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Abstract: Let R denote the class of all analytic univalent functions f(z) in the unit disk A with £(0) = f'(0) = 1 and
Zf( )
f()

log——=

is starlike. For any fixed z, in the unit disk and 1 € A, we determine the region of variability V(z,,1) for

f o)

o) when f ranges over the class

RM) ={f €R: f'(0)= 21+ 1}.
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INTRODUCTION

Denote by H (A) the class of analytic functions in the unit disk A= {z € C: |z| < 1}. The set H'(A) may
be thought as a topological vector space endowed with the topology of uniform convergence over compact subsets
of A. Let A denote the set of all functions in £ (A) such that £(0) = £ (0) = 1 and S be the class of all functions in

A that are univalent. Several researchers have studied the region of variability problems of f at a specified point

inside the unit disk for several subclasses of S. In [2], the problem of determining the region of values of log [@]
0

for a fixed z, € Aas f ranges over the class S* of starlike functions is given.Duren in his paper [3] discusses the
region of variability of f (z,) for f € Sand g(z,) forg € Sy ={f € A:f(z) # 0in A f(0) = 1}. Bhowmik
determined the region of variability for concave univalent functions [1]. In[5, 6,7, 8,9, 10], S. Ponnusamy et al.
had obtained the region of variabilities for several standard subclasses of S. H. Yanagihara had discussed the
region of variability for functions with bounded derivatives, convex functions and families of convex functions in
[11,12,13].

In this paper, we define a new subclass of univalent analytic functions f satisfying certain normalization

condition and determine the region of variability of log L o ((ZO))
Let R denote the class of all analytic univalent functions f(z) in the unit disk A with f(0) = f(0) =
2F (2) zf (2)
1 and Re e >0,z € Awhere F(z) = oL Let
_2F @ _ #f @ _ 2 @
B =% =1 7o e @

£ (z0) f f (z0)
f(20) fzo)
Hergoltz representation for analytic functions with positive real part in A shows that if f € R then there exists a

unique positive measure u on (=, ]such that

Zf” () Zf'(Z) _ (T 14ze it
1+ f (@) N flz) f—n 1—ze—it dﬂ(t): z €A

°9 ];(()) =z f log (ﬁ) du(t)
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Clearly P,(0) = 1.For f € R, we denote by log——the single valued branch of logarithm o

A computation gives
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@), e 72} coincides with the set
f(z0)

{—2log(1 —2z):|z| < |z|}. Let B, denote the class of analytic functions w in A suchthat |w(z)| < 1in A and
w(0) = 0. Then for each f € R, there exist w; € B, of the form

For each fixedz, € A, the region of variability V(z,) = {log

_ Pf(Z)—l
ws(z) = P z€E A (2)
and conversely. Clearly ) ) .
P (0) = 2w;(0) = ' (0) - 1 3)

If f € R then a simple application of Schwarz lemma shows that
|Pr )| = If"(0)—1]<2

Since |w}(0)| < 1. This implies that f" (0) =21+ 1 forsome A €A ={z € C: |z| < 1}.
For w; € B define g : A— Aby

wr (2

-1
——— if 1] <1
=] e A 4)
0 if |1Al=1
Then
wp(0)
g (0)= 2(1-1212) if 1Al <1
0 if |[Al=1
For|1]| < 1,
, |wf (0)|
— - <
lg (0)<1 < 20— = 1
|f 0)—22— 2/12|
2(1—212) =

"

S f0)=2a(1-12)+ 221+ 1)
forsomea € A.For A € Aand a fixed z, € A, introduce
RA)={f € R: f (0) =24+ 1}
and

(Zo)
V(a2 = {log =2« f € R
The aim of this paper is to determine the region of variability V (z,, 1) of log —=
R(A).

£ (z0)

7o) when f ranges over the class

BASIC PROPERTIES OF V(z,, A) AND THE MAIN RESULT

For a positive integer p, let
Y ={=fy:feS)

We now recall the following result from [12] to prove our main theorem.

