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Abstract: Let ℛ denote the class of all analytic univalent functions 𝑓(𝑧) in the unit disk ∆ with 𝑓 0 = 𝑓′ 0 = 1 and 
𝑧𝑓 ′(𝑧)

𝑓(𝑧)
 is starlike. For any fixed 𝑧0  in the unit disk and 𝜆 ∈  ∆ , we determine the region of variability 𝑉 𝑧0 , 𝜆   for 

  𝑙𝑜𝑔
𝑓  ′(𝑧0 )

𝑓(𝑧0 )
  when  𝑓 ranges over the class  

ℛ λ = {𝑓 ∈ ℛ ∶  𝑓′′ 0 =  2𝜆 +  1 }. 
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INTRODUCTION 
Denote  by ℋ(∆) the class of analytic functions in the unit disk ∆ =  𝑧 ∈  ℂ ∶   𝑧 < 1  . The set  ℋ(∆) may 

be thought as a topological vector space endowed with the topology of uniform convergence over compact subsets 
of ∆. Let 𝒜 denote the set of all functions in ℋ(∆) such that 𝑓 0 = 𝑓′ 0 = 1 and 𝑆 be the class of all functions in 
𝒜 that are univalent. Several researchers have studied the region of variability problems of 𝑓 at a specified point 

inside the unit disk  for several subclasses of 𝑆. In [2], the problem of determining the region of values of 𝑙𝑜𝑔  
𝑓(𝑧0 )

𝑧0
  

for a fixed 𝑧0  ∈  ∆ as 𝑓 ranges  over the class 𝑆∗ of starlike functions is given.Duren  in his paper  [3] discusses the 
region of variability of 𝑓′ (𝑧0) for 𝑓 ∈ 𝑆  and 𝑔(𝑧0)  for 𝑔 ∈  𝑆0 = { 𝑓 ∈  𝒜  :𝑓 𝑧 ≠ 0 in ∆, 𝑓 0 = 1} . Bhowmik 
determined the region of variability for concave univalent functions [1]. In [5 , 6 , 7 , 8 , 9 , 10], S. Ponnusamy 𝑒𝑡 𝑎𝑙. 
had obtained the region of variabilities for several standard subclasses of 𝑆.   H. Yanagihara had discussed the 
region of variability for functions with bounded derivatives, convex functions and families of convex functions in 
[11, 12, 13]. 
 

In this paper , we define a new subclass of univalent analytic functions 𝑓 satisfying certain normalization 

condition and determine the region of variability of 𝑙𝑜𝑔
𝑓  ′ (𝑧0)

𝑓(𝑧0 )
 . 

 
Let ℛ denote the class of all analytic univalent functions 𝑓(𝑧) in the unit disk ∆ with 𝑓 0 = 𝑓′ 0 =

1 and 𝑅𝑒
𝑧𝐹′ (𝑧)

𝐹(𝑧)
> 0 , 𝑧 ∈  ∆ where 𝐹 𝑧 =  

𝑧𝑓 ′ (𝑧)

𝑓(𝑧)
.  Let  

 

𝑃𝑓 𝑧 =  
𝑧𝐹′ (𝑧)

𝐹(𝑧)
= 1 +  

𝑧𝑓 ′′ (𝑧)

𝑓 ′ (𝑧)
−

𝑧𝑓 ′ (𝑧)

𝑓(𝑧)
     (1) 

 

Clearly 𝑃𝑓 0 = 1. For 𝑓 ∈  ℛ ,  we denote by 𝑙𝑜𝑔
𝑓 ′  𝑧0 

𝑓(𝑧0 )
 the single valued branch of logarithm of  

𝑓 ′  𝑧0 

𝑓(𝑧0 )
 . 

Hergoltz representation for analytic functions with positive real part in ∆ shows that if 𝑓 ∈ ℛ then there exists a 
unique positive measure 𝜇 on (−𝜋 , 𝜋]such that  

1 +  
𝑧𝑓 ′′ (𝑧)

𝑓 ′ (𝑧)
−  

𝑧𝑓 ′  𝑧 

𝑓 𝑧 
=   

1+𝑧𝑒−𝑖𝑡

1−𝑧𝑒−𝑖𝑡

𝜋

−𝜋
𝑑𝜇(𝑡) ,    𝑧 ∈  ∆ 

 
A computation gives  

𝑙𝑜𝑔
𝑓′  𝑧0 

𝑓(𝑧0)
= 2  𝑙𝑜𝑔  

1

1 − 𝑧𝑒−𝑖𝑡
 

𝜋

−𝜋

𝑑𝜇(𝑡) 
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For each fixed 𝑧0  ∈  ∆, the region of variability 𝑉 𝑧0 =  𝑙𝑜𝑔
𝑓 ′  𝑧0 

