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Abstract | Review Article

In this paper, the necessary and sufficient conditions are given for the Stevi¢-Sharma operator to be bounded or
compact from Dirichlet-Zygmund space to Weighted-Type space on the unit disk. We also give the estimate of its
essential norm.
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1. INTRODUCTION
Let D be the open unit disk in the complex plane C, ie., D={ze€C:|z|<1}, H(D) the space of all

analytic functions on D and S(D) the family of all analytic self-maps of D . Denote by N the set of positive integers.

Suppose that 1< p < o0, Dirichlet type space D, ; consists of all f € H(D) such that:
|15, = FOP +[ 1 '@ P @-12F)" dA@) <o0,

Where dA(z) = (1/ 7)dxdy is the normalized Lebesgue area measure on D . Under the norm || -||_, , D},
p-1

is a Banach space. If f'e Dg_l, then T is said to belong to the Dirichlet-Zygmund space, which is denoted by Zg_l.

Recently, ngl space was first studied in [1].

A strictly positive continuous function £ on D is called a weight. If £(z) = u(|z|) forany z €D, then u
is called radial. Let £ be a radial weight, the weighted-type space H;f consists of all T € H(D) such that

Ifl. = sug)y(z) | f(2) |< 0.

In [2, 3], Stevi¢ et al., introduced the following Stevi¢-Sharma operator:

Tove (D) =U(@) T (@(2)) +V(2) T (0(2)), T eH(D),

Where U, Ve H(D), ¢ € S(D). By taking some specific choices of the involving symbols, we can easily
get the general product-type operators.
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Recently, the study of Stevi¢-Sharma operator T, ,», has aroused the interest of experts. For instance, the author
in [4] investigated the metrical boundedness and metrical compactness of the operator Tu,v, 0 from weighted Bergman-
Orlicz space to (little) Bloch-type space. Zhang and Liu in [5] characterized the boundedness and compactness of Tu,v, 0

from Hardy space to Zygmund-type space. Zhu et al., in [6] provided the necessary and sufficient conditions for TU’V, 0

acting from Besov space to Bloch space to be bounded or compact. For more results about Stevi¢-Sharma operator see
[7-13] and also related references therein.

Inspired by these, this paper is devoted to investigating the boundedness, compactness and essential horm of
Tu’v' ,», from Dirichlet-Zygmund space to weighted-type space.

Throughout the paper we use the abbreviation X <Y or Y > X for nonnegative quantities X and Y,
whenever there is a positive constant C , which is inessential, such that X <CY . Ifboth X <Y and X >Y hold, we
write X ~Y .

2. PRELIMINARIES
In this section, we state several auxiliary results which will be used in the proofs of the main results. The first

lemma is the point evaluation estimates of the functions in Z” . , which can be found in [1, Lemma 1].

p-1
Lemmallet 1< p<oo,thenforeach feZp,, || <|f], and
p-1
) o
)k —2—.
(@-1z[)"

By the same method as [1, Lemma 5], we can get the lemma below.

Lemma 2 Let 1<p<ow, U, VEH(D), 9¢S(D) and u be a radial weight. If operator
T:Z), —H is bounded, then T:ZP — H is compact if and only if for every sequence {f } _~ which is
bounded in Zf)’_l and converges to zero uniformly on compact subsets of D as n—>o, we have

lim, T f, [l;.=0.

Lemma 3 [1] Let 1 < p < oo. Every sequence in Z;’fl bounded in norm has a subsequence which converges
uniformly in D to a function in ngl.

3. MAIN RESULTS

In this section, we characterize the boundedness, compactness and essential norm of the Stevi¢-Sharma operator
7P ©
ToveZpa—H,.

Theorem 1 Let 1< p<oo, U, VE HD), ¢ €S(D) and M Dbe a radial weight. Then the operator
Tovp:Zyy—>H, isbounded if and only if Ue H " and
Z)|V(Z
M = sup A VD)
w0 (I-| p(2) )"

Proof Assume that T, :Z), — H_ is bounded. Firstly, consider the function f(z)=1eZ) ,, by the

uv,e p-1’
boundedness of T, , ,:Z?, — H 7, we have
L =sup s(2) [u(2) [T, Ll < oo,
yAS
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Thatis, U€ H . By using the function f(z)=2zeZ}, yields that
o >T,,,Z .= sup #(2)|u(2)p(z) +v(2) |
Z¢el

>sup u(z) | v(z)| —sup #(2) [u(z)e(2) |,

zeD z¢€l

Which along with L, < oo and the fact that | ¢(z) |<1, we get
L, =sup u(2) |V(2) <

zeD

For any fixed weD, set
f,()=—cloWl | @leWl)”
L-pW)2)""  (L-gp(w)z)

It is easily seen that ) f, () € Z?,, and by a direct calculation, we have

f —0, f(pw)=——2M___
w(p(w)) w(@(W)) = [o(w) )"

Which along with the boundedness of the operator T,

uVv,p

o _ H(W) [v(w) [ (W) |
>|| Tu,v,ga fw ||oo_ SZLEJE ﬂ(z) |Tu,v,¢; fw(z) |> (l— | Q(W) |2)1/p '