Lemma 2.1.Let f be an analytic function in A with f(z) = zP +. Jf

(1+Zf (3))>0 zZEA thenfE(S ).

Theorem 2.1. We have

(i) V(zy,A)is a compact subset of C.

(i) V(zy, A)is a convex subset of C.

(iii)For |[A| = 1 or z; =0, V(zy,A) = {—2logi{l — Az,)}

(iv) For|A| <1 orzy, € A —{0}, V(zy,A) has —2logi{l — Az;) as an interior point.

W) V(ezy,1) = V(z,,e? 1)ford € R, the set of real numbers.

Proof:

(i) Since R(1) is a compact subset of 1 (A), it follows that V (z,, 1)is a compact subset of C.

(i) Letf;,f, € R(1).Thenfor 0 <t < 1, the function
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4 t
— fl(Z) f2(9) s
f,(z) = exp [f f1(€) (fz(Z)) d(]ls in R(Q).

;1 Ezoi +t log ];2 EZO; V(z,, ) is a convex subset of C.

fi (20)

e )—(1—t)log

Since log

(iii)If zy = 0 then the result holds trivially. If |A| = 1 then |w;(0)| = 1.
By Schwarz lemma, w;(z) = Azwhich implies

Pi(z) = 1+ Az
= 1+1z
A computation gives ’
log ’;(—()) = —2logi{il — A7)
which implies V(zy, 1) = {—2logifll — Az;)}.
(iv) ForA € A, z; € A — {0} and a € A we define
z+ A
8(z,4) = 1+21z

¢2 28(adyA)

Fu 2 (2) = exp [} [exp [ 25820 dgy | d ¢, 5)

We prove that F, , satisfying (5)belong to the class R(1).Note that
1+ zF" apr@ ZF,a_ 2(2) 1425 (az,A)

Flaa@ Foa@@ — 1-z8(az)
Since §(az, 1) lies in the unit disk A, F, ; € R(A). Also note that
wp, ,(2) =2z68(az, 1) (6)

The mapping A 3 a — log ’;(( 0)) is a non-constant analytic function of a for each fixed
zy € A—{0}and A € A. To prove this we put

_ 4 F,a,l(z)

h(Z) - mZ) % {log Fo A(z)} "
. . a

which gives h(z) = o= I/llz) N . /1()2 d{ = z°+.
from which it is easy to see that ,

R {1+Zh (Z)}—R { 2 }>0

€ ) l-az

By lemma (2.1), there is a function hy € S* such that h = hZ. Since h, is univalent and h(0) = 0, we get h(z,) # 0
forz, € A —{0}. /
ThUS the map a — log F a,l(Z) _fZ Za(a(v,l)

Fo a2 70 1-318(ag,2)

d{ is a non-constant analytic function of a and hence is an open

mapping. Thus V (z,, 1) contains the open set { log ‘”(( )) la| < 1}.

L(ZO) —2logifil — Az,) is an interior point of

In particular log )

{log “() : a |<1} c V(z, ).

Since V(zy, 1) is a compact subset of C and has non-empty interior, the boundary 0V (z,, 1) is a Jordan curve and
V(zy,A) is the union of dV (z,, 1) and its interior domain.

(v) This follows from the fact that e~ f(e? z) € R(A) ifand only if f € R.
We now state our main result and the proof will be presented in Section 3.
Theorem 2.2.For A € Aandz, € A — {0}, the boundary 9V (zy, 4) is the Jordan curve given by

191(20) J.ZO 26(e?¢ 1) ¢
2@ 70 1-¢6(eif¢ 1)

(- ﬂn]BB—)log

f(z0) _ NG

o) = e )for somef € Rthen f(z) = F i ;(2).
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PROOF OF MAIN THEOREM

Theorem 3.1.For f € R(1),1 € Awehave

@ f@
- = <
|(f'(z) f(Z)) C(Z"D| =r(z4) ,z€ A (7)
where
_1212)+ 2(1212 =122 LAl
c(z,A):Z[m 1z12)+ z(1z]2—121%)] and r(z,1) = 21zI(1=121%)

(1-12z12)(1—2Re (Az) +1z12) (1-1212)(1—2Re (Az)+1z12)
Foreachz € A — {2} equality holdsifand only if f = F s ;.

