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Abstract: The nonlinear ),( knk  conjugate boundary problem 

( ) ( ) ( )( 1) ( ) ( , ( )), (0) (1) 0,n k n i jy x f x y x y y    0 1,k 1,i k j n       

is studied in this paper, where 10  x , 1n nk 0 . The upper and lower boundary of the Green’s function and 

derivative estimate are given, the existence result of positive solution for the problem is proved by using Krasnoselskii
fixed point theorem in cones. 

Keywords: the conjugate boundary problem, positive solution, the fixed point theorem 

 

1.INTRODUCTION 

In recent years, positive solutions for nonlinear higher order ( , )k n k conjugate boundary value problem 

( )( 1) ( ) ( , ( )),0 1, 1,0n k ny x f x y x x n k n                       )1.1(  

( ) ( )(0) (1) 0,0 1,0 1i jy y i k j n k                             (1.2)  

has been studied extensively. Many authors established existence results of positive solutions where the nonlinear term is 

nonnegative continuous and meet superlinear or sublinear ]161[  .When the nonlinear term is negative value or changes 

number, the boundary value problem )1.1( , (1.2)  come more from the chemical reaction problem, some authors 

consider the conjugate boundary value problem )1.1( , (1.2) ,and get some results ]2219[  . 

 

This paper deals with the following nonlinear ( , )k n k conjugate boundary value problem    

( )( 1) ( ) ( , ( )),0 1, 1,0n k ny x f x y x x n k n                          (1.3)  

( ) ( )(0) (1) 0,0 1, 1i jy y i k k j n                                (1.4)
 

 

The condition of boundary problem (1.3) , (1.4)  in 1x  is different from boundary value problem (1.1) , (1.2)

.Our purpose is to construct the Green’s function ),( sxG  of  conjugate boundary value problem (1.3) , (1.4) ,and 

establish the existence result of positive solution to the problem by using Krasnoselskii  fixed point theorem in cones. 

),( sxG is called Green's function of nonlinear higher order ),( knk   conjugate boundary value problem )3.1( ,

)4.1( ,if it satisfies 

)(),()1( )( sxsxG nkn    , 10  x , 10  s , 

( ) ( )(0, ) (1, ) 0i jG s G s  , 10  ki , 1 njk  

where 
m

m
m

x

sxG
sxG






),(
),()(

,and ( )x  is the Dirac function. 

The function )(xy  is called the positive solution of the boundary value problem 

)3.1( , )4.1( , if it satisfies
1 1( ) (0,1] [0,1)n ky x C C   and (1.3) , (1.4) hold. 
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Our assumptions are as follows: 

)()( 1 xhH is nonnegative continuous for )1,0(x ,and 
1

0

( )
0 ( )d

g s
h s s

s
   ； 

)()( 2 yfH is nonnegative continuous for ),0[  , 

where 
)!1()!1(

)(





knk

x
xg

kn

  

The main results for this paper are as follows. 

   

 Theorem 1 Assume that ),( sxG  is the Green's function of the conjugate boundary value problem )3.1( , )4.1( , then
 

1 1

0

1 1

0

1
( ) d ,

( 1)!( 1)!
( , )

1
( ) d ,

( 1)!( 1)!

s
n k k

x
k n k

u u x s u s x
k n k

G x s

u u x s u x s
k n k

  

  


     

 
   
   





 

and  

( ) ( ) ( , ) ( ) ( )x g s G x s x g s    

)(
)1(),(
2

1

sg
s

xn

x

sxG k





 

where 

( )
1

kx
x

n
 


,

 knk

x
x

k






,min
)(

1

 . 

 

 

Theorem 2 Assume that 
1 2( ), ( )H H hold, then the nonlinear conjugate boundary value problem (1.3) and (1.4)

has at least one positive solution
1 1( ) (0,1] [0,1)n ky x C C   , 

if the following conditions is satisfies 

0(i) 0f  , f 或
0(ii) f   , 0f  

where 
y

yf
f

y

)(
lim

0
0


 ,

y

yf
f

y

)(
lim


  . 

To establish the results of Theorem 2,We require the following Krasnoselskii Cone fixed point theorem. 

     

Theorem 3 Let E be a Banach space, and let K E  be a cone in E . Assume 1 2,  are open subsets of E  with

10 , 1 2    and let 2 1: ( \ )K K     be a completely continuous operator such that either  

（1） || || || ||u u  ， 1u K  ，and || || || ||u u  ， 2u K  ;or 

（2） || || || ||u u  ， 1u K  ，and || || || ||u u  ， 2u K  ， 

then   has a fixed point in 2 1( \ )K   . 

 

2.GREEN'S FUNCTION STRUCTURE  

In this section, we structure the Green's function of nonlinear higher order ),( knk    

conjugate boundary value problem )3.1( , )4.1( , and prove the conclusion of theorem 1 is right.Let 


































1

0

1

0

1

!

!)!1(

)()1(

),(
n

m

mm

n

m

mm

nkn

sxx
m

a

xsx
m

a

n

sx

sxG

，

，

                  (2.1)  
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where )(saa mm  , 10  nm are undetermined coefficients, so for each fixed s , ),( sxG is continuously 

differentiable function about x  under 2n  order. And 


















sxa

xsa
sxG

n

n

kn

n

，

，

1

1)1( )1(
),(  

therefore
( )( 1) ( , ) ( )n k nG x s x s   for all x and s . 

