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Abstract: A new method for finding fuzzy optimal solution, the maximum total completion fuzzy time and fuzzy critical
path for the given fully fuzzy critical path (FFCP) problems using crisp linear programming (LP) problem is proposed. In
this proposed method, all the parameters are represented by triangular fuzzy number. The fuzzy optimal solution of the
FFCP problems obtained by the proposed method, do not contain any negative part of the values of the fuzzy decision
variables. This paper will present with great clarity of the proposed method and illustrate its application to FFCP
problems occurring in real life situations.
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1. INTRODUCTION

Critical path method (CPM) techniques have become widely recognized as valuable tools for the planning and scheduling
of large projects.CPM is the one from the start of the project to finish of project where the slack times are all zeros. The
purpose of the CPM is to identify critical activities on the critical path so that resources may be concentrated on these
activities in order to reduce project length time. The successful implementation of CPM requires the availability of clear
determined time duration for each of the activity. However, in practical situations this requirement is usually hard to
fulfill, since many of activities will be executed for the first time. To deal with such real life situations, Zadeh [1]
introduced the concept of fuzzy set. Since there is always uncertainty about the time duration of activities in the network
planning, due to which fuzzy critical path method (FCPM) was proposed since the late 1970s.

For finding the fuzzy critical path, several approaches are proposed over the past years. Gazdik[2]have developed a fuzzy
network of unknown project to estimate the activity durations and used fuzzy algebraic operations to find the duration of
the project and its critical path. A chapter of the book Kaufmann and Gupta [3] devoted to the CPM in which activity
times are represented by triangular fuzzy numbers. Cahon and Lee [4] have developed a new approach to calculate the
fuzzy completion project time. Nasution [5] have proposed a method to compute total floats and the critical paths in a
fuzzy project network. Yao and Lin [6] have introduced a method for ranking fuzzy numbers without the need for any
assumptions and have used both positive and negative fuzzy values to define ordering which is then applied to fuzzy
project network. Dubois et al [7] have extended the fuzzy arithmetic operational model to calculate the latest starting
time of each activity in a fuzzy project network. Chen[8] have proposed an approach based on the extension principle and
linear programming formulation to critical path analysis in fuzzy project networks. Chen and Hsueh [9]have presented a
simple approach to solve the CPM problems with fuzzy activity times (being fuzzy numbers) on the basis of the linear
programming formulation and the fuzzy number ranking method that are more realistic than crisp ones. Yakhchali and
Ghodsypour [10] have introduced the problems of determining possible values of earliest and latest starting times of an
activity in networks with minimal time lags and imprecise durations that are represented by means of interval or fuzzy
numbers. Amit Kumar and Parmpreet Kaur [11] have proposed a method to find fuzzy optimal solution for FFCP with a
new representation of triangular fuzzy numbers with the help of fuzzy linear programming model. Ravi Shankar et al.[12]
have introduced a new defuzzification formula for trapezoidal fuzzy number and apply to the float time (slack time) for
each activity in the fuzzy project network to find the critical path. Usha Madhuri et al.[13] have proposed a new fuzzy
linear programming model is proposed to find fuzzy critical path and fuzzy completion time of a fuzzy project.
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2. PRELIMINARIES

We need the following mathematical orientated definitions of fuzzy set, fuzzy number and membership function and
also, definitions of basic arithmetic operation on fuzzy triangular numbers which can be found in Zadeh [1] and
Kaufmann and Gupta [14].

Definition 2.1 Let A be a classical set and ,uA(X) be a membership function from A to [0,1]. A fuzzy set ,& with the
membership function £ 5 (X) is defined by

A={(xua(X):xeAand up(x)e[01]}.

Definition 2.2 A real fuzzy number & = (8,8,,83) is a fuzzy subset from the real line R with the membership
function 1 z () satisfying the following conditions:

ON (a) is a continuous mapping from R to the closed interval [0, 1],

(i) 1 5z (&) =0 for every ae (-, a1 1],

(iii) & 5 (@) is strictly increasing and continuouson [a1, a5 ],

(ivyuz(@)=1foreverya e [a o, az],

(V) i 5 (@) is strictly decreasing and continuous on [@,, &5 ] and

(i) 3 (@) =0 forevery a € [a,, +o0] .

