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Abstract: The nonlinear (k, n — k) conjugate boundary problem
D"y (x) = f(x, y(x), y"(0)=yP 1) =0,0<i<k-Lk< j<n-1

is studied in this paper, where 0 < X <1,n>10 < k < n. The upper and lower boundary of the Green’s function and
derivative estimate are given, the existence result of positive solution for the problem is proved by using Krasnoselskii
fixed point theorem in cones.
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1.INTRODUCTION
In recent years, positive solutions for nonlinear higher order (k, n —Kk) conjugate boundary value problem

D"y (x) = f(x, y(x)),0<x<Ln>10<k<n (1.1

y20) =y @) =0,0<i<k-1,0<j<n-k-1 (1.2)
has been studied extensively. Many authors established existence results of positive solutions where the nonlinear term is
nonnegative continuous and meet superlinear or sublinear [L—16].When the nonlinear term is negative value or changes

number, the boundary value problem (1.1), (1.2) come more from the chemical reaction problem, some authors
consider the conjugate boundary value problem (1.1) , (1.2) ,and get some results[19 — 22] .

This paper deals with the following nonlinear (k, n—Kk) conjugate boundary value problem
D"y (x) = f(x, y(x)),0<x<L,n>10<k<n (1.3
yO(0)=yP (1) =0,0<i<k-1k<j<n-1 (1.4)

The condition of boundary problem (1.3),(1.4) in X =1 is different from boundary value problem (1.1), (1.2)
.Our purpose is to construct the Green’s function G(X,S) of conjugate boundary value problem (1.3), (1.4) ,and

establish the existence result of positive solution to the problem by using Krasnoselskii fixed point theorem in cones.
G(x,S) is called Green's function of nonlinear higher order (k,n —Kk) conjugate boundary value problem (1.3),

(1.4) ,if it satisfies
(D" *G™(x,5)=0(x—5),0<x<1,0<s<1,
GY(0,5)=G"(1,s)=0,0<i<k-1,k<j<n-1

"G(x,3)

X

m

where G(™ (x,s) = ,and &(X) is the Dirac & function.

The function y(X) is called the positive solution of the boundary value problem
(1.3),(1.4), if it satisfies y(X) € C"™*(0,1] ~C*™[0,1) and (1.3), (1.4) hold.
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Our assumptions are as follows:

(H,)h(x) is nonnegative continuous for x € (0,1) ,and 0 < J.Ol& h(s)ds <+ ;
S

(H,) f (y) is nonnegative continuous for [0,+o0),

Xn—k

(K—1)!(n—k —1)!

The main results for this paper are as follows.

where g(X) =

Theorem 1 Assume that G(X, S) is the Green's function of the conjugate boundary value problem (1.3), (1.4) , then
1
(k=D n—-k-1)tJo

G(x,8) = )
(k-Dn-k —1)!.[0 U (u—-x+s)"""du,x<s

r "Tu+x-s)tdu,s<x

and
a(x)g(s) <G(x,s) < B(x)9(s)

|aGé§ S)I_(n S13x 9(s)

where
k k-1

X X
0= A= o=k

Theorem 2 Assume that (H, ), (H,) hold, then the nonlinear conjugate boundary value problem @.3) and @.4)

has at least one positive solution y(X) € C"*(0,1]~C**[0,1) ,
if the following conditions is satisfies

(i)f :O’foo =+wg‘2(ii)fo :+w'foo =

where f, =lim—— f(y) =lim —=%£ f(y)

y—0 y y—o0 y
To establish the results of Theorem 2,We require the following Krasnoselskii Cone fixed point theorem.

Theorem 3 Let E be a Banach space, and let K — E be a cone in E . Assume Q,,Q, are open subsets of E with
0€Q,,Q cQ, andlet :KN(Q,\Q)— K beacompletely continuous operator such that either
) |ouliull, ueKNOQ,, and||DulXul], ue KM, ;or
2) [|Du|F|u]l, ue KNoQ,, and ||Du|<|u]l, ue KNoQ,,
then @ has a fixed pointin K (Q,\Q,).

2.GREEN'S FUNCTION STRUCTURE
In this section, we structure the Green's function of nonlinear higher order (k, n —k)

conjugate boundary value problem (1.3), (1.4) , and prove the conclusion of theorem 1 is right.Let

(D™ (x=9)"™ + nia—'“xm, S<X
G =1 ., (n-1)! n-o M! 2.1)

XM, X<S
m=0 m!

Available Online: http://saspjournals.com/sjpms 290



http://saspjournals.com/sjpms

Lingbin Kong et al.; Sch. J. Phys. Math. Stat., 2015; Vol-2; Issue-3A (Jun-Aug); pp-289-299
where a,, =a,,(S),0 < m < n—1are undetermined coefficients, so for each fixed S, G(X,S) is continuously

differentiable function about X under n —2 order. And
G (X,5) :{

therefore (—1)"“ G (x,s) = 5(x —s) for all X and's .