Pf(2)-1

where
Pr(Z)+1

Proof:Let f € R(A). Then there exists a w;(z) € B, satisfying wf(z) =
P;(2)is defined by (1). Sincew} (0) = A, by Schwarz lemma,

<|z|,z € A (8)

which by definition of P is equivalent to

(f” @_f (z))_ AzA

j < |2lle(z )| ©

(f @ _f (Z))
f@ f@
where A(z, 1) =T B(z,21) =£ , 7(z,1) = 12__/11 (10)

A simple calculation shows that (9) is equivalent to

22

@ f@\ A+ ZPREDEBE| _ 2zl t@)IAE)+B )
Km B W) B 12D S T ERRGOR 1)
A computation gives
(1-lz[?) (1 —2Re (Az)+]z|%)
1 -zt (z, DI = TR
(12)
2
A(z,)) + B(z,2) = (12_(;—)'(“_}) (13)
2 S 2 2
Az ) + |2Ple(z, D B(z, 2) = 2LULALEE)
(14)
Using the above equations we find that
Az, ) + 1z|*|t(z, DI*B(z, 1)
=c(z, 1)
1—|zI?|t(z, DI?
and
lz|| T(z, VI|A(z, 1) + B(z,2)|
=1r(z, 1)

1—1z2lz(z, DI?
The inequality in (7) follows from these equalities and (11). The equality occurs in (7) for any z € Aonly when
f = F,u ,forsome® € R Conversely if the equality occurs for some z € A — {0} in (7) then the equality must

hold in (8). By Schwarz lemma there existsa § € R such thatw;(z) = z6(eiez , /1) forall z € A. This implies
f=F,o ;.
When 4 = 0 we have the following result.

Corollary 3.1.For f € R(0)

; - < , z€ A
f@ f@) 1-lzZ7 1-|z?
For each z € A — {0}, equality holds ifand only if f = F i , for some 6 € R.In particular

L f"(Z)_f'(Z)>‘
(1 lZl)(f’(Z) @ )| =2

|(f”(Z)_f'(Z)) 221212 | _ 2z

Corollary 3.2.Lety : z(t), 0 <t < 1beaC' - curve in A with z(0) = 0 andz(1) = z,. Then

V(zg,A) c{weC: |w—C@A,Y)| <RAY)}
where C(1,y) = fol c(z(t),)z (t)dt and R(X,y) = fol r(z(®), Dz (t)| dt .
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Proof. Let f € R(A). Then by theorem 3.1,

@) _ | [(f® _f@Y ,
log 22 — ||} (52 -£2) - c(0,0] 7 (e
1 '
< [y rz@®, Dz @) dt
, =R(4,v)
f (20)

Since log 7en) € V(z,,A) was arbitrary, the result follows.

To prove our next result we need the following lemma [10].

Lemma 3.1.For 8 € R, A € A, the function
z ei@ (
[—= —
o [1+ (2e® — 2)¢ — e (2]
has a double zero at the origin and no zeros elsewhere in A. Furthermore, there exists a starlike univalent function
G, in A such thatG = e G¢, G,(0) = Gy(0) —1 = 0.

G(z2) = , ZEA

F,eiG A(ZO) X f’(ZO)
Theorem 3.2.Let z, € A — {0}. Then for 8 € (—m, ] we have log o € dV (zy, A). Further if log o =
elf 2 Z0 Z0
F'eie ,(20)
logm forsome f € R(1)and 6 € (—m,m]then = Foo ;.
etv 2
Proof .From (5) . ,
Fo,(z) F,,(z)  26(az,d) —2(az+ A)
Fo (@) Fou@ 1-2z8(az,0)  azZ+(A—2a)z—1
Fop(®)  Fou(@ —2az(]A12 - 1)
™ - - - A(Z,).) = S
Fo 2@ Fop(2) A-22)(az?+ (A—1a)z—1)
F . (z F . (z 201212 =1
)@ (122 = 1)

