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Abstract: In this paper, we introduce the subclasses A, (a,b,c;a,A,B) and A*Z,P (a,b,c;a,A,B) of
meromorphic multivalent functions in the punctured unit disk U~ ={Z et :O<|Z | <1} by using a differential
operator h7} (a,b;c,z) f(z). We obtain coefficient estimates, distortion theorem, radius of convexity and closure

Theorems for the class. A*Z‘LP (@,b,c;a,A,B).
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INTRODUCTION
Let Zp denote the class of functions of the form

f(z ):Zipinasz “P(peN={,23.}), (1.1)
k =0

which are analytic in the punctured unit disk U~ = {Z ef:0<|z| <1} =U /{0}.

Also let Qp denote the subclass of Zp of meromorphicmultivalent functions in U “, which have the power series
representation

1 8 N
f (Z):F— E ak+pz" " (@, =0). (1.2)
k=0

Afunction f (z) €2 issaid tobe p -valent meromorphically starlike of order & , if and only if

R A L] .

for some & (0 < @ < p). We denoted the class of all meromorophic p -valent starlike functions of order & by

Zp («). Further afunction f (z) in Zp is said to bemeromorophic p -valent convex of order ¢ if and only if

B z2f"(2) N
Re{ (1+—f @) ]}>a (z eU), (1.4)

for some o (0 <« < p). We denote the class of all meromorophic p -valent convex functions of order ¢ by

K, (). Theclasses 2. (r) and K (&) and various other subclasses of 2. have been studied rather extensively by
Aoufet.al. ([1], [3] and [5]), Joshi and Srivastava [6], Kulkarni et. al. [7], Owa et.al. [10], and others.

For o =0, we obtain the class 2.(p) and K ( p) of meromorophic p-valent starlike and convex functions with
respect to the origin.
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Denote by 2. *( ) and K ( ) the classes obtained by considering intersection, respectively, of the classes
> ( ) and K (&) withQ

Z, (@) =2, (

K, (@) =K, (

The function f(z) is said to be subordinate to F(z), if there exists a function W(z) analytic in U with w(0)=0
and |W(Z] <1 (Z € U), such that f(Z)= F( Z)) In such a case we write f(z)n F(Z). In particular, if F is
univalent, then f(z)n F(z) ifand onlyif f(0)=F(0)and f(U)c F(U).

For f (z) e givenby (L.1)and g(z) € X, given by

a)) ) (1.5)

(24

g(z)zzip+zwlbk+pzk+p (peN={1,23.}), (1.6)
the Hadamard ;r::;uct (or convolution) of f and g is denoted by (f *q )(Z ) and defined by
(f *g)(z):zip+:2)ak+pbk+pzk*p wn
For the function f (Z_) € Zp , Aouf [2] define the following differential operator
2of(@)=F(2)
S @)=0-f (Z)+EZ f (Z)+2—2“
:Zip+kwo£1+ ’1:)‘ japﬂ(z =S, f(z). (A=0,peN).

Sfpf (Z ) :S/l,p (Dipf (Z ))
S1of @)=S,,68.,f @)

o A o 124 (1.8)
=(@L-2)S] (z)+Fz (1 (2)) 5 (A=0;n,peN).

It can be easily seen that
Sy f (z):i+i 1+k—/1 n a,, 2" (neN;=N uU{0};peN)

o o AT B 0 ’ ' (1.9)
For positive numbers a, b and ¢ , define the operatorlp(a,b;c,z)by

| @bic,z)=— Z(a)k O 7o (1.10)

2? i), (l)k

With the aid of the operator S} _ f (z) defined by (1.9) and the operator | _(a,b;C,z), defined by (1.10) we define the
AP P

operator 7' (@,b;c,z)f (2)in terms of the hadmered product or (convolution) by
h},(@b;c,z)f (z)=S] f(z)*I,(@b;c,z), (1.11)
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which can be written for f (z ) defined by (1.1) as

hi,(ab;c,z)f (z):ip+ZQk“i(a,b;c)ap+kz Pk 1.12)
, AP

forneN, 120,

where

f . KA\n (@)« (D),
bo)=>01+—=
Q. (ab;c) =1+ p) ©. D,

With the aid of the differential operator h7  (@,b;c, z) f () we define the following subclasses of multivalent and
meromorphic functions.

