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Abstract: In mathematical analysis, Schwarz integral inequality is an important inequality. It is the basis for many
inequalities. In this paper, six methods are given for proving Schwarz integral inequality. Furthermore, several examples
are given in practical problems.
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Preliminary Knowledge
Schwarz integral inequality If f(x) and g(x) are continuous on the closed interval [a,b]. Then

([ £ (0909d” < [ £2(x)x] g (x)dx.
Lemma 1 (cauchy inequality) Let a and b; (i=1,2,...,n) are real numbers .Then
QO ab)* <> a’-> b’
i=1 i=1 i=1

Lemma 2[1] Let f(x) is continuous on the closed interval [a,b] and suppose that it is nonnegative and isn’t always zero .
Then

[ f(x)dx>0.

Several Methods about the Proof of Schwarz Integral Inequality
Proof 1[2] In this part, we give out a method to prove Schwarz integral inequality by using Cauchy inequality. We

divide the interval [a,b] into isometric subinterval by means of points
[ )
X, =a+—(b-a),i=0L2,A ,n.
n

If f (X) and g(x) are continuous on the closed interval [a,b], then they are integrabel.
We have

[ 1009000k =lim =23 £ (x)g (),
.[:fz(x)dx:Liglb%fifz(xi),

j:gz(x)dx=|imb;rf‘zgz(xi).
n—oo i1
By lemma 1,we get
b—a{ b—a{ b—a{
(2 )90 <—=> F2(x)-—— > 9*(x).
n o n o )
Therefore, let N — o0 ,we obtain

(] 1 (0g00dx)? < [ #2000 g (x)c.

Proof 2 In this part, we give out a method to prove Schwarz integral inequality by using the properties of definite
integrals.
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it [} #2(x)dx =0, by lemma 2 we get f (x) =0 andthen [ f (x)g(x)dx =0,
so the formula is true.

b
In the same way, if I g?(x)dx =0, then the formula is true.
a

b ¢ b 2
Suppose that L f“(x)dx >0, and L g°(x)dx > 0.
b, 1 b 1
Let S :(I fo(x)dx)?, t= (J g (x)dx)?, then st > 0.we have
o [T [9(X)|, b 2(x) b g2(X) 2 b
ja [T_T] olx:jas—zomja t—zdx—g.[a|f(x)g(x)|dx

:2—§j:|f(x)g(x)|dx20.

Therefore, we obtain
b b 2 1 b P 1
_[a|f(x)g(x)|dx£st:[ja f2(x)dx]? '[L g2 (x)dx]>.

I 000000 < [ 0000 <L 200018 1] g* (e

That is,
([ F00g00a0)” < [ 12000 g2 (x)ax.

Proof 3[3] In this part, we give out a method to prove Schwarz integral inequality by using double integrals.
b b

Let | :j f 2(x)olx-j g2(x)dx, D={(x y)la<x<b,a<y<b.}.Then wehave
a a

=[] £200g%(y)dxdy = [[_ £7(y)g” (x)cxdy.

So we get

| :%”D[fz(x)gz(y)ﬁ 2(y)g?(x)]dxdx Z%J]DZ\/f 2(x)92(y)- f2(y)g? (x)dxdx
= [[ [ )9 F(afaxdy = | x)aelax- [ (aldy = (] |f ()g(x)dx)’
[ f (x)g(x)dx‘ < [ (g ([dx, we obtain

([ f(0g()e” < [ £2(x)ex] g2 (x)dx.
Proof 4 In this part, we give out a method to prove Schwarz integral inequality by using the monotonicity of a function .
Let F(X) = j f2(t)dt- Lxgz(t)dt—( j f (©)g(t)dt)?.

If f () and g(x) are continuous on the closed interval [a,b], then F(X) is derivable on
this closed interval. We have

F'O)=f20f g*@dt+g* ()| F2@)dt—2f 0)g()[ f (g (e
= ['Tf (99®) - FOIMFdt=0

Therefore, F(X) is a monotonic and nondecreasing function on the closed interval [a,b].
Thatis F(b) > F(a) =0. So we obtain
([ f(0g()e” < [ £2(x)x]” g2 (x)dx.

Proof 5 In this part, we give out a method to prove Schwarz integral inequality by using the mean value theorem of
differentials.