F, ,(2) NG, (z—2)(az2+ (A —1a)z—1)

and hence we obtain

Foa@) Fo,@ 201212 = D(a(1 - 22)z — 12I2(Z — A)

, = -
F, (@ F (2 ¢z ) (1= 1z12)(1 — 2Re(A2) + |z|2)(az? + (A —Aa)z — 1)
Substituting a = e we have
F,,2) F,,@ ze? |1+ (1 — 1)z — eigzz|2

T c(z,A) =71(z,2 —
F,,(z)  F,,(2) @A) |z (1 + (Aei" — A)z — eiGZZ)Z
Using above lemma,

Fou@ Fo,@ _ G'(2)
Fo@ Foa@ C@N=r@ee (15)

Since G, is starlike, for any z, € A — {0}, the linear segment joining 0 and G(z,) lies entirely in G, (A). Define y,
by

Yo :z(t) = Gyt(tGy(zy)) ,0<t <1 (16)
Since G(z(t)) = 271e® Go(z(t))2 =27te G, (z(t))2 = t2G(z,), we have
G (z(t))z () = 2tG(zy), t €[0,1] (17)

Using (15) and (17) we have
’ i0 1 ”L'9 ' i6
T = | iFe ,©) Fu ,(:0)
0

log—"—— - - — c(z(t), D)z (t)dt
Foio ,(2) FeiG‘A(Z(t)) Feio A(Z(t))
s 6 (W) @)
- fO T'(Z(t), A) 6" (z(®))z" (&)
G(z0)
, 6 R Y0) ,
F o (20) F o, 120
This implies that long0 € dA(C(A,v0),R(A,7,)). By Corollary (3.2) we have log —= L e V(zy,A) ©
Fao @0 Foig 5 (0)

A(CA,¥0), R 1))
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F
which implies log -

r
L0 (20)

€ dV(zy, 4). For uniqueness, suppose

ACO NS TIC)
@) = " Fo, 1)

Li0 (20

l

for some f € R(A). Introduce

h(t) =

G(zy) {f” (z®) f(z®)

G F (z®)  F(z(D) —c(z(t),/l)}z(t)dt

wherey, : z(t), 0 <t <1, then h(t) is continuous function on [0, 1] and satisfies

[ <rz@®), Dz, o0<t<1

Also we have

1 (Y (GG {f” (z®) £ (z(®) } : }
fo Reh(t)dt = fo Re{|G(Zo)| f’(z(t)) - f(z(t)) —c(z(t), )z (t)pdt

= Re L@ (15, C0) _
= Re {lG(zo)l{lOg 7o) C(A'yo)}}

_ G(z0) F'eie, ;,0) _
=Re {IG(zo)I {log P G0 C(/l,yo)}}

e

= fol r(z(t), M)z (t)ldt

which implies h(t) = r(z(t), )|z (t)|forall t € [0,1]. From (15) and (17) it follows that

f” f' Feie,a(z(t)) F’eiG’ 1

f Fu,@®) Fu,,

7

7

on the curve y,. By normalization f = F,i ;.

Proof of theorem 2.2
We need to prove that the closed curve

F' (z9)

(-m,m] 3 6 — log— e

Foio 5(20)
L F' 6, 2(Z0) F 6, 2 (70)
le. Suppose that log ——2— = log ——>*—
1s simple. suppose °9 oi01 ;0) Foioy  ;(20)

forsome 0;, 6, € (-m,m], 6; # 6,. By Theorem (3.2) ,F i, ; = Fio;
From (6) this gives a contradiction that

W . W .
. 01, 2 02, .
elelz‘[e—,l =T E—’A_ =elGZ
Z VA

which implies the curve is simple. Since V' (z, , 1) is compact convex subset of C and has non-empty interior, the
boundary 9V (z, , 1) is a simple closed curve. By Theorem 3.1, the curve contains the curve (—m,m]> 6 —

log -

F o ,(0)
el'—'l(z). Since a simple closed curve cannot contain any simple closed curve other than itself, the result
010 2020

follows immediately.
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