(1.13)

Definition 1.A function f (z) Zp defined by (1.1) is said to be in the class A;yp (@,b,c;a,A,B) ifit satisfies
the following subordination condition:

h! (a,b;c,z)f " - — .
L2, @bic.2)f @))" p+[pB+(A-B)(p-a)]z (2 cU) ( 11
(h},@bc,2)f (2)) 1+Bz
or , equivalently, if the following inequality holds true:
1 (z(h},@bc,2)f (z))
T @bie,)f @)
L pl (z €U (1.15)

(z(h},(@b;c,2)f (z))
T, @bic.2)f (2)

Also let A;?P (a,b,c;a,A,B)=A].(a,b,c;a,A,B)I Q,
0<a<P;-1<A<B<L0<B<LpeN;neN,;120;5=0)

B(l

It may be noted that for suitable choice of 5,A,B,n, p,Aand « . the class AZ‘p (@,b,c;a,A,B)extends several
classes of analytic and p -valent meromorphic functions such that Aouf and Shammaky[4], Srivastava et al. [11], Liu.

and Srivastava ([8], [9]) and Uralegaddi and Ganigi [12].

Basic properties of the class A;f‘p (@,b,c;a,A,B).

We first determine a necessary and sufficient condition for a function f (z) € Qp of the form (1.2) to be in the class
A, (@b.c;a,AB)

Theorem 1.Let the function f (z) € Q, defined by (1.2), the f (z)e A;”p (a,b,c;a,A,B) ifand only if

> (k+p)Q, (@ bic)M, (@, AB,Pa,,, < p(B-A)(p-a) 21
k=0
O<a<P;A+B>0;-1<A<B<L0<B<LpeN;neN,;2>0,5>0)

where

M (a.A,B,P)=[(k +p)(B +1)+p(A+)+(B -A)x ], 2.2)
and Q, ,(a,b;c)is given by (1.13).

Proof. Suppose that the function f (2 ) € 2 defined by (1.2) be in the class A;T‘p (a,b,c;a,A,B), then from (1.15)
we have

| (2(h] ,(a,b;c,2) f(2))" +(L+ p)(h} , (ab;c,2) f (2))’ B
|B(h] ,(a.b;c,2)) +2(n] ,(a,b;c,2))" + [pB+ (A-B)(p-al(h] (abic.,2) f (2))|
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{—i(k +p)(K +2p)Q7, (@.bic)a, .,z mp}n ‘

k=0

p(B-A)p-a)- (K +p)Q,@bic)[(k +p)B +(B ~A)a+AP ], 2"

<1l (zeU). (2.3)
Since |Re{z}| £|Z |for any z, choosing z to be real and letting z — 1" through
real value, then (2.3) yield

> (k +p)(k +2p)Q), @bic)a,.,

<p(B-A)p-a)-2 (k+p)Q (@b;c)[(k +p)B +(B ~A)a+AP A ;, (2.4)
k=0
which leads us immediate to the coefficient inequality (2.1).

Next in order to prove the converse we assume that the inequality (2.1) holds true, then we observe that
| (z(h] , (abic,2) f (2))"+ L+ p)(h] , (a,be, 2) F (2)’ |
‘ B(h; ,(a,b;c,2) f(2)) +z(h} ,(a,b;c,2) f(2))") + [pB +(A-B)(P - a)](hj’p (a,b;c,2) f(2))

S (k +p)(k +2p)Q/, (@bic)a,,,

< K=0
p(B —A)P —a)—Z(k +pRy.,(@b;c)[(k +p)B +(B -A)a+AP]a,,
<1 (zeU). . 2.5)

Hence by maximum modulus theorem, we havef (z) A;”p (@,b,c;x,A,B) . This completes the proof of Theorem.