-D"*+a, ., s<x
a_, X<s

Next, determined the coefficienta_ ,0 < m < n—1, make G(X, s) satisfied condition of G (0,s) =GV (1,5) =0,
0<i<k-1,k<j<n-1.From

G"(0,5)=0,0<i<k-1,
wegeta, =0,0<m<k-1.Thenby G (1,s) =0,k < j <n—1, the following equations can be obtained

(k=D (n=k-1)!

(n—-k-1)la + EEETEEL T a,_,+a,, =) -9t

(n—k—Z)!a .“+(n—k—2)!a +an71:(_1)n7k71(1_s)n7k72

—k =2)1
(n k 2)'ak+1+ 1| k+2+ (n_k_3)| n-2

|
2!an—3 + %an—z + an—l = (_1)n7k71(1_ 5)2

a,,+ta ;= (_l)nikil(l_ S)
an71 — (_1)n—k—l

The following use Cramer's method to solve &, , K < m < n—1, since

(k-1 (=k=D' (k=D (n-k-1)!
1 2! (n—k—-2)!
0 (n—k-2)! -k=t = (-k-2)!
B L T e
P= {=TT1
0 0 0 21 g 1 )
1!
0 0 0 0 1!
0 0 0 0 0
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(n—k —1)!

(n—k—1)!

(k-1 T -
—k =2)1
0 (n-k—zp (n=k=2)
1
0 0 (n—k-j+1)!
0 0 0
0 0 0
_ (_1\"-k-1 = H
=(-1) i!x
i=n—k—j+1
dgpl k=Dt (nok= !
T 21
(L—s)"* (n—k—j—D!-@iki#;EE
(1—s)"* 12 0 (n—k—j-2)!
(L-s)’ 0 0
L-s) 0 0
1 0 0

(1_ S)n—k—l

(1 _ S) n-k-2

(1 _ S)n—k— j+l

(1—s)" )

(n—k—- !

(N—k—j+1)!

(n—k—J)!

(n—k —1)!
(n—k—2)!
(n—k—2)!
(n—k—3)!

(n—k-j)!
(n—k—j—1)!

1!

0

(n—k—- !

(N—k—j—2)!
(n—k—j—1)!

(N—k—j-1)!
(n—k—j—1)!

(N—k—j—3)!
(n—k—j—2)!

(N—k—j—2)!
(n—k—j—2)!

(N—k— j—4)!

2!

0
0

(n—k—j—3)!

2!
1
1
0

1

1
1

(The i row

minus the 1+1 row, in order to do so, i =1,2,---,n—k —1,then press column extracted common factor, and then the

last column to expand )
n—-k-1
= ()" Y(=s)(n—k - j-1) iIx

i=n—k—j+1
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dogyrer (Mok=i=DU (-k= =Dt (-k=j-D! (n-k—j-1)!
1 21 (N—k—j-3)! (n—k—j-2)!
(h—k=j-2!  (n-k-j-2)! (n—k—j-2)!

L-s)"* 2 (n—k—j-2)!

1 (n—k—j—4)! (n—k-j-3)!
. —k=ij=23)! —k—i-23)!
(1_s)n—kfj—3 0 (n—k— J_3)| (n k J 3) (n k J 3)
(n—-k—-j=5! (n-k-j-4)!
2!
_g)? ] =
@-9) 0 0 2! T
1-s 0 0 0 1!
1 0 0 0 0
the above method repeatedly to do so, to the determinant of reduced-order)
. n-k-1 1_5
— (_1)n—k—1 (_S)n—k—j—l H |' i::l
i=li=n—k—j 1
. n—k-1
— (_1)n7kfl(_s)nfkfj H ||
i=Lizn—k—j
By using Cramer's ruler, have
D ) _1\n-k-1r  ~yn-k-j
ak_1+j= k—1+j =( 1) ( S.) ,j=1,2,"',n—k
D (n—k—j)!
make m=Kk —1+ j, then we get
_ n-m-1
a, = (—1)”““1L m=k,k+1,--,n-1
(n—m-1)!
Put @, into (2.1) we can get
__1\n-k _ n-1 n-1 (_1\n-k-17 qyn-m-1,m
( 1)( (Xl).s) LSED y (-9) LA
n-1)! o m!(n—m-1)!
G(Xl S) = n-1 ( 1)n—k—1k( S)n—m—lxm
>, X<s
= ml(n-m-=1!
_ n-k _ n-1 n—k-1/__ n-k-1 _ i, n=1-i
(D) ( (x1)|s) L 1)-.( (1s)_)xl ey
n-1)! = i(n-1-1)!
= ° (2.2)

n—-k-1 (_1)n—k—1 (_S)i Xn—l—i
) TR

i=0

Following we transformed G(X, S) into an integral formula, since
n—k-1 (-1) n—k-1 (_S)i Nias
Zol il(n—1—i)!
=D R E (k=D (=) X (k=D (n—k —1—i)!
T (k-DI(n—-k-1! & i(n—k—-1-i)i(n—1—i)!
_ (_1)n—k—l n—k-1 (h—k—1) !(_S)i X J_
k-D(n-k-)!' S i(n—k-1-i)!