𝑓 𝑧0 
 ∶ 𝑓 ∈  ℛ  coincides with the set 

 −2 log 1 − 𝑧 :  𝑧 ≤  𝑧0  .  Let ℬ0  denote the class of analytic functions 𝜔 in Δ suchthat  𝜔(𝑧) ≤ 1 in ∆ and 
𝜔 0 = 0. Then for each 𝑓 ∈ ℛ, there exist 𝜔𝑓 ∈ ℬ0  of the form  

       𝜔𝑓 𝑧 =  
𝑃𝑓 𝑧 −1

𝑃𝑓 𝑧 +1
 ,        𝑧 ∈  ∆     (2) 

and conversely. Clearly   
 𝑃𝑓

′ 0 = 2𝜔𝑓
′  0 =  𝑓′′  0 − 1          (3) 

If 𝑓 ∈ ℛ then a simple application of Schwarz lemma shows that  
 𝑃𝑓

′ 0  =   𝑓′′  0 − 1  ≤ 2 

 
Since |𝜔𝑓

′  0 | ≤ 1. This implies that  𝑓′′  0 = 2𝜆 +  1  for some 𝜆 ∈ ∆  =  𝑧 ∈  ℂ ∶   𝑧 ≤ 1 . 

For 𝜔𝑓 ∈  ℬ0 define 𝑔 ∶  ∆⟶ ∆  by   

 

𝑔 𝑧 =  

𝜔𝑓   (𝑧)

𝑧
− 𝜆

1− 
𝜆 𝜔𝑓   (𝑧)

𝑧

    𝑖𝑓  𝜆 < 1

   0                  𝑖𝑓  𝜆 = 1   

        (4) 

Then 
 

      𝑔 ′  0 =  

𝜔𝑓
′′ (0)

2(1− 𝜆 2)
    𝑖𝑓  𝜆 < 1

        0                       𝑖𝑓  𝜆 = 1

    

 
For 𝜆 < 1, 

 𝑔′(0) < 1 ⟺
 𝜔𝑓

′′ (0) 

2(1 −  𝜆 2)
 ≤ 1 

                           ⟺  
𝑓 ′′′  0 −2𝜆−2𝜆2

2(1− 𝜆 2)
 ≤ 1 

                                              ⟺ 𝑓′′′  0 =  2𝑎 1 −  𝜆 2 +  2𝜆(𝜆 + 1) 
for some 𝑎 ∈  ∆  . For 𝜆 ∈  ∆  and a fixed 𝑧0 ∈ ∆, introduce  
   ℛ 𝜆 = {𝑓 ∈  ℛ ∶   𝑓′′  0 = 2𝜆 +  1} 
and 

   𝑉 𝑧0 , 𝜆 =  𝑙𝑜𝑔
𝑓 ′  𝑧0 

𝑓 𝑧0 
∶ 𝑓 ∈  ℛ 𝜆   

The aim of this paper is to determine the region of variability 𝑉 𝑧0 , 𝜆  of 𝑙𝑜𝑔
𝑓 ′  𝑧0 

𝑓 𝑧0 
  when 𝑓 ranges over the class 

ℛ 𝜆 . 
 
BASIC PROPERTIES OF 𝑽 𝒛𝟎, 𝝀  AND THE MAIN RESULT 
 
For a positive integer   𝑝, let 

 𝑆∗ 𝑝 = {𝑓 =  𝑓0
𝑝

∶ 𝑓 ∈ 𝑆∗} 
We now recall the following result from [12] to prove our main theorem. 
 
Lemma 2.1.Let f be an analytic function in ∆ with f z =  zp + .  .  .    . If   

Re 1 +  
zf′′ (z)

f′ (z)
 > 0 , 𝑧 ∈ ∆  then f ∈  S∗ p . 

 
Theorem 2.1. We have  
 𝑖   𝑉 𝑧0 , 𝜆 is a compact subset of ℂ. 
(ii)  𝑉 𝑧0 , 𝜆 is a convex subset of ℂ. 
(iii)For  𝜆 = 1  or  𝑧0 = 0,  𝑉 𝑧0 , 𝜆  =  −2log(1 − 𝜆𝑧0)  
(iv) For 𝜆 < 1  or𝑧0 ∈  ∆ − {0},  𝑉 𝑧0 , 𝜆  has  −2log(1 − 𝜆𝑧0) as an interior point. 

(v) 𝑉 𝑒𝑖𝜃𝑧0 , 𝜆 =  𝑉 𝑧0 , 𝑒𝑖𝜃𝜆 for𝜃 ∈ ℝ , the set of real numbers. 

Proof : 
(i) Since ℛ(𝜆) is a compact subset of ℋ(∆), it follows that 𝑉 𝑧0 , 𝜆 is a compact subset of  ℂ. 
 