Definition 2.3A fuzzy number @ is a triangular fuzzy number denoted by (8q,8,,83) where &,a, and asare real
numbers and its membership function £z 5 (X) is given below:
(Xx—a)/(ap—ay) forgyg <x<ay
Uz (X) =< (ag—x)/(ag—ap) fora, <x<aj
0 otherwise
wherea, <a, <as,.

Definition 2.4 Let(8,8,,83) and (b,0,,b;) be two triangular fuzzy numbers. Then
() (a,82,83) @ (by,0,,0;) = (8, + Iy, @, +D,,85+ ;).

(ii) (ay,87,85) © (by,by,b3) = (8 — b3, 8, —b,, 85— by).

(iii) k(ay,a,,83) =(ka, kay,ka;), for k >0.

(iv) k(ay,a,,85) = (kag,ka,, ka), for k <0.

(a1b17a2b2’a3b3)n a, = 0,
V) (a,,8,,85) ®(b;,b,,b;) =4(a)bs,ab,,a5b;), a <0,a,>0,
(a,b,,a,b,,a,0,), a, <0.

Let F(R) be the set of all real triangular fuzzy numbers.

Definition 2.5 Let A = (a,,a,,a;) and B = (b,,b,,b;) be in F(R), then

() A~Biffa =b,i=123; (i) A n Biffa; <bj,i=123

(i) A ¢ Biffay>b;,i=123 and A ¢ Oiffa; >0,i=12,3.
Definition 2.6 Let ,&z(al,az,as) bein F(R). Aissaidtobe positive if a;>0, Vi=1to3.
Definition 2.7 Let A = (a,,a,,a;) bein F(R). Ais said to be integer if & >0, Vi =1t03 are integers.
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Consider the following crisp linear programming problems with m inequality/equality constraints and n
variables may be formulated as follows:

Maximize Z =c'X
subject to A®X {£,=>}b,
X >0,
where ¢’ :(Cj)lxn iS a nonnegative crisp vector, A=(aij)

X =(Xj)na and B =(by)

iS a nonnegative real crisp matrix and

mxn
1 are nonnegative real vectors for all 1<i<m andl< j<n.

3. LP FORMULATION OF CRISP CRITICAL PATH AND FULLY FUZZY CRITICAL PATH PROBLEMS
The CPM is a network-based method designed to support in the planning, scheduling and control of the project. Its
objective is to construct the time scheduling for the project. Two basic results provided by CPM are the total duration
time needed to complete the project and the critical path. One of the efficient approaches for finding the critical paths
and total duration time of project networks is LP. The LP formulation assumes that a unit flow enters the project network
at the start node and leaves at the finish node. In this section the LP formulation of CCP problems is reviewed and also
the LP formulation of FFCP problems is proposed.

The linear programming model discussed in the book written by Taha[15] is reviewed in this section which can be found
in Amit Kumar and Parmpreet Kaur [11].Consider a project network G = (N, A) consisting of a finite set
N = {1,2,...,n} of Nnodes (events) and A is the set of activities(i, j). Denote t; as the time period of activity i, j).
The LP formulation of crisp critical path problems is as follows:

Maximize

2t %
@, ))eA

Subject to

2 %=1,

Je (i jeA
dDxyg= D%, i=lLk=n,
i:(,DeA  j:(3 KeA
> X =1,
i:(i,n)eA
X;;is the decision variable denoting the amount of flow in activity V(i, j) € A, t; is the time duration of activity

(1, J) and the constraints represents the conservation of flow at each node.

There are several real life problems in which a decision maker may be uncertain about the precise values of activity time.
Suppose time parameters t and X, V(i, J) € A are imprecise and are represented by fuzzy numbers t; and X

V(i, j) € A respectively. Then the FFCP problems may be formulated into the fuzzy linear programming (FLP)
problem:
Maximize

Ztij ®X;
(i, ))eA

Subject to

Z X; =1,

jr (i, j)eA

DY XK= D%, izlLk=n,

PG DeA  ji(j k)eA

X;; is a non-negative real number V(i, j) € A.
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Suppose all the parameters t;and X;; are represented by (&, b,C) type triangular fuzzy numbers (t;, t;, ) and

(Xij Yih Zi ) are respectively then the LP formulation of FFCP problems, proposed in the Section 2, may be written as:
Maximize
Z(tij ) ti’j ) t.’;) ® (Xij ) yij ' Zij)
(i, D)eA
Subject to
z (X Y1y, 235) = (@G LD),
J (i eA

Z(Xij'yijfzij) ~ Z(Xjk,yjk,zjk), =L k=n,

(i, j)eA (i K)eA
Z (Xins Yinr Zin) = (L 1,1),
i :(i,n)eA

(X;» ¥y » Z;j) is anon-negative triangular fuzzy number V(i, j) € A.
Now, since (xij i zij) is a triangular fuzzy number, then

X; <Yy <ty J=12,.,n (3.1)
The relation (3.1) is called bounded constraints.

