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Abstract: In this paper, we give four theorems and proved them. According to these four theorems, we deduce the solver
method for the limit of a class of sequence { X, } by recursive relation X, = (X, ;).
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PROBLEM POSING
For a special class of infinite series (N =1,2,L ), If sequence of {X, } satisfies the recursive formula of

X, = f(x, ), we can discuss the limit of {X,} (N =1,2,L ) according to the property of f '(X) [1]. So we give four
theorems as follows.

FOUR THEOREMS
Theorem 1 Ifin [a,b] equation X = f(X) has a unique root &, and
| T'(X)1<g<1, X, isany real number in |§ - X0| <min{(¢&-a),(b—- &)},
then sequence :

X =f(X).% =f(x)L ,x, =f(x,)L
convergence to &.

Proof Accordingto X, — f(X,) =& — f (&) and Lagrange Mean Value
Theorem|[2]

1E=—XHS—% 1 f'QI<S-x1a<[E=%| (§<Cc<X),
so X, iscloserto & than X,,moreover, as |§ — X0| <min{(¢—a),(b—-¢&)},so x, €[a,b].
By mathematical induction[3], we can deduce X, €[a,b] (n=12,L ). According to
X — f (Xn) =X, - f (Xn—l)
and Lagrange Mean Value Theorem :
| X — %, |=| Xy — X ” f I(Cn) |
Since x, €[a,b], c, isbetween X, and X, ,,soc, €[a,b], | f'(c,) [ q <1. Therefore
|Xn+1_xn |S|Xn _Xn—llq'

And then
qn
|Xn+1_Xn |Sqn|X1_XO |v|Xn+p_Xn |S|X1_XO|S1_q |X1_XO |
Whenn — o0, q" — 0, so lim X, is extant. By the continuity of f(X), limx, = f(limx, ,), andbythe
N—o0 n—oo n—oo

uniqueness of & in [a,b], limx, =¢&.
nN—o0
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Theorem 2 If X = f(X) hasrealroot & (i =1,2,3L m), f(X) has derivative in every point. And | f (&) [>1,
for any real number X, , the follow sequence is diverging:

X =F(%) % =F04) .. X, = f(X,), ..af i = ], then X, #X;)
Proof If x, = f(X, ), sequence { X, } must converge to some real number &, (1< N <m).

- X
By X, — f(x,,) =&, — (&) and Lagrange Mean Value Theorem, we can derive on =X = f'(c)|.
N T o
. . §N - Xn ]
Since c is between &, and X, ,, X, = &, (N = ), s0 |[——| =] f'(&,)] (N —> ).
N o

For any real number & in (0,+0), when n is large enough

[ =X P S = X0 [ (1 F'(E) [ —¢)
is tenable.
As positive real number & is arbitrarily small, | f'(&,) |<1.itis contradict with | f '(&,) [>1, so { X, } must be
diverging.
If| f'(&)[>1, then | f'(&,)|—&>1.Butby

[Sv =% Pley =% [( TG -9).

we can know | & — X, [>| & — X, |, theresult s contradict with X, — & .

Theorem 3 Ifin [a,b] equation X = f(X) hasauniquerooté, f'(X) <0, and f(a) €[a,b], f(b) €[a,b],
X, €[a,b], then sequence :

X =f(X%) % =000 X, = F %)L
and X, = f(x), %, =f(x).L . %, =f(x,,,)L are both convergent.
Proof We might as well let X, = b (X, isany value in [a,b], the proof is same as this.) . According to
X, —f(b)y=&— (&) and F'(X) <0, & <b, wecanderive X, <&.By X, — f(x)=¢&— (&) and
f'(x) <0, x, <&, wecanknow X, >&. X, > & > Xy, (M=0,1,2,L) can be proved by mathematical
induction.
Set x, = f(a),by x, — f(x)=% —f(a)and f'(x) <0, x, >a, we can deduce X, <X, , we have known
X <b (X €[a,b]), so x, <b.
As X, — F(X,)=x —f(b) and f'(X) <0, x, <b, thenx, < X,.
By X, — f(x)=%,— f(%) and f'(X) <0, X <X,,wecanknow X, <X, .
SO0 Xy 1 £ Koz Xom < Xomp (M=0,1,2,L ) might be proved by mathematical induction. In conclusion.

