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Abstract  Review Article 
 

In this article, the Rani distribution has been modified to a more flexible variant. The new model is called "the XRani 

distribution" and it is also a one-parameter distribution just as the parent distribution-Rani. The properties of the XRani 

distribution were derived and an analysis of the behaviour was conducted. The parameter was estimated using the 

maximum likelihood procedure. Four lifetime data sets were used to illustrate the importance of the proposed model. 

From the results, the proposed model competes favorably among the members of the Lindley class of distributions.  
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1. INTRODUCTION 
The need for the development of new 

distributions has been on the rise as more and more 

complex data are encountered. Development of 

distributions started early enough that as of today, the 

numbers of existing distributions are countless. The 

rising quest for complex statistical analysis in medical 

and biological sciences has supported the development 

of probability models that are tailored toward modeling 

real-life data. [12] introduced a model widely applied in 

many fields. The model integrated exponential 

distribution with parameter θ and gamma distributions 

(2,θ). To further emphasize the significance of Lindley 

distribution, [9] provided its mathematical 

characteristics and showed that they are more flexible 

than that of the exponential distribution. Many 

extensions of Lindley distribution exist in many 

literature. Check out the following articles [1, 3, 28], 

others, for more information. Essentially, [18], a 

mathematically tractable member of Lindley class of 

distributions with extensions [10, 15, 16, 19]. The aim of 

developing new distributions is to increase flexibility and 

robustness, so as to enable the modeling and description 

of lifetime data sets arising from new situations. Some of 

the models were developed either by adding new 

parameters to existing ones, for instance, [2, 6, 8, 14], or 

by forming a baseline distribution. However, whichever 

method one wants to adopt in generating a new model, 

the interest should center on keeping the model simple 

while increasing flexibility. Keeping this in mind, the 

interest of the authors in this article is to introduce a more 

flexible version of Rani’s distribution, known as "The 

XRani distribution", to study the characteristics and 

demonstrate its applications in modeling lifetime data 

sets. Rani distribution developed by [24], is a one-

parameter distribution for mod eling lifetime data sets. 

Rani distribution is a mixture of exponential (θ) and 

gamma (5,θ), with mixing proportion p = θ5θ+524. Some 

extensions of Rani distribution can be found in the 

following articles [4, 17, 29], others. Having stated the 

aim of this article, the rest of this article shall be 

structured as follows: In section 2, the suggested XRama 

distribution is specified with the behavior studied. In 

section 3, we derive some of the properties. In section 4, 

we apply the distribution to four-lifetime data sets and 

demonstrate that the proposed distribution is useful 

among the Lindley class of distributions. The article is 

concluded in section 5. 

 

2. The proposed XRani distribution 

Let X ∼ XRani (θ), then the pdf and cdf are 

respectively given by 

https://saspublishers.com/sjpms/
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The new distribution is obtained from the two-

component mixture of exponential and Rani distributions 

with the same mixing proportion that yielded the Rani 

distribution. The mixture is of the form pExp(θ)+(1− p) 

Rani(θ). The shape of the distribution in figure 1 

illustrates the flexibility with varying shapes using some 

theoretical parameter values. 

 

The survival and hazard rate functions are respectively 

 

 
 

The limiting values of the XRani hazard function are 

 

 
 

The plots are displayed in the figures 1, 2, 3, and 4 below 
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3 Mathematical Properties of the XRani distribution 

In this section, we derive some essential 

properties of the proposed model. 

 

3.1 Moments 

Let X ∼ XRani (θ) with pdf in eq 1, then the rth 

crude moment is given by 

 
 

The mean of the XRani distribution is 

 
 

The second, third, and fourth central moments are respectively 

 

 
 

For X ∼ XRani (θ), the variance is 

 
 

The skewness (ζ), kurtosis (η) , and coefficient of variation (ψ) are respectively 

 

 
 

The moment generating function and the characteristic function of the XRani distributed random variable X are given as 
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Table 1: Some theoretical statistics of the proposed distribution 

 
 

 

 
 

3.2 Stochastic ordering of XRani distribution 
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Taking a natural log of the ratio will yield 

 
 

Differentiating the natural log of the ratio w.r.t x will result 

 
 

3.3 Bonferroni and Lorenz curve 

The Bonferroni and Lorenz curves are defined as 
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3.4 Mean Residual Life Function 

The mean residual life function is defined as 

 
 

The p.d.f of the largest order statistics is obtained by setting r = n 

 
 

The p.d.f of the smallest order statistic is obtained by 

 
 

3.6 Renyi Entropy Measures 

The entropy of a random variable is a measure 

of the variation of uncertainty. A popular entropy is the 

Renyi entropy. If X is a continuous random variable 

having a probability density function, the Renyi entropy 

for is given as: 

 

 
 

3.7 Odd Function 

An odd function is a reliability tool for modeling data sets that show non-monotone. It is the ratio of the CDF to 

the survival function. 

 

 
 

3.8 Stress-strength Reliability Analysis 

The reliability of a system is the probability that 

its strength exceeds its stress. This reliability is called 

stressstrength reliability. The inferences of the stress-

strength reliability R = P(X > Y) where Y is the stress 

and X is the strength. 
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3.9 Maximum Likelihood Function 

Let (x1, x2,..., xn) be n random samples drawn from XRani distribution, the likelihood function is given as 

 
 

Taking the log of ℓ and differentiating with respect to θ yields the following results 

 
 

which has no closed-form solution and hence will be 

implemented in R using optim() function. 

 

4 Applications to Real-Life Data 

In this section, we will use real-life data sets to 

illustrate the usefulness of the proposed XRani 

distribution and compare it with the following known 

distributions which are in the class of Lindley 

distribution. 