Because of
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Let F(X) = IX f2(t)dt -IX g*(t)dt — (IX f (t)g(t)dt)?,and F(X) meet the conditions of the mean value theorem
of differentials, then we have
, s
F(b)-F(a)=F'(&)(b-a) =(b-a)[ [f(&gt) - f )9 dt>0.
Thatis F(b) > F(a) =0. So we obtain
b 2 b 2 b 2
([ F09g0d)? < [ £20dx[ g (x)dlx.
Proof 6 In this part, we give out a method to prove Schwarz integral inequality by using the

discriminant of quadratic equation with one unknown. For any real number t, we have [tf (X) + g(x)]* > 0.
Integrating the above formula with respect to X once, we yield

2 £2(ax+ 2t £ (0g(xdx+[ g?(x)dx 0.
The discriminant is
A= (2j: £ (x)g (x)dx)? —4j: fz(x)dx-j: g%(x)dx <0,
So we obtain
([ £ (0909c” < [ £2(x)x] g (x)dx.

Several Examples about the Application of Schwarz Integral Inequality
Example 1 Let f(x) is continuous on the closed interval [a,b] and f(a) =0, show that

jb £2(x)dx < @ jb[ F1(x)]2dx.

Proof Because of f(a)=0, then we obtain f (X) = IX f'(t)dt.

By using Schwarz integral inequality, we have

£200 =[[ 'Ol < ([ [T dx)(x-a) < (x-a)[ [ ()] ’dx
Integrating the above formula with respect to X once, we yield
[} £209ax < [ TF (0 dx- || (x—a)dx = (b _za) [ Tf (oFax.

b
Example 2 Let f(x) is continuous on the closed interval [a,b] and f(X) > O,I f (x)dx =1.
a

b H 2 b 2
Show that (ja f () sin Axdx) +(L f (x) cos Axdx)? <1.

Proof By using Schwarz integral inequality, we have
([ £ (0sin axax)? = (T (x) -/ F () sin axdx)’?

<" 1ok [ f (0sin2axdx = [ f (x)sin? Axdx.
In the same way, we get
b 2 P 2
(_L f (x) cos Axdx)“ < _L f (x) cos“Axdx.
Therefore,
b . ) b » _ (b _— b )
(| F(x)sin xdx) + ([ f (x) cos Axdx)® < j f (x)sin? Axdx + j f (x) cos2Axdx =1.
Example 3 If f (x) and g(x) are continuous on the closed interval [a,b] and suppose that f (x) isn’t always zero and

g(x)>0.Let T, = j:| f (x)|ng(x)dx, n=12,A .

. T
Show that lim £ = max| f (x)|.
n—o0 T

a<x<b

Proof By using Schwarz integral inequality, we have
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n n-1 n+l
T,= [ 09 g0ex = o (| (9] 2 -g(x)|f (9] = dx
1 1
<([ 900/ (02 ([ 9 (0] ()

1
2,1 T 2
Because f(x) isn’t always zero and g(X) > 0, then we obtain | f (X)|n g(x)>0,and | f (X)|n g(Xx) isn’t always zero.

n+1

1
dX) 2= Tn n+1,

T, T - :
By lemma2weget T >0. Andthen, T><T T ., _F” > —"— so the sequence {_I”_—”} is monotonic increasing.

If f(X) isa continuous function on a closed interval [a,b],then | f (X)| has an absolute maximum on this interval. So

n n-1 n

thereisa X, €[a,b] such that f(x,) = ma>§| f (X)| =M >0.

Then we obtain

oL _LOONO" e _MTa0aro
T Lolfofdx [ g0t ()] dx

T S .
From the above formula, we know the sequence {_I”_—“} has an upper bound . Therefore, its limit exists. That is,

n

n 1
lim e limyT, = |im(j:g(x)| f(x)] dx)".

N—o0 Tn Neso0

Next, we shall prove the following formula

b n 1
nm(j g()|fF ()| dx)" =M
nN—o0 a
On the one hand, the function | f (X)| is continuous at X, .For any given positive number ¢ ,there is an interval

[a, B]c[a,b] such that if X & [a, B] then | f (X)| > M —&. We have

(L g0l f ] b = ([ g00] F (0] ™ = (M = &)([ 50" — (M —£)(n —> ).

Because of the arbitrariness of & ,we get

(L 900]f (] d) = M.

On the other hand ,
1

(L a0lf 0] )" < ([ M g(x)d)" = M ([ g(x)dk)" —> M (n > o0).

Therefore,

b n 1
lim ([ g ()| f ()] )" =M,
That is,

lim 122 = max| f (x)|

n—w Tn a<x<b
CONCLUSIONS
Schwarz integral inequality is a kind of important inequality in mathematical analysis, which is broadly used in
athematical analysis. The study of integral inequality can help us not only solve some integral inequality of equation, but
also put the primary mathematics knowledge and higher mathematics knowledge together toimprove our ability of
thinking and innovation. This paper
gives out a few methods to prove inequation and by which we can simply and quickly solve the problem. Meanwhile it
introduces the method of applying Schwarz integral inequality to prove some questions by giving several examples.
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