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Abstract

Review Article

In this article, the Rani distribution has been modified to a more flexible variant. The new model is called "the XRani
distribution™ and it is also a one-parameter distribution just as the parent distribution-Rani. The properties of the XRani
distribution were derived and an analysis of the behaviour was conducted. The parameter was estimated using the
maximum likelihood procedure. Four lifetime data sets were used to illustrate the importance of the proposed model.
From the results, the proposed model competes favorably among the members of the Lindley class of distributions.
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1. INTRODUCTION

The need for the development of new
distributions has been on the rise as more and more
complex data are encountered. Development of
distributions started early enough that as of today, the
numbers of existing distributions are countless. The
rising quest for complex statistical analysis in medical
and biological sciences has supported the development
of probability models that are tailored toward modeling
real-life data. [12] introduced a model widely applied in
many fields. The model integrated exponential
distribution with parameter 8 and gamma distributions
(2,08). To further emphasize the significance of Lindley
distribution, [9]  provided its  mathematical
characteristics and showed that they are more flexible
than that of the exponential distribution. Many
extensions of Lindley distribution exist in many
literature. Check out the following articles [1, 3, 28],
others, for more information. Essentially, [18], a
mathematically tractable member of Lindley class of
distributions with extensions [10, 15, 16, 19]. The aim of
developing new distributions is to increase flexibility and
robustness, so as to enable the modeling and description
of lifetime data sets arising from new situations. Some of
the models were developed either by adding new
parameters to existing ones, for instance, [2, 6, 8, 14], or

by forming a baseline distribution. However, whichever
method one wants to adopt in generating a new model,
the interest should center on keeping the model simple
while increasing flexibility. Keeping this in mind, the
interest of the authors in this article is to introduce a more
flexible version of Rani’s distribution, known as "The
XRani distribution”, to study the characteristics and
demonstrate its applications in modeling lifetime data
sets. Rani distribution developed by [24], is a one-
parameter distribution for mod eling lifetime data sets.
Rani distribution is a mixture of exponential (8) and
gamma (5,0), with mixing proportion p =056+524. Some
extensions of Rani distribution can be found in the
following articles [4, 17, 29], others. Having stated the
aim of this article, the rest of this article shall be
structured as follows: In section 2, the suggested XRama
distribution is specified with the behavior studied. In
section 3, we derive some of the properties. In section 4,
we apply the distribution to four-lifetime data sets and
demonstrate that the proposed distribution is useful
among the Lindley class of distributions. The article is
concluded in section 5.

2. The proposed XRani distribution
Let X ~ XRani (8), then the pdf and cdf are
respectively given by
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95
——— [6°+ 480+ 24x* | 7%,

flx)= x>0, >0 (1)
(85 +24)
and
1
F(x)=1-{1+ ——— [240*x" + 960°x® + 2880%x” + 5760x] p e (2)
(65 +24)

The new distribution is obtained from the two-
component mixture of exponential and Rani distributions
with the same mixing proportion that yielded the Rani
distribution. The mixture is of the form pExp(6)+(1— p)
Rani(8). The shape of the distribution in figure 1

S(x) = {1+
+24)

and

illustrates the flexibility with varying shapes using some
theoretical parameter values.

The survival and hazard rate functions are respectively

1
(5—2 [246%x* +960°x? + 2880%x% + 5766x] } e 0= 3)
0

611 + 4868 + 24651

(4)

hrf(x)=
The limiting values of the XRani hazard function are

Bl + 4806
lim hrf (x) = hl

The plots are displayed in the figures 1, 2, 3, and 4 below
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Figure 3: Survival Function of XRani distribution

X

Figure 4: Hazard Function of XRani distribution
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3 Mathematical Properties of the XRani distribution 3.1 Moments
In this section, we derive some essential Let X ~ XRani (0) with pdfin eq 1, then the rth
properties of the proposed model. crude moment is given by
) o 077 {24(r + 4)! + 6710 4 4807+5}
K, =j|; x flx)dx = @247 ;o r=1,2,.. (5)
The mean of the XRani distribution is
+ 2880+480° + 910
Hp=—"""+7—; (6)
6 (24+65)
The second, third, and fourth central moments are respectively
. 2(8640+486°+6') . 6(20160+486° +6'7) . 24(40320+486° +6'7)
Hz = 2 v H3= 2 ; and py= 2 (M
62 (24 + 6°) 63 (24+ 69) 64 (24 + 65)
For X ~ XRani (0), the variance is
C 17280 — 28806 + 966° — 4866 + 2610 —g11
o? = py = (p))* = (®)