(ii) Let 𝑓1  , 𝑓2  ∈ ℛ 𝜆  . Then for 0 ≤ 𝑡 ≤ 1, the function  
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𝑓𝑡  𝑧 = 𝑒𝑥𝑝    
𝑓1

′ (𝜁)

𝑓1(𝜁)
 

1−𝑡

 
𝑓2

′ (𝜁)

𝑓2(𝜁)
 

𝑡

𝑑𝜁
𝑧

0
 is in ℛ 𝜆 .  

Since 𝑙𝑜𝑔
𝑓𝑡

′ (𝑧0 )

𝑓𝑡 (𝑧0)
=  1 − 𝑡 𝑙𝑜𝑔

𝑓1
′ (𝑧0 )

𝑓𝑡 (𝑧0)
 +𝑡 𝑙𝑜𝑔

𝑓2
′ (𝑧0 )

𝑓2(𝑧0 )
 , 𝑉 𝑧0 , 𝜆  is a convex subset of  ℂ. 

 
(iii)If 𝑧0 = 0 then the result holds trivially. If  𝜆 = 1 then  𝜔𝑓

′ (0) = 1. 

By Schwarz lemma, 𝜔𝑓 𝑧 =  𝜆𝑧which implies 

𝑃𝑓 𝑧 =  
1 +  𝜆𝑧

1 + 𝜆  𝑧
 

A computation gives 

     𝑙𝑜𝑔
𝑓 ′  𝑧 

𝑓(𝑧)
=  −2log(1 − 𝜆𝑧) 

which implies 𝑉 𝑧0 , 𝜆  =  −2log(1 − 𝜆𝑧0) . 
 
(iv) For𝜆 ∈ ∆ , 𝑧0 ∈ ∆ − {0} and 𝑎 ∈ ∆  we define  

𝛿 𝑧, 𝜆 =  
𝑧 + 𝜆

1 + 𝜆  𝑧
 

𝐹𝑎  ,𝜆 𝑧 = 𝑒𝑥𝑝   𝑒𝑥𝑝  
2𝛿 𝑎𝜁1 ,𝜆 

1−𝜁1𝛿 𝑎𝜁1 ,𝜆 
𝑑𝜁1

𝜁2

0
 𝑑

𝑧

0
𝜁2  (5) 

We prove that 𝐹𝑎 ,𝜆  satisfying (5)belong to the class ℛ 𝜆 .Note that  

1 +  
𝑧𝐹′′

𝑎  ,𝜆 (𝑧)

𝐹′
𝑎  ,𝜆

′
(𝑧)

−  
𝑧𝐹′

𝑎 ,   𝜆  𝑧 

𝐹𝑎  ,𝜆  𝑧 
 = 

1+𝑧𝛿  𝑎𝑧 ,𝜆 

1−𝑧𝛿  𝑎𝑧 ,𝜆 
 

Since 𝛿 𝑎𝑧, 𝜆  lies in the unit disk Δ , 𝐹𝑎  ,𝜆 ∈  ℛ 𝜆 . Also note that  
                 𝜔𝐹𝑎  ,𝜆

 𝑧 = 𝑧 𝛿 𝑎𝑧, 𝜆        (6) 

The mapping Δ ∋ 𝑎 ⟶  𝑙𝑜𝑔
𝑓 ′  𝑧0 

𝑓(𝑧0)
  is a non-constant analytic function of 𝑎 for each fixed  

𝑧0 ∈  ∆ − {0}and 𝜆 ∈ ∆. To prove this we put  

     𝑧 =  
2

(1− 𝜆 2)

𝜕

𝜕𝑎
 𝑙𝑜𝑔

𝐹′
𝑎 ,𝜆 (𝑧)

𝐹𝑎  ,𝜆  𝑧 
 
𝑎=0

 

which gives   𝑧 =  
2

(1− 𝜆 2)
 

𝜁

 1−𝜆𝜁 2 𝑑𝜁 =  𝑧2+ .  .  .
𝑎

0
 

from which it is easy to see that  

𝑅𝑒  1 +  
𝑧′′ (𝑧)

′(𝑧)
 = 𝑅𝑒  

2

1 − 𝜆𝑧
 > 0 

 
By lemma (2.1), there is a function 0 ∈ 𝑆∗ such that  = 0

2 . Since 0  is univalent and  0 = 0, we get  𝑧0 ≠ 0 
for 𝑧0 ∈  ∆ −  0 . 

Thus the map 𝑎 ⟶  𝑙𝑜𝑔
𝐹′

𝑎 ,𝜆 (𝑧)

𝐹𝑎  ,𝜆  𝑧 
 = 

2𝛿 𝑎𝜁 ,𝜆 

1−𝜁1𝛿 𝑎𝜁 ,𝜆 
𝑑𝜁

𝑧

0
 is a non-constant analytic function of 𝑎 and hence is an open 

mapping. Thus 𝑉 𝑧0 , 𝜆  contains the open set   𝑙𝑜𝑔
𝐹′

𝑎 ,𝜆 (𝑧)

𝐹𝑎  ,𝜆  𝑧 
∶   𝑎 < 1 .  