. 7P o . .
.prl - H# implies that

Therefore
(W) [v(w) |
vz (1- | @(w) |2 )1/p

On the other hand, by using L, < oo, we have

sup LDV (g gy, <o
wwizvz (1= (W) )
Hence, M < oo,

Conversely, assume that M <oo and Ue H /', ie., L =sup, x(z)|u(z)|<oo. By Lemma 1, for any
fez?

p-1’

ROIRIC]
<u@ @ | T (@) |+u@) V@) f(9(2)]
u()|v@)|
U@l +5 0 S Ty,
<ML, ,

From which we can see that the operator T, :Z ", — H 7 is bounded.

we have

Now we estimate the essential normof T, Z’f 1> H;’. Recall that the essential norm of a bounded linear

operator T : X —Y is the distance from T to the compact operators K : X —Y , namely
”T ”e,XaY: inf {”T -K ”X»Y}'

Here X and Y are Banach spaces. Notice that || T || =0 ifandonlyif T : X —Y is compact.

e, XY
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Theorem2 Let 1< p<oo, U, Ve H(D), @ € S(D) and i be a radial weight. Suppose that the operator
Tovp-Zpy—> H, isbounded, then
~ P,

IT uv.e ”e,zg,ﬁHf
where
v(z
= Ilmsup%.
et (1= (2)[%)

Proof First, we prove that ||T ~P. Let {z,} <D such that|(z,)>1 as n—>o0.

UV, ”e,z;’,ﬁH;’
Define the sequence of functions:

(o tlo@)l | a-le@)l)

" (1—(/)(Zn)2)“p (L-g(z,)2)" P

By the proof of Theorem 1, we can see that { f } belongs to Zp _,»and

»(z,) .
(1-1p(z,) )"

fi(@(z.)) =0, fi(o(z,))) =

Moreover, it is easily seen that { f. }neN converges to zero uniformly on compact subsets of D asn — oo . By

Lemma 2, for any compact operator K : Zr?_l — H;" , We have

1Ty o =Ky, - imsuplT,, By . ~limsup [K £,

>Iimsupu( V@) 0@,
e Qo)

It follows that

=inf |IT

oKy
},imsupu(zn)|v(zn)||<o(zn)|
e (1=lo(z,) )"
_limsu M
i1 (-] o(2) [)'?

e

Next, we show that || T, .= P.Let re[0,1), define the operator K, by

uv.p ” e,z),—H

(K. f)2)=f.(2)=f(rz), feH(D)

It is clear that K, is compact on Z°

oy oand || K, ||z,’3,1—>z,'3,1£1' Moreover, f — f_ converges to zero

uniformly on compact subsets of D as r —1. Let {rn }neN < (0,1) be a sequence such that I, — 1 as n — oo . Then

forany n e N, operator T, K Z° o1 —> B“ is compact, and so

uv,p

<limsup||T,,, —T...K

Tl <TSUPN T, To K D
Therefore, we onIy need to show that
limsup|| T T Ko L o ™ P.

n—o

uve  lu
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For any nonnegative integer s, (f — f, )®) converges to zero uniformly on compact subsets of D as n — oo

by Cauchy’s estimation. For each f & Zg_l such that || f ||zp <1, we have
p-1

[ (Tonp —Tun oK) T L
= Szlif”(z) | (Towo f =Ton, )@ IS Szlifﬂ(z) lu@) [ (f = £, )e(2)) |
G,
+|¢?glgr w(@) V(@) [ (F = £, ) (e(2)) |+|;g£r (@) V@) [ (F = £ ) (@)1,

Where me N suchthat r, >1/2 forany N> m. From Theorem 3 it follows that
limsupG, < limsupsup|(f —f_)(w)[=0.

n—o0 n—>o  weD
Since T, Zy, —> H; is bounded, and {z:|p(z)|<r,} isacompact subset of D, Theorem 1 yields that

limsupG, =0.

n—w
Finally, we estimate G3. By using Lemma 1, we have

: : (1) 1v(@)]
limsupG, < limsup| f —f, |, sup _AARAL
S " b, (-] o(2) F)P

Letting M — oo in above inequality yields
limsupG, < P.
n—o0
Therefore
limsup || T, , — T, K,

uve ”zp —>HY
n—o P17

<P.

According to the above discussion, we have [|T,, , ”e,ZS_l—»Hjj ~P.

From Theorem 2, we immediately obtain the following corollary, which characterizes the compactness of
. p 0
Tu’w .prl - H# .

Corollary 1 Let 1< p<ow, U, VeH(D), ¢ €S(D) and u be a radial weight. Suppose that
Tovp:Zpy—> H, isbounded, then T, ~:Z7, — H is compact if and only if

1@ V@) _
oo (1| p(2) )P

4. CONCLUSION

In the present paper, we provide the necessary and sufficient conditions for the Stevi¢-Sharma operator Tu Vi

acting from Dirichlet-Zygmund space Zg’_l to the weighted-type space H;f to be bounded. We also estimate the

essential norm of the operator T, Z,?_l — H ;. Asa corollary, we characterize its compactness.
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