62 (24 +65)°
The skewness ({), kurtosis (1) , and coefficient of variation () are respectively

6 (610 + 4865 + 20160) (24 + 6%)* 24 (24 +6°)° (40320 + 486° +61°)
7 N= 5
: (1658880 + 65 (48 + 65) (12672 + 4865 +619))

(=
(1658880 + 6082566° + 1497600 + 966 + H20)

and (9

V1658880 + 60825605 + 14976610 + 96015 +620 100
- W —

(24 +65)” (2880 + 4865 + 10) 1

The moment generating function and the characteristic function of the XRani distributed random variable X are given as

o0 0% (576 +(t-0)%6 (48 + 6°
Mx(t)=E(efx)=f etxf(x)dx= ( ( ) ( 2 )) (10)
0 (t-0)°(24+65)
and
; s PO 6° (576 + (it —0)*6 (48 +6°))
¢ (it)=E(e )=f e fix)dx = 3 1D
0 (it—0)° (24 +65)
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Table 1: Some theoretical statistics of the proposed distribution

0 p o g ™ o ¢ n v

0.1000 50.0000 2999.9977 209999.8300 16799986.2000 500.0010 0.8944 -145.7990 0.4472
0.3071 16.2761 317.9421 7246.0603 188733.9791 53.0306 0.8932 -145.5281 0.4474
0.5143 9.6990 113.1093 1539.3666 23944 6771 19.0395 0.8787 -142.2816 0.4499
0.7214 6.8415 56.7759 550.5520 6103.7053 9.9699 0.8165 -128.1225 0.4615
0.9286 5.1471 33.0023 248.2358 2136.8671 6.5098 0.6838 -95.4449 0.4957
1.1357 3.9072 20.2056 123.7694 869.8061 4.9395 0.5669 -53.7435 0.5688
13429 28769 122240  62.7819 371.9223 39473 06251 -23.1074  0.6906
1.5500 2.0146 7.0168 30.6806 156.4000 2.9584 0.9089 -7.7931 0.8538
17571 13587 37933  14.1484 62,7711 19472 1.3628 -0.7327  1.0270
1.9643 0.9229 1.9928 6.2607 242136 1.1412 1.8992 3.6537 1.1576
2.1714 0.6636 1.0790 2.7830 9.2928 0.6385 2.3899 17.3834 1.2041
23786 05170 06378 13167 3.7218 0.3705  2.6776 10.0433  1.1773
2.5857 0.4325 0.4229 0.6959 1.6321 0.2359 2.6963 10.5656 1.1231
2.7929 0.3800 0.3114 0.4189 0.8114 0.1670 2.5441 9.2101 1.0754
3.0000 0.3441 0.2474 0.2833 0.4615 0.1290 2.3627 7.2849 1.0436

Figure 5: surface plot of the skewness for various n Figure 6: surface plot of the kurtosis for various n and

and 0 0

3.2 Stochastic ordering of XRani distribution
The stochastic ordering of a nonnegative continuous random variable is a tool for comparing the behavior of

system components. A random variable X is said to be smaller than another random variable Y in the stochas-
tic order (X <y Y)if Fy(x) = Fy(x) V., Hazard order (X <3, Y) if hx(x) = h,(x) V.. Mean residual life order
(X <mpt Y)if mx(x) > my(x) V. Likelihood ratio order (X <;, V) if X% decreases in x.

fr(y)
This impliesthat X <;,, Y =2 X<, Y=2>X<,Y=X<,4Y
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Theorem 1. Let X ~ XRani(01) and Y ~ XRani(0y). if 61 = 03 then X <;, Y hence X <;, Y hence X <,, Y,

X =mri Yand X <, Y

6
folx)  @r2ap oz (05 + 4801 + 24xh)e~0x

fylx)  _ &
T +24}2

03005 +24)%(65 + 4861 + 24x")
(65 + 486, + 24x4)e~00x 65(95 +24)2(05 + 480 + 24x1)

Taking a natural log of the ratio will yield

fx(x)
fy(x)

0305 +24)

eﬁ +480; +24x*
n
0565 +24)2

9‘3 + 480 + 2414

92 —91).’.5

Differentiating the natural log of the ratio w.r.t x will result

fx(x) 96x(65 + 4802) — (6% + 4861) o
"F0 (68 + 4862 + 24460 + 4867 + 24xh) 0
If02 =01, 3 4 ln?g; <0, and ;"g’el; is decreasing in x.