Corollary 1.Let the function f (z ) € Q defined by (1.2), if (z) A;’”p (a,b,c;a,A,B) then
. . pB-AP-a)
k+p — n .

PTK+ P)Qk,/l(a1b’C)M (a, A, p)
The result is sharp for the function f (z ) given by
f)=z" - E)(B —A)P -a)

(k + p)Qk,z(a:b;C)M « (@,A,B,P)
Next we prove the following distortion and growth properties for the class.
Al (a,b,c;a,A,B).
Theorem 2. If afunction f (2) e Q) defined by (1.2) is in the class A;?p (a,b,c;a,A,B), then
(p+m_1)!_ pI(B —A)(P—O{) r2p r—p—m
(p-1! (p—-m)!M (a,A,B,P)

2"k 20,peN).. (2.6)

2P (k=0,peN) 27)

<" )‘S[(wm—l)!+ p!(B ~A)P ~a) rzﬂr_p_m 8
(p-1! (p-m)!M,(a,A,B,p)
(0<|z|=r<10<m<p),
where the result is sharp for the function f (z ) given by
fz)=z-B=AR=2) » Ny 29)

M, (a,A,B,p)

and
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M, (e, A,B,P)=[p(B +1)+p(A+)+(B -A)x].
O0<a<P;A+B >20;-1<A<B<L0<B<LpeN;neN,;4120;6>0)
Proof. Forf (z) eA;?p (@,b,c;x,A,B) we find from Theorem 1, that

PQ,, (@,b;c)M,(a,A,B,P) > ., <> (k +p)Q(,@b;c)M, (A,B,P)a,,
K=0 k=0

<p(B-A)P -0a),
or
ia < (B-A)P -«) _ (B -A)P -«)
= T Q.,(abic)M (@,A,B,P) M (aA,B,P)’
Now by differentiating f (z ) in (1.2) m times, we have

m n(Ptm-D & (k+p)!
= R pmyi

(meN,,PeN,m<P)

(2.10)

K+p-m

(2.11)

Thus, for 0£|z|=r <1,

m m(p+m 1) S (k+p)| k+p-m
e T TR e
S(p+m_1)!r—p—m+i (k+p)l ak+prk+p—m

(p-1)! o (k +p-—m)!

(p+m_l)! -p-m pl p-m S
B IRRTE T 2
JPAM D o Pt B-AP-a)
(P (p-m)!M («,A,B,P)

similarly

S (P+M —1)!r_p_m N p! (B-A)P-a) (P
(P —1)! (p—m)!M (a,A,B,P)

The sharpness of each the inequality in (2.8) satisfies by the function f (z ) given by (2.9).

Next we determine the radii of meromorphically p -valent starlikeness and convexity of order (0 <y < p) for

functions in the class. A", (a,b,c; , A, B)

Theorem 3. If afunction f (z) € Q| defined by (1.2) is in the class, AT ~(@b,c;a,A,B) then

(i) f (z) is meromorphically p -valent starlike of order y(0<y < p) in |Z | <, where

1
- n oy K+p)(P-7M, (o,A,B,P) |*+2P
=inf b; X 2.12
r,=in M{Qk,m c) P(k+p+y)(B_A(p_a)} (2.12)
(ii) f (z) is meromorphically p -valent convex of order (0 <y < p)in |Z|< r,, where
1
(P-M, (2,A,B,P) |20
=inf b; : 2.13
r,=in k>0{Qk 2@, C)(K+P+;/)(B “A)p - a)} (213)

(O<a<P;A+B>0;-1<A<B<L0<B<LpeN;neN,1>0,5>0).

The result are sharp.
Proof.(i)from (1.2),we easily get
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f ,(Z) . k+2p
z k 2
f (Z) Z(; + p k +p |

f'(z = 0 N !
, T )—p+2;/‘ 207 +p)- Y. (k +29)a, |z
f(z) k=0

Thus, we have the desired inequity:
,1(@)
f(z)
f'(z)
f(z)

+Pp

P

<1 (0<y<p,peN),
z

-p+2y

k+2p

<1l

oo 2]

kzé(kerW)

Hence , by Theorem 1, (2.15) will be true if

k+p+y) 2 |k+zp < (k +p)Q¢ ,(a,b;c)M, (a,A,B,P)
(P-7) p(B -A)P -0)

The inequality (2.16) leads us immediately to |Z | <, where I is given by (2.12).