In particular 𝑙𝑜𝑔
𝐹0 ,𝜆

′  𝑧0 

𝐹0 ,𝜆 (𝑧0 )
 = −2log(1 − 𝜆𝑧0) is an interior point of 

      𝑙𝑜𝑔
𝐹′

𝑎 ,𝜆 (𝑧)

𝐹𝑎  ,𝜆  𝑧 
∶   𝑎 < 1  ⊂  𝑉 𝑧0 , 𝜆 .  

Since 𝑉 𝑧0 , 𝜆  is a compact subset of ℂ and has non-empty interior, the boundary 𝜕𝑉 𝑧0 , 𝜆  is a Jordan curve and 
𝑉 𝑧0 , 𝜆  is the union of 𝜕𝑉 𝑧0 , 𝜆  and its interior domain. 
 
(v) This follows from the fact that 𝑒−𝑖𝜃𝑓(𝑒𝑖𝜃 𝑧) ∈  ℛ 𝜆  if and only if 𝑓 ∈ ℛ. 
 
We now state our main result and the proof will be presented in Section 3. 
 
 
Theorem 2.2.For 𝜆 ∈  ∆ and𝑧0 ∈  ∆ −  0 , the boundary 𝜕𝑉 𝑧0 , 𝜆  is the Jordan curve given by  

(−𝜋, 𝜋] ∋ 𝜃 ⟶  𝑙𝑜𝑔
𝐹′

𝑒𝑖𝜃 ,𝜆
(𝑧0)

𝐹
𝑒𝑖𝜃  ,𝜆

 𝑧0 
 = 

2𝛿 𝑒 𝑖𝜃 𝜁  ,𝜆 

1−𝜁𝛿  𝑒 𝑖𝜃 𝜁  ,𝜆 
𝑑𝜁

𝑧0

0
. 

If   log
𝑓 ′  𝑧0 

𝑓 𝑧0 
=  𝑙𝑜𝑔

𝐹′
𝑒𝑖𝜃 ,𝜆

(𝑧0 )

𝐹
𝑒𝑖𝜃  ,𝜆

 𝑧0 
for some𝑓 ∈ ℛthen 𝑓 𝑧 =  𝐹𝑒 𝑖𝜃  ,𝜆

 𝑧 . 
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PROOF OF MAIN THEOREM 
 
Theorem 3.1.For 𝑓 ∈  ℛ 𝜆 , 𝜆 ∈  ∆ we have  
 

  
𝑓 ′′ (𝑧)

𝑓 ′ (𝑧)
−

𝑓 ′ (𝑧)

𝑓(𝑧)
 − 𝑐(𝑧, 𝜆) ≤ 𝑟(𝑧, 𝜆)  , 𝑧 ∈  ∆   (7) 

where 

𝑐(𝑧, 𝜆) = 
2[𝜆 1− 𝑧 2 + 𝑧   𝑧 2− 𝜆 2 ]

 1− 𝑧 2 (1−2𝑅𝑒 𝜆𝑧 + 𝑧 2)
    and  𝑟(𝑧, 𝜆)  = 

2 𝑧 (1− 𝜆 2)

 1− 𝑧 2 (1−2𝑅𝑒 𝜆𝑧 + 𝑧 2)
 

For each 𝑧 ∈ ∆ − {𝑧0}  equality holds if and only if 𝑓 =  𝐹𝑒 𝑖𝜃 ,𝜆 . 

 

Proof :Let 𝑓 ∈  ℛ 𝜆 . Then there exists a 𝜔𝑓 𝑧 ∈ ℬ0 satisfying 𝜔𝑓 𝑧 =  
𝑃𝑓(𝑍)−1

𝑃𝑓(𝑍)+1
 where 

𝑃𝑓 𝑧 is defined by (1). Since𝜔𝑓
′  0 =  𝜆, by Schwarz lemma, 

 

 

𝜔𝑓   (𝑧)

𝑧
− 𝜆

1− 
𝜆 𝜔𝑓   (𝑧)

𝑧

 ≤  𝑧  , 𝑧 ∈  ∆      (8) 

which by definition of 𝑃𝑓  is equivalent to  

 
 
𝑓′′ (𝑧)

𝑓′ (𝑧)
−

𝑓′ (𝑧)

𝑓 (𝑧)
 −𝐴(𝑧 ,𝜆)

 
𝑓′′ (𝑧)

𝑓′ (𝑧)
−

𝑓′ (𝑧)

𝑓 (𝑧)
 +𝐵(𝑧 ,𝜆)