3.3 Bonferroni and Lorenz curve
The Bonferroni and Lorenz curves are defined as

B(p) = l‘[.q.acf(;r.)dsr,: L [fmxf(x)dx—fmxf(x)dx =
puJo PHLJo q

1 00
— |u— (x)d
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24y,
96
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96
(2880 + 4865 + §10) [
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Lip)=1 f  efydx= X l f * efx)dx— f ¥ efGodx
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Figure 8: Mean Residual Life function plots for some
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3.4 Mean Residual Life Function
The mean residual life function is defined as

n! n! 6°
(2,0) = ————— foFol 1= Fy"™" = 0% + 480 + 24x1] e~0%
frin D= fwlFe @I = e (65 +24)° [ |
r=1
1
x |1 - {1 + ﬁ [246%x* +966°3x® + 2880%x% + 5760x| }e‘f"x] (18)
65 +24
n-r

[246%x* + 960%x> + 2880%x% + 57660x] e ™0

[1+—2
(65 +24)

The p.d.f of the largest order statistics is obtained by setting r = n

5 n-1
frn(x,0) = Lz (6% + 480 + 24x*] e [1-{1+ ;2 (2401 + 960°x® + 2880%x% + 5760x] p e7%*
(95 +24) (6% +24)
(19)
The p.d.f of the smallest order statistic is obtained by
65 1 "
Frn(x,0) = ”'72 [6° + 480 + 24| e | 1+ ——— [2460"x* +960°x” + 2880°x> + 5760x ] e~ (20)
(85 +24) (95 +24)
3.6 Renyi Entropy Measures having a probability density function, the Renyi entropy
The entropy of a random variable is a measure for @ # 1js given as:
of the variation of uncertainty. A popular entropy is the
Renyi entropy. If X is a continuous random variable
Ryts=— log f fx)°dx = —1—log f i [——9—-(96+486+24x%)e_9x wdx
¢ 1-w 1-w 0 1(85+24)2
e log 6> f (65 +480 + 24xt)we 0% dyx
l1-w (65 +24)20
et —log i Z 10 + 480)) (24x4) = e 0% dx
1— (95 +24)20 Jo ¢ (21)
1 w 6 - N 2
= 0% + 480)/(24) f S TR
l—w (95+24)2‘”, 0(])( )Y (24) i, & e x

1 w

_ - 1 (4o —4))!
1-w 85 +24)2w =1

wio—4j+1

)(96 +480)(24)° /@4

3.7 Odd Function
An odd function is a reliability tool for modeling data sets that show non-monotone. It is the ratio of the CDF to
the survival function.

. 4,4 3.3 2.2
Faso) ! {1+ iy [240%%* +960%2% + 2886 +5769x]}

O(x;0) = Sx0) {1+

& 24)2 [2464x% + 96033 + 288602x2 + 5760x] | e } =% (22)

B 246*x* +9603x% + 2880%x* + 57660«
T (05 +24)2 + 240%x* + 9603 x3 + 2886022 + 5760x

3.8 Stress-strength Reliability Analysis stressstrength reliability. The inferences of the stress-
The reliability of a system is the probability that strength reliability R = P(X > Y) where Y is the stress
its strength exceeds its stress. This reliability is called and X is the strength.
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R=P(Y <X)= f TP < XIX = 0)f,(0)dx = f = Fl:0,)F (x:82)dx
0 0