(K>0,PeN)

(ii) In order to prove the second assertion of the Theorem we find from (1.2) that

f "(Z)) Sk +p)k +2pYa, |z

-p+2y

1+z

+Pp

f'(z 3
f"(z) B
f'@z)

Thus we have the desired inequity:
.I: !I(Z)
(z)
z)
f zZ)

1+z

2p(p-1 -k +2p)a,,, 2|
k =0

1+z +p

<1 (0O<y<p,peN),

1+z

-p+2y

If
i(k +p)(k +p+y).

k=0 p(p-7)
Hence , by Theorem 1, (2.18) will be true if

(k+p)k +p +y)|Z 70 < (k +p)Q, ,(ab;c)M, («,A,B,P)
P(P-7) P(B-A)p-a)
the inequality (2.19) leads us immediately to |Z | <, where I, is given by (2.13).

k+2p

<1.

%02

(k >0,peN),

Each of these result is sharp for the function f (z ) given by (2.9).

Next we prove closure Theorems for the class. A" L@b,c;a,AB)
Theorem 4. Let

p(B-A)P -a)
(P+K)Q. ,(@b;c)M, (a,A,B,P)
Then f (z)inthe class A;p (a,b,c;a,A,B) ifand only if it can expressed in the form

ZP™* (k=20;peN;neN,)

1
fp+k (Z):Z_p_

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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f (Z): z ,/up+ka+K (Z )l (2'22)
k=-1
where

Ky, = 0and Z Ly =1

k=1

Proof .Let f (z) = Z Hy o F ok (2), where g2, >0and Z My =1

Then k:_l k:_l
f (Z): Z/up+ka+K (Z )l
13 P(B-A)P -a) .
fo=; zP kZ;MP*K (P+K)Qk“,i(a,b;c)Mk(a,A,B,P)Z B
then
Z'umk p(B-A)P -a) (p+k)Q¢ ,(ab;c)M, (a,A,B,P)

(P+K)Q. ,(@b;c)M, (a,A,B P) PB -A)(p—-a)

= Zup+k zl_lup—l Sl’
k=0

which shows, that f (Z)eA*n (a,b,c;a,A,B).
Conversely, Let f (Z)eA o (@,b,c;a,A,B)then

pB ~A)P -a) |
(P+K)Q/ ,(a,b;c)M, (a,A,B,P)

ak+p S

Setting
p(B-A)P-a) a
(P+K)Q/ ,(a,b;c)M, (&, A,B,P) *P "

zup+k =<

and
-1 :1_Zﬂp+k :
k =0

it follows that f (z) = z Hy . F ok (2)- This completes the proof of Theorem.
k=-1

Theorem 5. The class A (a b,c;a,A,B) is closed under convex linear combinations.
Proof. Let each of the functlons

f. (z)— Zawjz P @y, 20 =12) (2.23)
be in the class A,1 o(@,b,c;a,A,B). Itsufficient to show that the function h(z ) defined by
h(z) =@-t)f,(z)+tf,(z) eA]" ,(@b,c;a,A,B) (0<t <1), (2.24)

is also in the class A" L@b,c;a,A,B). since

h(z)= z_”_é[(l_t)a““ +ta,,, P F7 (0<t <1). (2.25)

With the aid of Theorem 1, we have

S (p+K)Q[,(@bic) M, (,A,B,P)[A-)a,.,, +ta, ., , ]
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—@-1)3 (p+k R/, (@b:c) M, (.A,B Pla,,, ,

k=0

+t2(p +k)Q|?,/1(a’b;C) M, (a7A’B’P)ap+k,2
k=0

<@-t)p(B-A)P -a)+tp(B-A)P -a)=pB -A)(P -a),
which shows that h(z)) € A;’”p (ab,c;a,A,B).
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