Jayalakshmi and Pandian [16] have proposed a method namely, bound and decomposition method to a fully fuzzy linear
programming (FFLP) problem to obtain an optimal fuzzy solution.Now, by using Bound and Decomposition method, the
above FFCP problems can be decomposed into three crisp LP problems namely, middle level problem (MLP), upper
level problem (ULP) and lower level problem (LLP) as follows:

(MLP) Maximize Z, = > middle value of[ Dt ) ®(xij,yij,zij)j
-1 (i eA

subject to

Constraints in the decomposition problem in which at least one decision variable of the (MLP) occurs and all decision
variables are non-negative integers.

(ULP) Maximize Z, = »_ upper value of( Dt ®(xij,yij,zij)J

=1 (i, J)eA
subject to
n
> upper valwe of ( Dt ) @ (%, Yy zij)J >7,%
=1 (i, )eA

Constraints in the decomposition problem in which at least one decision variable of the (ULP) occurs and are not used
in (MLP); all variables in the constraints and objective function in (ULP) must satisfy the bounded constraints ;
replacing all values of the decision variables which are obtained in (MLP) and all decision variables are nonnegative
integers.

and
(LLP) Minimize Z, = Zn: lower value of[ Dttt ® (%, yij,zij)j
subject to " e
Zn: lower value of [ Dt ) ® (X, Yy zij)J <7,
= (i, j)eA

Constraints in the decomposition problem in which at least one decision variable of the (LLP) occurs which
are not used in (MLP) and (ULP) ; all variables in the constraints and objective function in (LLP) must satisfy the
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bounded constraints; replacing all values of the decision variables which are obtained in (MLP) and (ULP) and all
decision variables are nonnegative integers.

where Z,,° is the optimal objective value of (MLP).

Now, we propose a new algorithm to find the fuzzy optimal solution, the maximum total completion fuzzy time and
fuzzy critical path for FFCP problems.

The steps of the proposed method are as follows:
STEP 1:Formulate the given FFCP problems into FFLP problems.

STEP2:Using Bound and Decomposition method, construct (MLP), (ULP) and (LLP) problems from FFLP obtained in
Step 1.

STEP 3: Using existing linear programming technique, solve the (MLP) problem, then the (ULP) problem and then, the
(LLP) problem in the order only and obtain the values of all real decision variables X, Y;; and tij and values of all
objectives are Z;,Z, and Z,. Let the decision variables values be x , y¢ and t¢, V(i, J) € A and objective values

be Z,°,Z,° and Z,°.

STEP 4: The fuzzy optimal solution to the FFLP problems is X = (x{, y;,t;), V(i, J) € Aand the maximum fuzzy
objectiveis (Z,°,Z,°,2.°).

STEP 5: Find the fuzzy critical path by combining all the activities (i, ) such that )?ij ~ (1,1, 1) and the corresponding
maximum total completion fuzzy time is the maximum fuzzy objective value obtained in Step 4.

REMARKS 3.1 In the case of FFCP problems involving trapezoidal fuzzy numbers and variables decompose it into four
crisp LP problems and then, we solve the middle level problems (second and third problems) first. Then, solve the upper
level and lower level problems and then, the fuzzy critical path and maximum total completion fuzzy time is obtained
involving trapezoidal fuzzy numbers and variables.

Now, the proposed method for finding fuzzy critical path and maximum total completion fuzzy time involving triangular
fuzzy number for FFCP problem is illustrated using the following numerical examples.

