitations, several
bidomain predictions are verified experimentally, as
described in the next section.

OPTICAL MAPPING

Numerous experimental and clinical techniques, such
as the electrocardiogram in vivo and optical mapping in
vitro animal experiments, are used to study the behavior
of cardiac tissue. Optical mapping is an imaging
technique used to measure the transmembrane potential
with high spatial and temporal resolution by using
voltage-sensitive fluorescent dyes perfused throughout
the tissue. In this technique, the heart is stained with
voltage sensitive dye (for example, di-4-ANEPPS).
When transmembrane voltage (V) changes, the
fluorescence of the voltage-sensitive dye will change
accordingly. The change in the emitted light is recorded
by a photodiode detector array, which is coupled to
computerized data acquisition system to convert
fluorescence emitted from the tissue to a map of V,
[36]. Figure 3 shows the schematic representation of
optical imaging setup.

FIEEIL Lens Dichroic Em-|55|on Light
: Filter Detector
Mirror
S ——— —_— > B
€ A
Excitation

Filter

Light Source

Fig-3: Schematic representation of an optical mapping experimental setup. It has three major components: the
perfused heart, the light sources, and the light detector.

BIDOMAIN PREDICTIONS AND
EXPERIMENTAL CONFIRMATION

Over the past 20 years, two areas of research — the
theoretical study of cardiac tissue using the bidomain
model and experimental study of cardiac tissue using
optical mapping — have resolved many long-standing
questions of cardiology. Several bidomain predictions
have been experimentally confirmed. Comparing
numerical simulations to experimental data and getting
a close match gives us confidence that the model is
correct. Wikswo and Roth [12] illustrate the agreement
between theoretical predictions of the bidomain model
and experiments.

CONCLUSION

The bidomain model is a continuum representation of
the two anisotropic spaces of myocardium. It is
currently the state-of-the-art model to study the
stimulation of cardiac tissue and defibrillation of the

heart [37-41]. Bidomain simulations help us 1) to
predict the mechanisms of unipolar stimulation such as
make and break excitation and the shape of the
strength-interval curve, 2) to understand the mechanism
of reentry, 3) to find the response of tissue-shock
interaction during defibrillation.
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