o1
=—L _[8%6%10 1 4805(6° + 63) + 576(6% + 63
(65 +24)(63 +24) 101 201 +6) 61 +6)
09010 + 4801(0303 + 01° + 120 + 4805 + 576) 5760102(07 +48)
- - (01 +02)*
5760102(07 +48) 5760103(65 +48)  57603(05 +65) + 27648035(61 +02) + 331776 57605(05 +48) + 331776
(01+02)° (01+02)* (01+02)° CH
138240,(5!) 691262(6!) 230463(7!) 57603(8)
T (O1+625 (014627 (O1+62° (01 +6)
(23)
3.9 Maximum Likelihood Function
Let (X1, X2,..., Xn) be n random samples drawn from XRani distribution, the likelihood function is given as
2 > 6 4 0. 9 " S}: d 6 4
O(f(x,0) =[] s {05 +480 + 245t} 705 = — ¢ 92T {0° + 480 +24 24
(700 = 11 fo5y gqy | e =gz L =1 @4
Taking the log of € and differentiating with respect to 0 yields the following results
n dv 5n  108%n n 665 + 48
=5nind-2nin@®+24)-0Y x+ Y In(@®+480+24xY);, —="—-— -~ _—
¥ ="5nind~2nin( )-0)x izzln( % 979 ez XF ; 06 + 480 + 241
(25)
set % =0 yields the following result
5n 106%*n n 605 + 48
—_—— - _ 26
0 (05+24) L ; 66 + 480 + 24x4 (26)

which has no closed-form solution and hence will be
implemented in R using optim() function.

4 Applications to Real-Life Data

In this section, we will use real-life data sets to
illustrate the usefulness of the proposed XRani

distribution and compare it with the following known
distributions which are in the class of Lindley
distribution.

Table 2: List of Competing
distributions in the class of Lindley

one-parameter

Distribution f(x) F(x)
proposed [6° + 4860 + 24x*] ™% [ 1-J1+ 24" +966°+"+2880%°+5760x | ,~Ox
XRani (a5 24)2 (65+24)*
\ _ Ox(0%x%+40%2x% +120x+24) | _
Rani [24] m(9+x] 0x 1 [14 SO e oo
Shanker [22] 92+1 (0 +x)e™% 1- I1+ ﬂ2+ll o=
_ 8% a3 —fOx _ —Ox
XShanker [7] (52 1)2 (6% +20x +x)e 1-|1+ (92+1)2 e
HZ Z
XGamma [21] 1+B (1+ 2x2]e‘9x 1- |1+ =7 |e%

Rama [23] Bhs (1+2%) e 1- [1 Crl el s60s ] p-0x
Lindley [12] £ (1+x)e0x -1+ e+1] ex
XLindley [5] 3—2(‘12:3]’;")e-ﬂx 1-[14 g0 | o0

Ishita [25] m (6+x2)e 0= 1- 1+ 202 -0

Akash [26] m (1+x2) e 1- 1+ gt o0

Pranav [11]

_6 (6 + 1:3) e~ 0x

0x(0%x% +30x+16)

-8
1- [1+ —_ om0z

Chris-Jerry [18]

M (1+0x2)e 0%

1- [1 + B—Ig?f;m] e0x
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The first application is on Vinyl chloride data from clean upgradient ground-water monitoring wells in (g/L)
studied by [27] in table 1.

Table 3: Vinyl chloride data from clean upgradient ground-water monitoring wells in (g/L)
51 1.2 1.3 06 05 24 05 1.1 80 08 04 06 09 04 20 05 53

32 27 29 25 23 10 02 01 01 18 09 20 40 68 12 04 02

The measures of model performance for the

distributions are the negative Log-Likelihood (NLL), Based on results in table 4, the proposed XRani
Akaike Information Criterion (AIC), Corrected AIC best fits the Vinyl Chloride data having the highest p —
(CAIC), Bayesian Information Criterion (BIC), Hannan- value = 0.638. However, it does not perform any better
Quinn information criterion (HQIC), Cramer von Mises in parameter estimation as its performance measures are
(W+), Anderson Darling (A*), while the Kolmogorov- not the least among others.

Smirnov (K-S) statistic and the p-value determine the
fitness of the distribution to the data.

Table 4: Analytical measures of performance and fitness using the Vinyl Chloride Data
Dist NLL AIC CAIC  BIC HQIC W A* K-S Pvalue 0

XRani 58.06 118.115 118.240 119.641 118.635 0.142 0.877 0.128 0.638 1.602
Xgamma 56.49 114.970 115.095 116.497 115.491 0.079 0.511 0.138 0.533 1.031

Lindley 56.3 114.607 114.732 116.134 115.128 0.063 0.405 0.133 0.588 0.824
Ishita 573 116.606 116.731 118.132 117.126 0.095 0.604 0.140 0.514 1.157
Akash 57.57 117.149 117.274 118.676 117.670 0.099 0.630 0.157 0.376 1.166

Chris-Jerry 57.93 117.854 117.979 119.380 118.374 0.103 0.655 0.178 0.230 1.165
Shanker 56.46 114.913 115.038 116.439 115.433 0.064 0.413 0.131 0.607 0.853

