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INTRODUCTION

In a series of papers[1-3], Wang and Zhang give the algebraic dynamics algorithm to solve nonlinear evolution
equations. Liu[4] obtains an equivalent construction of infinitesimal time translation operator. Since Liu’s operator
involves only simple partial differential operations, this is rather convenient in practice.

In the present paper, we give three new applications of Liu’s construction to the KdV-Burgers equation, the modified
Bousinnesq equation and sinh-Gordon equation and give their second order approximate solutions.

CONSTRUCTIONS AND APPLICATIONS
For the general nonlinear evolution equation

u, =H(u,ug..), 1)
the corresponding infinitesimal time translation operator is given by [4]
o 1) 1)
L=|u/(y,t)—dy+|u,(y,t)—dy+|u ) —dy +..., )
Juy.0dy Iyt(y)éuyy fuy(y T
In fact, when G is a function of U, U, ,U,, the operator L has a more simple form
L—ua+u a+u 8+ (3)
t ou xt au, xxt au,, T
Example 1: Now we apply this operator to the KdV-Burgers equation
U, =Otuxx_puxxx_uux’ (4)
u(x,0) = F(x). ®)
According to our construction, the infinitesimal time translation operator is given by
0 0 0
L= (auxx _ﬂuxxx _uux)a + (auxx _ﬂuxxx _uux)x a_ux+ (auxx _puxxx _uux)xx @4— ey (6)
Therefor, we have
LF =oF — fF, —FF,, )

and the second approximate solution is

u(x,t) ~ L°F =36F2 —4oF.F, +50F.F, +2FF?—20FF, +2fFF, +F°F, +a’F,,
_ZaﬂFxxxxx+ﬂ2Fxxxxxx' (8)

Example 2. The Boussinesq equations read as
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U, = —(UV)X -V

XXX !
u, =-u, —Vvv,,

u(x,0) = F(x),v(x,0) = K(x).

By Liu’s method, the infinitesimal time translation operator is given by

0 0
—+(-Uu, -w,), —
u ( X X)X a\/

X X

XXX)X

L= (), V) (U V) (), v

R A

XX XX

XXX ) XX

Therefore we give LF, L*F and so on as follows
LF =—(FK), - K.,
LK =—-F, —KK,,
and the second approximate solutions are

U~ L’F=4KK F +2FK?+5K K +K’F_ +2KFK _+2KK __+F’+FF +3K2 +F_.

va K = Koo KZKXX +2KF, +3F K, +2KKX2
Example 3. Sinh-Gordon equation is as follows

u, =u, —sinhu,
u(x,0) = F(x);u,(x,0) = K(x).
Letting U, =V gives
u, =V
VvV, =u, —sinhu,
u(x,0) = F(x);v(x,0) = K(x).

Its the infinitesimal time translation operator is given by

L:v£+(uXX —sinh u)i+vxi+(uXx —sinhu)xi+vXX 9
o ou ou N ou

+ (U, —sinhu)xxi+-~-
ov

XX
By the above operator, we have

LF =K,
L°’F =LK =F, —sinhF,
L°F =L(F, —sinhF)=-KcoshF +K__,

L'F = F,,, —K?sinh F +cosh Fsinh F —F’sinh F —2F _ cosh F.

Therefor, we give the following forth order approximate solution to sinh-Gordon
2 3

U0 t) = F () + K ()t + (F,, —sin F)%+(KXX ~K cos F)%

4

+{F,, — K?sinhF +coshFsinhF — FsinhF — 2FxxcoshF}%+---.
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We use Liu’s equivalent construction of infinitesimal time translation operator in the algebraic dynamics for nonlinear
evolution equations to give KdVBurgers equation, the modofied Boussinesq equation and sinh-Gordon equation. It is easy

to see this method is very simple and direct.
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