2m —
then
Xomg < Koy SE< Ky <X, (M=0,1,2,L)[3],

so we can see lim X, .. and lim X, are both existent[4].
m—oo m—oo

Theorem 4 Ifin [&,b] equation X = f (X) hasauniqueroot&, and 0 < f'(X) <1, x, €[a,b], then sequence:
X, =F(x), % =f(x)L ,x,=f(X.,)L convergeto &.
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Proof We might as well let X, =b. Accordingto 0 < f '(X) <1, we can derive 1— f '(X) > 0. S0 X — f(X) is
monotone increasing, sothat b— f (b) >0, a— f(a)<0.By f'(x) >0, we can know

a— f(b) <a- f(a) <0. Somonotone continuous function X — f (b) in the two endpoints of [a,b] has opposite
signs. Sothat x, = f(b) e[a,b]. As x, — f(b) =& — f(&) and f'(X) >0, b> &, then x, >&.Sox, > &
(n=0,1,2,L ) might be proved by mathematical induction. By x, — f (b) = x, — f(x)), f'(X)>0, b>x,
we can know X, > X, . By mathematical induction we can prove X, > X ., (n=0,1,2,L ),sothat & <X, <X,

(n=0,1,2,L).So !\m X, is existent. By X, = f (X, ) we can infer
limx = f(limx ;).
n—o0 n—o0

Since & isunique in [&,b], we caninfer limx, =¢&.
n—0

APPLICATION EXAMPLE

Example 1 Sequence { X, } is as follows.

X =~2,% =y2+2,L ,x =\/2+«/2+...+\/§,L

Solving lim X, [5].
N—o0

Solving X =+/X+ 2, the solution is 2. In [0,4], the equation has a unique solution 2, and

— | 1
|(x2) |_‘2«/x+2

Example 2 Solving lim(a+a* +...+a") (|al<l).
N—o0

1 .
< > <1, let x, =0, it meets qualifications of Theorem 1, so limx, =2.
nN—o0

a 2a a
Solving X = ax+ a, the solution is 1— .In [0,1—} it has a unique solution 1— (we might as well set
—a —a —a

a>0) ,and|(ax+a)'|d al<l. Let X, =0, we can know it meets qualifications of Theorem 1, so
. a . a
lim(a+a®+..+a")=——.1fa<0(all), lim@a+a®+..+a")=—.
N—o0 1_a n—o0 1—a
When |al<1,
. a
lim(a+a®+..+a")=—.
n—w 1—-a
When | a|>1, we can infer | (aX+a)"'|= a|> 1. Using theorem 2 we can know sequence:

X =aX, =a+a’,.,X, =a+a’ +..+a",.. (i=jnf, X #X;) isdivergent.

CONCLUSION
In general, through the four theorems we can deduce the solver method for the limit of a class of sequence { X, } by

recursive relation X, = f(x_ ).
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First, solving X = f(X) we got all the real number solutions & (i =1,2,L m). Sequence { X, } converge to and

can only converge to some &, . And according to the features of sequence { X}, we set a range [a,b] which include a
&, by theorem 1, if we can find a X, that satisfied | & — X, [< min{(& —a),(b—& )}, let X, = T (X, ;)
(n=0,12,L ) be tenable, then we can conclude lim X, = & . By the theorem 4, if we can find a X, in [a,b], let

N—o0

X, = f(x,,) (N=0,12,L) be tenable, then we can conclude limx, =& . 1f| f'(&)[>1 (i=12,L ), wecan

know sequence is divergent by theorem 4. If theorem 1, theorem 2, theorem 4 can not solve the question, we can use
theorem 3 solve it. And when | f (&) |=1, the convergence of sequence { X, } is uncertain.
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