Rani 59.88 121.752 121.877 123.278 122.272 0.194 1.165 0.152 0415 1.784
ecdf(data)
0 _ S ] ]
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< -\ Xgamma w i
o o
o _| o
,)-(\ o 8 o
= N -t w < :Lgﬂncal-pm
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4 T T T 1 = T T T T T
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e S 4
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Figure 9: Density, cdf, survival and TTT plots for the Vinyl Chloride data
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Figure 10: PP plots for the Vinyl Chloride Data
Figures 9 and 10 display the goodness of fit of The next data represents the Monthly
the selected distributions to the data on the Vinyl concentration of sulfur dioxide in Long Beach,
chloride data from clean upgradient ground-water California studied by [20]. The data are for all the month
monitoring wells in (g/L). The figures show that the of March within the period 1956 to 1974, see table 5.

XRani distribution fits the data better than other
distributions.

Table 5: Monthly concentration of sulfur dioxide in Long Beach, California in March of 1956 to 1974
21 16 20 15 9 10 10 4 25 18

18 26 256 17 40 55 19 16 9 196

In table 6, we fit the XRani distribution distributions to the data on the March concentration of
including some members of the Lindley class of sulfur dioxide in Long Beach.
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Table 6: MLEs, Measures of model performance and fitness for the March Sulfur dioxide data

Distr NLL AIC CAIC BIC HQIC W* A* 0 K-S  P-value
XRani 73.9 149.802 150.025 150.788 149.997 0.088 0.519 0.255 0.135 0.8608
XGamma 74.44 150.874 151.097 151.870 151.069 0.089 0.547 0.143 0.176 0.5646
Lindley 75.32 152.638 152.860 153.634 152.833 0.088 0.522 0.097 0.209 0.3476
XShanker  74.88 151.755 151.977 152.751 151.949 0.087 0.519 0.101 0.202 0.3911
Chris-Jerry 73.92 149.843 150.065 150.838 150.037 0.088 0.528 0.147 0.165 0.6515
Shanker 74.82 151.630 151.852 152.626 151.825 0.088 0.519 0.101 0.201 0.3917
XLindley 75.81 153.621 153.843 154.617 153.815 0.088 0.527 0.094 0.216 0.3112
Rani 73.90 149.803 150.025 150.799 149.997 0.088 0.519 0.255 0.135 0.8605

Based on results in table 6, the proposed XRani
best fits the data on the monthly concentration of sulfur
dioxide in Long Beach having the highest p — value =

0.8608. It also performs better in parameter estimation as
its performance measures are the least among others.
Figures 11 and 12 demonstrates the fitness.
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Figure 11: The density, cdf, survival function, and TTT plots of the March Sulfur dioxide data
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Figure 12: PP plots for the March Sulfur dioxide data
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Figures 11 and 12 display the goodness of fit of
the selected distributions to the data on the Monthly
concentration of sulfur dioxide in Long Beach,
California from 1956 to 1974 for the month of March.
The figures show that the XRani distribution fits the data
better than other distributions.

The next data is on the months of August
concentration of sulfur dioxide in Long Beach,
California in August spanning 1956 to 1974.

Table 7: Monthly concentration of sulfur dioxide in Long Beach, California in August of 1956 to 1974

44 20 20 20 23 20 15 27 3 9
25 32 18 55 10 20 18 8

9 20.8

In table 8, we fit the XRani distribution
including some members of the Lindley class of

distributions to the data on the August concentration of
sulfur dioxide in Long Beach.
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Table 8: MLEs, measures of model performance and fitness for the Monthly concentration of sulfur dioxide in
Long Beach, California in August of 1956 to 1974 for the month of August.