 ≤  𝑧  𝜏(𝑧, 𝜆)      (9) 

where  𝐴 𝑧, 𝜆 =
2𝜆

1−𝜆𝑧
  ,   𝐵 𝑧, 𝜆 =

2

𝑧−𝜆 
  , 𝜏 𝑧, 𝜆 =  

𝑧− 𝜆 

1−𝜆𝑧
                      (10)  

A simple calculation shows that (9) is equivalent to  

  
𝑓 ′′ (𝑧)

𝑓 ′ (𝑧)
−

𝑓 ′ (𝑧)

𝑓(𝑧)
 −  

𝐴 𝑧 ,𝜆 +  𝑧 2 𝜏 𝑧 ,𝜆  2𝐵(𝑧 ,𝜆)

1− 𝑧 2  𝜏 𝑧 ,𝜆  2
 ≤

 𝑧   𝜏 𝑧 ,𝜆   𝐴 𝑧 ,𝜆 +𝐵(𝑧 ,𝜆) 

1− 𝑧 2 𝜏 𝑧 ,𝜆  2
    (11) 

A computation gives  

        1 −  𝑧 2 𝜏 𝑧, 𝜆  2 =  
(1− 𝑧 2)((1−2𝑅𝑒 𝜆𝑧 + 𝑧 2)

 1−𝜆𝑧  2
        

                            (12) 

𝐴 𝑧, 𝜆 +  𝐵 𝑧, 𝜆 =  
2(1− 𝜆 2)

(1−𝜆𝑧 )(𝑧−𝜆 )
     (13) 

 𝐴 𝑧, 𝜆 +   𝑧 2 𝜏 𝑧, 𝜆  2𝐵 𝑧, 𝜆 =
2[𝜆 1− 𝑧 2 + 𝑧   𝑧 2− 𝜆 2 ]

 1−𝜆𝑧  2
      

                            (14) 
Using the above equations we find that  

𝐴 𝑧, 𝜆 +   𝑧 2 𝜏 𝑧, 𝜆  2𝐵 𝑧, 𝜆 

1 −  𝑧 2 𝜏 𝑧, 𝜆  2
= 𝑐(𝑧, 𝜆) 

and 
 𝑧   𝜏 𝑧, 𝜆   𝐴 𝑧, 𝜆 + 𝐵(𝑧, 𝜆) 

1 −  𝑧 2 𝜏 𝑧, 𝜆  2
= 𝑟(𝑧, 𝜆) 

The inequality in  7  follows from these equalities and (11). The equality occurs in (7) for any 𝑧 ∈  ∆only when 
𝑓 =  𝐹𝑒 𝑖𝜃  ,𝜆  for some 𝜃 ∈  ℝ. Conversely if the equality occurs for some 𝑧 ∈ ∆ − {0} in (7) then the equality must 

hold in  8 .  By Schwarz lemma there exists a 𝜃 ∈  ℝ such that 𝜔𝑓 𝑧 = 𝑧𝛿 𝑒𝑖𝜃𝑧 , 𝜆  for all 𝑧 ∈  ∆. This implies 

𝑓 =  𝐹𝑒 𝑖𝜃  ,𝜆 . 

When 𝜆 = 0 we have the following  result. 
 
Corollary 3.1.For 𝑓 ∈  ℛ 0  

  
𝑓′′ (𝑧)

𝑓′ (𝑧)
−

𝑓′ (𝑧)

𝑓(𝑧)
 −  

2𝑧  𝑧 2

1 −  𝑧 2
 ≤

2 𝑧 

1 −  𝑧 2
   , 𝑧 ∈  ∆  

For each 𝑧 ∈ ∆ − {0}, equality holds if and only if 𝑓 =  𝐹𝑒 𝑖𝜃  ,0 for some 𝜃 ∈  ℝ. In particular 

 1 −  𝑧 2   
𝑓′′ (𝑧)

𝑓′ (𝑧)
−

𝑓′ (𝑧)

𝑓(𝑧)
  ≤ 2 𝑧  

 
Corollary 3.2.Let 𝛾 ∶ 𝑧 𝑡 , 0 ≤ 𝑡 ≤ 1 be a 𝐶1 - curve in ∆ with 𝑧 0 = 0 and𝑧 1 =  𝑧0 . Then  
 

𝑉 𝑧0 , 𝜆 ⊂ {𝑤 ∈ ℂ ∶   𝑤 − 𝐶(𝜆 , 𝛾) ≤ 𝑅(𝜆, 𝛾)} 

where 𝐶 𝜆 , 𝛾 =   𝑐 𝑧 𝑡 , 𝜆 𝑧′1

0
 𝑡 𝑑𝑡  and  𝑅 𝜆, 𝛾 =   𝑟(𝑧 𝑡 , 𝜆) 𝑧′ (𝑡) 

1

0
𝑑𝑡  . 
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Proof.  Let 𝑓 ∈  ℛ 𝜆 . Then by theorem 3.1,  
 