EXAMPLE 3.1 The problem is to find the fuzzy critical path and maximum total completion fuzzy time of the project

network, shown in Figure 3.1, in which the fuzzy time duration of each activity is represented by a triangular fuzzy
numbers

t,~(3,4,5);t,~(28332) ;t,~(456);t,~(18222)

(1.8, 2, 2.2)

(4,5, 6) " [(2.8,3,3.2)
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Now we can convert the given FFCP problem into linear programming problem as:
Maximize Z = [(3! 4, 5) ® (Xlz' Y12 212)® (2-8’ 3, 3-2) ® (ng, Y3 Zz3)® (4’ 35, 6) ® (X24’ Yoar Z24)

(1.8,2,2.2) ® (Xay, Yagr 254 )]

( X12s Y1212 12) 111);

( X231 Y2312 23) ( 247y24’224):(X12’Y127212);
(X34’y341 34) ( 23!y231223);

(X24'y24’ 24) ( 34’y34’234):(1-1-1);

( X121 Y1202 12),( X931 Yoz, 223), (X24, Your 224), (X34, Yaar 234)are non-negative triangular fuzzy numbers.
Now, using Bound and Decomposition method, the above LP can be decomposed into three crisp LP problems.
Now, the problem (P2) is given below:

Maximize Z, =4y, +3Y,5 +5Y,, +2Ys,
Subject to
Yi= 1
Yozt You = Yi2s
Y31 = Yos:
You + Yas =1
Yio 1Yoz 1 Yaq 1 Y32 2 0.

subject

to

Solving the problem (P2) by linear programming technique, the  optimal  solution s
Vi =1;¥,,=1;¥,,=0;y;,=1 and Maximize Z, =9 and the alternate  solution is
Vi, =1;Y,,=0;y,,=1;Y,, =0 and Maximize Z,=9.

Now, the problem (P3) is given below:

Maximize Z, =5z,, +3.22,, +62,, + 2.2Z,,
Subject to

(]
92, +3.22,,+62,, +2.22,, 2 Z,
2, =125+ 2,2, =0 ; 23, -2,3=0; Z,,,+2,,=1;
Z1p2Y1212p32 Y35

Zyy 2 Y24 3234 2 Yau s
Z151253: 2341234 2 0and Y5, Yoz, Your Yas 2 0.

Solving the problem (P3) by linear programming technique with ¥;, =1; Y,, =1;Y,, =0;Y,, =1 and Z,=9, the
optimal solution is Z,,=1,2,,=12,,=0,Z,,=1 and Maximum Z, =10.40 and its alternate solution is
2,=12,,=0,2,,=12,, =0 and Maximize Z,=11.

Now, the problem (P1) is given below:

Maximize Z, = 3X;, + 2.8X,, +4X,, +1.8X;,
Subject to

o]
3Xy, +2.8X,5 +4X,, +1.8%X,, < Z,
Xip =1 X3+ X5 =X =0 5 Xgy = X3 =05 Xppy+ %5, =1;
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12 - y12 ’X23 - y23 '

Xos = Y241 X34 < Va5
X121 Xo3: Xoq1 X34 2 0and Y5, Yoz1 Vosr Yas = 0.

Solving the problem (P1) by linear programming technique with y,, =1; Y,, =1;y,, =0;y,, =1 and Z,=9, the
optimal solution is X, =1; X,3=1;X,, =0;X;, =1 and Maximum Z, =7.6 and the alternate solution is
X1, =1; Xp5 =0;X,, =1;%;, =0 and Maximize Z,=7.

Therefore, the fuzzy optimal solution is X, ~ (1, 1,1), X,; (L 11), X,, ~(0,0,0), X;, ~ (L, 11), the fuzzy
critical path is1 — 2 — 3 — 4 and the maximum total completion fuzzy timeis (7.6,9,10.4).

Using the alternative fuzzy optimal solution X, ~ (1,1, 1), X,; ~(0,0,0),X,, ~ (1,1, 1), X3, ~ (0, 0, 0), the fuzzy
critical path is 1 — 2 — 4 and the maximum total completion fuzzy time is (7, 9, 11).

Hence, in this problem, the fuzzy critical paths are 1 —>2 —>3—>4and 1—>2 — 4, the corresponding maximum
time completion fuzzy time are (7.6,9,10.4) and (7, 9, 11) respectively.

4. CONCLUSION

A new method has been proposed to find the fuzzy critical path and fuzzy completion time of a fuzzy project using crisp
LP problems. The advantage of the proposed method is that the values of the fuzzy decision variables do not contain any
negative part and fuzzy ranking functions were not used.Since, the proposed method is based only on crisp LP problem it
is very easy to solve FFCP problems having more number of fuzzy variables with help of existing computer software.
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