Distr NLL AIC CAIC BIC HQIC w* A” 0 K-S  P-value
XRani 77.16 156.320 156.542 157.316 156.514 0.116 0.589 0.240 0.154 0.7288
XGamma 76.12 154.239 154.461 155.234 154.433 0.108 0.566 0.134 0.191 0.4624
Lindley 76.90 155.790 156.012 156.786 155.984 0.114 0.580 0.092 0.219 0.2914
Ishita 75.59 153.181 153.404 154.177 153.376 0.116 0.588 0.144 0.179 0.5404
Akash 75.61 153.212 153.434 154.208 153.407 0.114 0.580 0.143 0.180 0.5393
Chris-Jerry 75.81 153.612 153.834 154.608 153.806 0.110 0.564 0.138 0.184 0.5073
Shanker 76.51 155.017 155.240 156.013 155.212 0.116 0.589 0.095 0.215 0.3129
XLindley 77.29 156.572 156.794 157.567 156.766 0.113 0.577 0.088 0.223 0.2739

Based on results in table 8, the proposed XRani 0.0.7288. However, it does not perform any better in
best fits the data on the monthly concentration of sulfur parameter estimation as its performance measures are not
dioxide in Long Beach having the highest p — value = the least among others.
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Figure 13: The density, cdf, survival function, and TTT plots of the August Sulfur dioxide data
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Figure 14: PP plots for the August Sulfur dioxide data

Figures 13 and 14 display the goodness of fit of
the selected distributions to the data on the Monthly
in Long Beach,
California from 1956 to 1974 for the month of August.
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The next data is on rainfall reported at the Los
Angeles Civic Center from 1943 to 2018 and studied by

[13].

Table 9: The rainfall reported at the Los Angeles Civic Center from 1943 to 2018 in the month of March

455 247 343 3.66 0.79 3.07 140 087 044 6.14 048 299 056 1.02
530 0.31 057 110 278 179 249 053 25 334 149 236 053 270
3.78 4.83 181 1.89 8.02 585 479 410 354 837 028 129 527 095
0.26 0.81 0.17 592 7.12 2.74 186 6.98 216 4.06 124 2382 1.17 0.32
432 147 214 287 0.05 0.01 035 048 396 175 054 118 0.87 1.60
0.09 2.69
In table 10, we fit the XRani distribution Angeles Civic Center from 1943 to 2018 in the month of

including some members of the Lindley class of
distributions to the data on rainfall reported at the Los

March.
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Table 10: MLEs, measures of model performance and fitness for the rainfall data

Distr NLL AIC CAIC BIC HQIC w A" %) K-S P-value
XRani 137.47 276.942 276.999 279.219 277.848 0.105 0.627 1.447 0.075 0.8128
Lindley 135.82 273.630 273.687 275907 274.537 0.026 0.170 0.655 0.080 0.7469
Ishita 136.49 274979 277.036 277.256 275.886 0.031 0.212 0.978 0.087 0.6457
Akash 136.42 274.838 274.895 277.114 275.744 0.031 0.210 0.965 0.089 0.6172
Pranav 137.63 277.267 277.324 279.543 278.173 0.068 0.433 1.276 0.083 0.7073
Chris-Jerry 136.30 274.596 274.6563 276.872 275.502 0.030 0.204 0.946 0.090 0.5999
Rama 138.63 279.261 279.319 281.538 280.168 0.077 0.483 1.303 0.104 0.4206
Rani 140.0 281.990 282.048 284.267 282.897 0.140 0.830 1.584 0.105 0.4056
Based on results in table 10, the proposed value = 0.0.8128. However, it does not perform any
XRani best fits the data on the monthly concentration of better in parameter estimation as its performance
sulfur dioxide in Long Beach having the highest p — measures are not the least among others.
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Figure 15: Density, cdf, survival function, and TTT plot for the rainfall data
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Figure 16: PP plots for the rainfall data

Figures 15 and 16 display the goodness of fit of
the selected distributions to the data on rainfall reported
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Figure 17: Log-likelihood profile for Vinyl Chloride

data

at the Los Angeles Civic Center from 1943 to 2018 in the
month of March.
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Figure 18: Log-likelihood profile for March sulfur
dioxide data
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Figure 19: Log-likelihood profile for the rainfall data

The log-likelihood profile plots in figures 17 to 20
justifies the MLEs estimates in tables 4, 6, 8, and 10.

5. CONCLUSION

In this article, we have proposed a modification
of Rani distribution. The new distribution is also a one-
parameter distribution which is more flexible in the
applications using some data sets in tables 4, 6, 8, and 10.
The properties were derived and the proposed
distribution parameter was estimated using maximum
likelihood estimation. Except in the case of data on the
concentration of sulfur dioxide in Long Beach in the
months of March from 1956 to 1974, the proposed XRani
distribution only best fits the data sets but did not
perform better in parameter estimation. Overall, the
XRani distribution competes favorably with the
members of the Lindley class of distributions.
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