 𝑙𝑜𝑔
𝑓 ′  𝑧0 

𝑓(𝑧0 )
−  𝐶(𝜆 , 𝛾) =    

𝑓 ′′  𝑧 

𝑓 ′  𝑧 
−

𝑓 ′  𝑧 

𝑓 𝑧 
 −  𝑐 𝑧 𝑡 , 𝜆  

1

0
𝑧′(𝑡)𝑑𝑡  

 

   ≤  𝑟(𝑧 𝑡 , 𝜆) 𝑧′ (𝑡) 
1

0
𝑑𝑡 

   = 𝑅 𝜆, 𝛾  

Since 𝑙𝑜𝑔
𝑓 ′  𝑧0 

𝑓(𝑧0 )
∈  𝑉 𝑧0 , 𝜆  was arbitrary, the result follows. 

To prove our next result we need the following lemma [10]. 
 
Lemma 3.1. For 𝜃 ∈ ℝ, 𝜆 ∈  ∆, the function  

𝐺 𝑧 =   
𝑒𝑖𝜃𝜁

 1 +   𝜆 𝑒𝑖𝜃 −  𝜆 𝜁 − 𝑒𝑖𝜃𝜁2 
2 𝑑𝜁    ,    𝑧 ∈ ∆

𝑧

0

 

has a double zero at the origin and no zeros elsewhere in ∆. Furthermore, there exists a starlike univalent function 
𝐺0  in ∆ such that𝐺 = 𝑒𝑖𝜃𝐺0

2  , 𝐺0 0 =  𝐺0
′  0 − 1 = 0. 

 

Theorem 3.2.Let 𝑧0 ∈ ∆ −  0 . Then for 𝜃 ∈ (−𝜋 , 𝜋] we have 𝑙𝑜𝑔
𝐹′

𝑒𝑖𝜃 ,𝜆
(𝑧0)

𝐹
𝑒𝑖𝜃  ,𝜆

 𝑧0 
 ∈  𝜕𝑉 𝑧0 , 𝜆 . Further if 𝑙𝑜𝑔

𝑓 ′ (𝑧0 )

𝑓(𝑧0 )
=

 𝑙𝑜𝑔
𝐹′

𝑒𝑖𝜃 ,   𝜆
(𝑧0)

𝐹
𝑒𝑖𝜃  ,   𝜆

 𝑧0 
  for some 𝑓 ∈  ℛ 𝜆  and 𝜃 ∈  −𝜋 , 𝜋 then = 𝐹𝑒 𝑖𝜃  ,   𝜆  . 

Proof .From  5  
𝐹𝑎  ,𝜆

′′ (𝑧)

𝐹𝑎  ,𝜆
′ (𝑧)

−  
𝐹𝑎  ,𝜆

′ (𝑧)

𝐹𝑎  ,𝜆 (𝑧)
=  

2𝛿(𝑎𝑧 , 𝜆)

1 − 𝑧𝛿(𝑎𝑧 , 𝜆) 
=  

−2(𝑎𝑧 +  𝜆)

𝑎𝑧2 +  𝜆 − 𝜆  𝑎 𝑧 − 1
 

𝐹𝑎 ,𝜆
′′ (𝑧)

𝐹𝑎 ,𝜆
′ (𝑧)

−  
𝐹𝑎  ,𝜆

′ (𝑧)

𝐹𝑎  ,𝜆 (𝑧)
−  𝐴 𝑧, 𝜆 =  

−2𝑎𝑧( 𝜆 2 − 1)

 1 − 𝜆𝑧  𝑎𝑧2 +  𝜆 − 𝜆  𝑎 𝑧 − 1 
 

𝐹𝑎  ,𝜆
′′ (𝑧)

𝐹𝑎  ,𝜆
′ (𝑧)

−  
𝐹𝑎  ,𝜆

′ (𝑧)

𝐹𝑎  ,𝜆 (𝑧)
−  𝐵 𝑧, 𝜆 =

2( 𝜆 2 − 1)

 𝑧 − 𝜆   𝑎𝑧2 +  𝜆 − 𝜆  𝑎 𝑧 − 1 
 

and hence we obtain 
𝐹𝑎 ,𝜆

′′ (𝑧)

𝐹𝑎 ,𝜆
′ (𝑧)

−  
𝐹𝑎  ,𝜆

′ (𝑧)

𝐹𝑎  ,𝜆 (𝑧)
−  𝑐 𝑧, 𝜆 =  

2  𝜆 2 − 1  𝑎(1 − 𝜆𝑧    𝑧 −  𝑧 2 𝑧  − 𝜆 )

 1 −  𝑧 2  1 − 2𝑅𝑒 𝜆𝑧 +  𝑧 2  𝑎𝑧2 +  𝜆 − 𝜆  𝑎 𝑧 − 1 
 

Substituting 𝑎 = 𝑒𝑖𝜃  we have  

𝐹𝑎 ,𝜆
′′ (𝑧)