Olwk—l (1_ W)n—k—l—i d W

[EY

(According to
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e k_lnf(n—k—1)!(—s)i[x(1—w)]“*k*“dW

~ (k=D n—k -1t i(n—k—1—i)!

(k i)l?n - 1)II XWX -w) —s]" T dw(let u=s—x1-w)) (2.3)
1 s un k-t k-1

:(k—l)!(n—k—l)!J‘ (U+x=s)du

(k l)l(i - 1)I[I u"*tu+x-s)*du-— _[ U™  H(u+x—-s)"du]

(let u=(s—X)V in the second term in equation)

T _1)!(r1]_k_l)![f:u”“(u+x—s)“du—(—1)“" (X—S)”’lj-:vn’kfl(l—v)kfldv]
— 1 s U k-1 ket ( 1)nfk (X—S)nﬂ
- (k —1)!(n—k—1)!j (u+x—s)"du- (n-D)! (2.4)

where, the following result

J»lvn*kfl(l_v)kfl dv = (k —1) !(n —k _1)!

(n=1!

is used. In addition, we know from (2.3)
n—k-1 (_1)n—k 1( )I n-1-i

i-0 i"(n=1-1)!
(k 1)|(r]1- — 1)|I XW(s — x(L— W] dwlet t = x(1—w))
1

T (k-DY(n—k —1)!Io (x=t)F(s—t)"“dt (let U=X~1)

zjoxuk’l(u+s—x)”’k’ldu (2.5)

put (2.4), (2.5) into(2.1) ,we have
1

(k-D!(n-k —1)|Ios“n_k_l(“ +x-s)tdu, s<x
G(x,s) = : : 6

(k 1)|(i K 1)|foX““(”+S‘X)n“d“’ X<S

by using the binomial theorem in (2.6) ,we obtain

1 S k1 (X—S)iuk‘l"
G(x,9) = (k—l)!in—k—l)ljou %Wdu,wx
k X1 S XI n-k-1-
(k-D)(n—k— 1)|.[ Zf;l'(n 1 I)|du,xgs
S NCE Cikal (S T
_ (K -DI(n—k-D'&il(k-1-i)(n-1-i)"
_ L & (s—x)' X" (n—k-1)!
(k-Din-k-1! & i(n-k-1-i)(n-1-i)’
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1 k-1.n-k s< X
_ ) k=Dn-k-1)(n-1) T
1 Xk n—k-1 X<S
(k—D1(n—k-1)(n-1)
Xk lSn k
kD k Doy I
Sn—ka—l ’S <y
S < | €DIO-K-DI-K)
Sn—k—lxk « <
k-D'(n—k-Dk "~
Sn—ka—l S<
_ ) (=DY(n—k=1)imin{k,n—k}"" "
- Sn—k—lxk <
(K—DIn—Kk—D)!min{k,n—k}'
x*g(s) o
| min{k,n-k}""
X9(s) s
smin{k,n—-k}'
kal
SWQ(S) = B(X)g(s)

and hence
a(8)9(s) <G(x,8) < B(x)g(s)
Other, when S < X ,we have

8G(X,S) Z(k Dli(x— S)'l N
OX (k 1)|(n k-D!'<= i(k-1-1){(n—-1-1)
8G(X,S)| k-1 =2 (k=2)! o\ ok-2-jynk
oX |S(k—l)!(n—k—l)!(n—k)jz_(;j!(k—2—j)!(x 5)'s X
— k_l Sn—kxk—z
(k=D!(n—k-D!I(n—k)
n gk k2

<
(K—D(n—k—1)!
when X < S ,we have
0G(X,s 1 nkIitn—k-DUs—x)"Ix"T "EI(n—k-D(s—x) x"*"
(X,8) [Z ( )!(s—X) N ( )!(s—X)'X
=1

OX _(k—l)!(n—k—l)' i(n—-k-1-D(n-1-i) = il(n—k-1-i)! Jthus

86 (x,)| f(n k=D XX sy
| x| (k- DKn k- Dl jin—k-2—j)Ik
1 N—K-1 2k nkioki

= [ ST+ 8T TIX T
(k=D (n—k-1! k
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< n gMkLyk-
(k=D (n—k-1)!
therefore
n nkyk2 o <y
‘8G(x,s) ~) (k=D¥(n-k-1)! ’
OX B n nkdykd o <o
(k-D!(n—k-1)! T

< n gMkLykl _ nx“*g(s)
_(k—l)!(n—k—l)! S

3. THE EXISTENCE OF POSITIVE SOLUTION
This section establish the positive solution of the conjugate boundary value problem (1.3), (1.4) and prove the
conclusion of theorem 2.