 

Table 2: List of Competing one-parameter 

distributions in the class of Lindley 
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The first application is on Vinyl chloride data from clean upgradient ground-water monitoring wells in (g/L) 

studied by [27] in table 1. 

 

Table 3: Vinyl chloride data from clean upgradient ground-water monitoring wells in (g/L) 

 
 

The measures of model performance for the 

distributions are the negative Log-Likelihood (NLL), 

Akaike Information Criterion (AIC), Corrected AIC 

(CAIC), Bayesian Information Criterion (BIC), Hannan–

Quinn information criterion (HQIC), Cramer von Mises 

(W∗), Anderson Darling (A∗), while the Kolmogorov-

Smirnov (K-S) statistic and the p-value determine the 

fitness of the distribution to the data. 

 

Based on results in table 4, the proposed XRani 

best fits the Vinyl Chloride data having the highest p − 

value = 0.638. However, it does not perform any better 

in parameter estimation as its performance measures are 

not the least among others. 

 

Table 4: Analytical measures of performance and fitness using the Vinyl Chloride Data 

 
 

 

 
Figure 9: Density, cdf, survival and TTT plots for the Vinyl Chloride data 
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Figure 10: PP plots for the Vinyl Chloride Data 

 

Figures 9 and 10 display the goodness of fit of 

the selected distributions to the data on the Vinyl 

chloride data from clean upgradient ground-water 

monitoring wells in (g/L). The figures show that the 

XRani distribution fits the data better than other 

distributions. 

The next data represents the Monthly 

concentration of sulfur dioxide in Long Beach, 

California studied by [20]. The data are for all the month 

of March within the period 1956 to 1974, see table 5. 

 

Table 5: Monthly concentration of sulfur dioxide in Long Beach, California in March of 1956 to 1974 

 
 

In table 6, we fit the XRani distribution 

including some members of the Lindley class of 

distributions to the data on the March concentration of 

sulfur dioxide in Long Beach. 
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Table 6: MLEs, Measures of model performance and fitness for the March Sulfur dioxide data 

 
 

Based on results in table 6, the proposed XRani 

best fits the data on the monthly concentration of sulfur 

dioxide in Long Beach having the highest p − value = 

0.8608. It also performs better in parameter estimation as 

its performance measures are the least among others. 

Figures 11 and 12 demonstrates the fitness. 

 

 

 
Figure 11: The density, cdf, survival function, and TTT plots of the March Sulfur dioxide data 
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Figure 12: PP plots for the March Sulfur dioxide data 

 

Figures 11 and 12 display the goodness of fit of 

the selected distributions to the data on the Monthly 

concentration of sulfur dioxide in Long Beach, 

California from 1956 to 1974 for the month of March. 

The figures show that the XRani distribution fits the data 

better than other distributions. 

 

The next data is on the months of August 

concentration of sulfur dioxide in Long Beach, 

California in August spanning 1956 to 1974. 

 

Table 7: Monthly concentration of sulfur dioxide in Long Beach, California in August of 1956 to 1974 

 
 

In table 8, we fit the XRani distribution 

including some members of the Lindley class of 

distributions to the data on the August concentration of 

sulfur dioxide in Long Beach. 
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Table 8: MLEs, measures of model performance and fitness for the Monthly concentration of sulfur dioxide in 

Long Beach, California in August of 1956 to 1974 for the month of August. 

 
 

Based on results in table 8, the proposed XRani 

best fits the data on the monthly concentration of sulfur 

dioxide in Long Beach having the highest p − value = 

0.0.7288. However, it does not perform any better in 

parameter estimation as its performance measures are not 

the least among others. 

 

 

 
Figure 13: The density, cdf, survival function, and TTT plots of the August Sulfur dioxide data 
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Figure 14: PP plots for the August Sulfur dioxide data 

 

Figures 13 and 14 display the goodness of fit of 

the selected distributions to the data on the Monthly 

concentration of sulfur dioxide in Long Beach, 

California from 1956 to 1974 for the month of August. 

The next data is on rainfall reported at the Los 

Angeles Civic Center from 1943 to 2018 and studied by 

[13]. 

 

Table 9: The rainfall reported at the Los Angeles Civic Center from 1943 to 2018 in the month of March 

 
 

In table 10, we fit the XRani distribution 

including some members of the Lindley class of 

distributions to the data on rainfall reported at the Los 

Angeles Civic Center from 1943 to 2018 in the month of 

March. 
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Table 10: MLEs, measures of model performance and fitness for the rainfall data 

 
 

Based on results in table 10, the proposed 

XRani best fits the data on the monthly concentration of 

sulfur dioxide in Long Beach having the highest p − 

value = 0.0.8128. However, it does not perform any 

better in parameter estimation as its performance 

measures are not the least among others. 

 

 

 
Figure 15: Density, cdf, survival function, and TTT plot for the rainfall data 
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Figure 16: PP plots for the rainfall data 

 

Figures 15 and 16 display the goodness of fit of 

the selected distributions to the data on rainfall reported 

at the Los Angeles Civic Center from 1943 to 2018 in the 

month of March. 
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The log-likelihood profile plots in figures 17 to 20 

justifies the MLEs estimates in tables 4, 6, 8, and 10. 

 

5. CONCLUSION 
In this article, we have proposed a modification 

of Rani distribution. The new distribution is also a one-

parameter distribution which is more flexible in the 

applications using some data sets in tables 4, 6, 8, and 10. 

The properties were derived and the proposed 

distribution parameter was estimated using maximum 

likelihood estimation. Except in the case of data on the 

concentration of sulfur dioxide in Long Beach in the 

months of March from 1956 to 1974, the proposed XRani 

distribution only best fits the data sets but did not 

perform better in parameter estimation. Overall, the 

XRani distribution competes favorably with the 

members of the Lindley class of distributions. 
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