𝐹𝑎 ,𝜆
′ (𝑧)

−  
𝐹𝑎  ,𝜆

′ (𝑧)

𝐹𝑎  ,𝜆 (𝑧)
−  𝑐 𝑧, 𝜆 = 𝑟(𝑧, 𝜆)

𝑧𝑒𝑖𝜃

 𝑧 

 1 +  𝜆 𝑒𝑖𝜃 −  𝜆 𝑧 − 𝑒𝑖𝜃𝑧2 
2

 1 +  𝜆 𝑒𝑖𝜃 −  𝜆 𝑧 − 𝑒𝑖𝜃𝑧2 
2 

Using  above lemma,  
𝐹𝑎  ,𝜆

′′ (𝑧)

𝐹𝑎  ,𝜆
′ (𝑧)

−  
𝐹𝑎  ,𝜆

′ (𝑧)

𝐹𝑎  ,𝜆 (𝑧)
−  𝑐 𝑧, 𝜆 = 𝑟 𝑧, 𝜆 

𝐺 ′ 𝑧 

 𝐺 ′ 𝑧  
                                                  (15) 

Since 𝐺0  is starlike, for any  𝑧0  ∈ ∆ −  0  , the linear segment joining 0 and 𝐺 𝑧0  lies entirely in 𝐺0 ∆ . Define 𝛾0  
by  

𝛾0 ∶ 𝑧 𝑡 =  𝐺0
−1 𝑡𝐺0 𝑧0    , 0 ≤ 𝑡 ≤ 1                                                        (16) 

Since 𝐺 𝑧 𝑡  =  2−1𝑒𝑖𝜃𝐺0 𝑧 𝑡  
2

= 2−1𝑒𝑖𝜃𝐺0 𝑧 𝑡  
2
 = 𝑡2𝐺 𝑧0 ,  we have  

𝐺 ′ 𝑧 𝑡  𝑧′ 𝑡 = 2𝑡𝐺 𝑧0  ,  𝑡 ∈  0 ,1                                                                   (17) 
Using (15) and (17) we have  

𝑙𝑜𝑔
𝐹 ′

𝑒 𝑖𝜃 ,   𝜆 (𝑧)

𝐹𝑒 𝑖𝜃  ,   𝜆 𝑧 
−  𝐶 𝜆 , 𝛾0 =   

𝐹
𝑒 𝑖𝜃 ,𝜆
′′  𝑧 𝑡  

𝐹
𝑒 𝑖𝜃 ,𝜆
′  𝑧 𝑡  

−
𝐹 ′

𝑒 𝑖𝜃  ,   𝜆 𝑧 𝑡  

𝐹𝑒 𝑖𝜃  ,   𝜆 𝑧 𝑡  
−  𝑐 𝑧 𝑡 , 𝜆  𝑧′(𝑡)𝑑𝑡

1

0

 

    =  𝑟(𝑧(𝑡), 𝜆)
𝐺′  𝑧 𝑡  𝑧 ′ (𝑡)

 𝐺′  𝑧 𝑡  𝑧 ′ (𝑡) 

1

0
 

                       =     
𝐺 𝑧0 

 𝐺 𝑧0  
𝑅(𝜆 , 𝛾0 ) 

This implies that 𝑙𝑜𝑔
𝐹′

𝑒𝑖𝜃 ,   𝜆
(𝑧0)

𝐹
𝑒𝑖𝜃  ,   𝜆

 𝑧0 
∈ 𝜕∆(𝐶 𝜆, 𝛾0 , 𝑅 𝜆, 𝛾0 ). By Corollary (3.2) we have 𝑙𝑜𝑔

𝐹′
𝑒𝑖𝜃 ,   𝜆

(𝑧0)

𝐹
𝑒𝑖𝜃  ,   𝜆

 𝑧0 
 ∈ 𝑉 𝑧0  , 𝜆 ⊂

Δ  𝐶 𝜆, 𝛾0 , 𝑅 𝜆, 𝛾0  . 
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which implies 𝑙𝑜𝑔
𝐹′

𝑒𝑖𝜃 ,   𝜆
(𝑧0)

𝐹
𝑒𝑖𝜃  ,   𝜆

 𝑧0 
∈ 𝜕𝑉 𝑧0 , 𝜆 . For uniqueness, suppose 

𝑙𝑜𝑔
𝑓′ (𝑧0)

𝑓(𝑧0)
=  𝑙𝑜𝑔

𝐹 ′
𝑒 𝑖𝜃 ,   𝜆 (𝑧0)