Let C [O,l] be the Banach space which consisting of all continuous functions in [0,1]
define a cone in C[0,1] as following

K=y <CI0T y09 = OB o= maxlsco] (3
Define a mapping® : C* [0,1] —C" [0,1] ,

1
(Py)(x) = IO G(x,s)h(s) f (y(s))ds
Lemmal @ : K — K isa completely continuous mapping.

Proof Let y € K, we have from theorem 1

(@Y)(¥) = (9], g(S)(s) f (y(s))ds

> Oﬁ;”) ax A9} 9(9(s) F (y(5) s
> a(x)|oy|/| 4

Thatis to say @y € K
Let K, ={ye K;||y|| <N} M =gnax f(y) for y € K, we have by the theorem 1,

oyl <M A2 oo ds
This shows @ (K, ) is bounded. According condition (H,) and theorem 1, we obtain

(@)oo [ ‘% h(s)f (y(s))ds

< Mk [ 906 5)ds
0 s
where g = Mnﬁ@h(s) ds, therefore
S

Jj|(d)y)’(x)|d s< qf: x“tdx =E
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This shows ®(K,, ) is a compact set in K .From continuity of f (), easily know @ is a continuous mapping, from
Ascoli— Arzela theorem, @ is a completely continuous operator.

Now, we prove the theorem 2. First we prove the case (i) .
Since f, =0, there existsa I > Osuch that f (y) <egy for 0<y <r, where & >0

satisties £ 5] || g(s)h(s) ds <1
Let K, ={y e C[0,1]; |y[| < r}. for y e KoK,
oy < |8 [ a(e)his)ds <r =[]

this shows”CDy” < ||y|| ye KnoK,
Further, Since f_ =+o0, there exist R > r > 0 such that f(y) > My for y > RA(o), where

A(O-)_”ergllln ]a(x) ,o€(0, )

and M > Osatisfies MA(0) min () | "7 g(s)h(s)ds >1

Let K, ={y € C[0,1]; ||y|| <R}, for y e KNAK,, we have from (3.1)
min y(x)= min_a()]y] /|5]=A@)|y|=RA()

thus
[Py|= min a(x)J.:Ug(s)h(s)f(y(s))ds

xelo1-o]

> MRA(o) r[nilr_l ]a(X)IH g(s)h(s)ds=R=|y|

this shows ||<Dy|| > ||y|| for y € K MOKy, and from theorem 3 that ® has a fixed pointin y € K m(RR \K,) . First

prove situation
Next we prove the case (ii) . Since f, = oo, we can choose I > Osuch that f (y)> My forO <y <r, where M

satisfies MA(o) min_a/(x)| "7 g(s)h(s)ds >1.
Fory e KoK, we have
l-o
[Py|= min a(x)J. g(s)h(s) f (y(s))ds

xelo1-o]
=M min a(x)j g(s)h(s)y(s)ds
> MrA(c) min_a(x) L g(s)h(s)ds>r=|y|

and hence ||CDy|| > ||y|| for ye KnoK,
Further, since f_ =0, there exist R, > r > Osuch that f(y) <ey fory >R, where

& > Osatisfies £ 8] [ 9(s)h(s) ds <1. Let
||ﬂ|| max f (y) [ g(s)h(s)ds

0<y<R,

1- g||ﬁ||j g(s)h(s)ds

+R,

then we have for y e K MKy
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[y <[ 8] [, a(@h() f (v(s)ds

<IBIL | g@hE) fyE)ds+ [ g(s)h(s)f(y(s)ds]

0<y(s)<Ry Rosy(s)<R

<[l (max T (y)+eR)] g(s)n(s)ds <R =[y]

That is to say ||CDy|| < ||y|| for y € K MK, . From theorem 3 that @ has a fixed point y € K m(RR \K,)and y(x)
is the positive solution of integral equation

y(¥) = [ G(x 9)h(s) f (y(s))ds (3.2)

Because Y(X) satisfies (3.2) , we obtain

00 = [ 28D sy £y ds

furthermore

yO(0) =[G (0,5)n(s) f (y(s))ds =0.0<i <k-1
YO = [;6P 19N F(y(s)ds=0 k< j<n-1

From theorem 1 we get

™y =l E

_ ﬂg(x_s)h(s) f(y(s))ds =h(x) f (y(x))

Gaix S () (y(s))ds

this shows y(X) is the positive solution of nonlinear higher order (k,n —Kk) conjugate boundary value problem (1.3),

(1.4)
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