𝐹𝑒 𝑖𝜃  ,   𝜆 𝑧0 
 

for some 𝑓 ∈  ℛ 𝜆 . Introduce  

 𝑡 =  
𝐺 𝑧0        

 𝐺 𝑧0  
 
𝑓′′  𝑧 𝑡  

𝑓′ 𝑧 𝑡  
−  

𝑓′ 𝑧 𝑡  

𝑓 𝑧 𝑡  
− 𝑐 𝑧 𝑡 , 𝜆  𝑧′ (𝑡)𝑑𝑡 

where 𝛾0 ∶ 𝑧 𝑡  , 0 ≤ 𝑡 ≤ 1 , then (𝑡) is continuous function on  0 , 1  and satisfies  
 (𝑡) ≤ 𝑟 𝑧 𝑡 , 𝜆  𝑧 𝑡  ′  , 0 ≤ 𝑡 ≤ 1 

Also we have  

 𝑅𝑒 𝑡 𝑑𝑡 =   𝑅𝑒  
𝐺 𝑧0        

 𝐺 𝑧0  
 
𝑓′′  𝑧 𝑡  

𝑓′ 𝑧 𝑡  
−  

𝑓′ 𝑧 𝑡  

𝑓 𝑧 𝑡  
− 𝑐 𝑧 𝑡 , 𝜆  𝑧′(𝑡) 

1

0

1

0

𝑑𝑡 

 =  𝑅𝑒  
𝐺 𝑧0         

 𝐺 𝑧0  
 𝑙𝑜𝑔

𝑓 ′ (𝑧0)

𝑓(𝑧0 )
−  𝐶 𝜆 , 𝛾0    

  = 𝑅𝑒  
𝐺 𝑧0         

 𝐺 𝑧0  
 𝑙𝑜𝑔

𝐹′
𝑒𝑖𝜃 ,   𝜆

(𝑧0)

𝐹
𝑒𝑖𝜃  ,   𝜆

 𝑧0 
−  𝐶 𝜆 , 𝛾0    

   =  𝑟(𝑧 𝑡 , 𝜆) 𝑧′(𝑡) 𝑑𝑡
1

0
 

which implies  𝑡 =  𝑟 𝑧 𝑡 , 𝜆  𝑧′ 𝑡  for all 𝑡 ∈  0,1 . From  15  and  17  it follows that  

𝑓′′

𝑓′
−  

𝑓′

𝑓
=  

𝐹
𝑒 𝑖𝜃 ,𝜆
′′  𝑧 𝑡  

𝐹
𝑒 𝑖𝜃 ,𝜆
′  𝑧 𝑡  

−
𝐹 ′

𝑒 𝑖𝜃  ,   𝜆

𝐹𝑒 𝑖𝜃  ,   𝜆

 

on the curve 𝛾0 . By normalization 𝑓 =  𝐹𝑒 𝑖𝜃  ,   𝜆 . 

 
Proof of theorem 2.2 
We need to prove that the closed curve 

 −𝜋 , 𝜋 ∋  𝜃 ⟶  𝑙𝑜𝑔
𝐹 ′

𝑒 𝑖𝜃 ,   𝜆 (𝑧0)

𝐹𝑒 𝑖𝜃  ,   𝜆 𝑧0 
 

is simple. Suppose that 𝑙𝑜𝑔
𝐹′

𝑒𝑖𝜃1 ,   𝜆
(𝑧0 )

𝐹
𝑒𝑖𝜃1  ,   𝜆

 𝑧0 
 =  𝑙𝑜𝑔

𝐹′
𝑒𝑖𝜃2 ,   𝜆

(𝑧0)

𝐹
𝑒𝑖𝜃2  ,   𝜆

 𝑧0 
 

for some 𝜃1  , 𝜃2  ∈   −𝜋 , 𝜋  ,  𝜃1 ≠ 𝜃2. By Theorem  3.2  ,𝐹𝑒 𝑖𝜃1  ,   𝜆 =  𝐹𝑒 𝑖𝜃2  ,   𝜆  

From  6  this gives a contradiction that  

𝑒𝑖𝜃1 =  𝜏  
𝜔𝐹

𝑒𝑖𝜃1  ,   𝜆

𝑧
 , 𝜆 = 𝜏  

𝜔𝐹
𝑒𝑖𝜃2  ,   𝜆

𝑧
 , 𝜆 = 𝑒𝑖𝜃2  

which implies the curve is simple. Since 𝑉(𝑧0  , 𝜆) is compact  convex subset of ℂ and has non-empty interior, the 
boundary 𝜕𝑉(𝑧0  , 𝜆)  is a simple closed curve. By Theorem 3.1 , the curve contains the curve  −𝜋 , 𝜋 ∋  𝜃 ⟶

 𝑙𝑜𝑔
𝐹′

𝑒𝑖𝜃 ,   𝜆
(𝑧0)

𝐹
𝑒𝑖𝜃  ,   𝜆

 𝑧0 
. Since a simple closed curve cannot contain any simple closed curve other than itself, the  result 

follows immediately. 
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