    

Next, determined the coefficient ma , 10  nm , make ),( sxG satisfied condition of 0),1(),0( )()(  sGsG ji
,

10  ki , 1 njk .From  

0),0()( sG i
, 10  ki , 

we get 0ma , 10  km .Then by 0),1()( sG j
, 1 njk , the following equations can be obtained 

1 1

1 2 1

1 2

1 2 2 1

1

3 2 1

( 1)! ( 1)!
( 1)! ( 1) (1 )

1! ( 2)!

( 2)! ( 2)!
( 2)! ( 1) (1 )

1! ( 3)!

2!
2! ( 1) (1 )

            

1!

n k n k

k k n n

n k n k

k k n n

n k

n n n

n k n k
n k a a a a s

n k

n k n k
n k a a a a s

n k

a a a s

   

  

   

   

 

  

   
        

 

   
        

 

   







2

1

2 1

1

1

( 1) (1 )

( 1)

n k

n n

n k

n

a a s

a

 

 

 













    


 

 

 

The following use
,Cramer s method to solve ma , 1 nmk , since 

1

1

( 1)! ( 1)! ( 1)!
( 1)! 1

1! 2! ( 2)!

( 2)! ( 2)!
0 ( 2)! 1

1! ( 3)!

!

2!
0 0 0 2! 1

1!

0 0 0 0 1! 1

0 0 0 0 0 1

n k

i

n k n k n k
n k

n k

n k n k
n k

n k

D i
 



     
  

 

   
  

 

        

1

1 ( 1)n k

k jD  

      
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1

2

1

( 1)! ( 1)! ( 1)!
( 1)! (1 ) 1

1! 1! ( 2)!

( 2)! ( 2)!
0 ( 2)! (1 ) 1

1! ( 3)!

( 1)!
0 0 ( 1)! (1 ) 1

( )!

( )!
(1 ) 1

( 1)!

0 0 0

n k

n k

n k j

n k j

n k n k n k
n k s

n k

n k n k
n k s

n k

n k j
n k j s

n k j

n k j
s

n k j

 

 

  

 

     
  

 

   
  

 

  
   

 

 


  

 

 

       

 



       

 1 1! 1

0 0 0 1 0 1

s 

 
1

1

1

( 1) !
n k

n k

i n k j

i
 

 

   

  

1

2

( )! ( )! ( )! ( )!
(1 ) 1

1! 2! ( 2)! ( 1)!

( 1)! ( 1)! ( 1)!
(1 ) ( 1)! 1

1! ( 3)! ( 2)!

( 2)! ( 2)!
(1 ) 0 ( 2)!

( 4)! (

n k j

n k j

n k j

n k j n k j n k j n k j
s

n k j n k j

n k j n k j n k j
s n k j

n k j n k j

n k j n k j
s n k j

n k j n

 

  

  

       


     

        
   

     

     
   

  







2

1
3)!

2!
(1 ) 0 0 2! 1

1!

(1 ) 0 0 0 1! 1

1 0 0 0 0 1

k j

s

s

  





      







(The i  row 

minus the 1i   row, in order to do so, 1,2, , 1i n k   ,then press column extracted common factor, and then the 

last column to expand ) 
1

1

1

( 1) ( )( 1) !
n k

n k

i n k j

s n k j i
 

 

   

        
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1

2

3

( 1)! ( 1)! ( 1)! ( 1)!
(1 ) 1

1! 2! ( 3)! ( 2)!

( 2)! ( 2)! ( 2)!
(1 ) ( 2)! 1

1! ( 4)! ( 3)!

( 3)! (
(1 ) 0 ( 3)!

( 5)!

n k j

n k j

n k j

n k j n k j n k j n k j
s

n k j n k j

n k j n k j n k j
s n k j

n k j n k j

n k j n
s n k j

n k j

  

  

  

           


     

        
   

     

  
   

  







2

3)!
1

( 4)!

2!
(1 ) 0 0 2! 1

1!

1 0 0 0 1! 1

1 0 0 0 0 1

k j

n k j

s

s

  

  





      







 (According to 

the above method repeatedly to do so, to the determinant of reduced-order) 
1

1 1

1,

1 1
( 1) ( ) !

1 1

n k
n k n k j

i i n k j

s
s i

 
    

   


     

1
1

1,

( 1) ( ) !
n k

n k n k j

i i n k j

s i
 

   

   

     

By using
,Cramer s ruler, have  

1
1

1

( 1) ( )

( )!

n k n k j
k j

k j

D s
a

D n k j

   
 

 

 
 

 
, 1,2, ,j n k   

make 1m k j   , then we get 

1
1 ( )

( 1)
( 1)!

n m
n k

m

s
a

n m

 
  

 
 

, , 1, , 1m k k n     

Put 
ma into (2.1) we can get 

1 1 11

1 11

( 1) ( ) ( 1) ( )

( 1)! !( 1)!
( , )

( 1) ( )

!( 1)!

n k n n k n m mn

m k

n k n m mn

m k

x s s x
s x

n m n m
G x s

s x
x s

m n m

     



   



    
 

  
 

  
  





，

，

 

                 

1 1 11

0

1 11

0

( 1) ( ) ( 1) ( )

( 1)! !( 1 )!

( 1) ( )

!( 1 )!

n k n n k i n in k

i

n k i n in k

i

x s s x
s x

n i n i

s x
x s

i n i

      



    



    
 

  
 

  
  





，

，

        (2.2)  

   Following we transformed ( , )G x s into an integral formula, since 










1

0

11

)!1(!

)()1(kn

i

inikn

ini

xs
 

1 11

0

( 1) ( 1)!( ) ( 1)!( 1 )!

( 1)!( 1)! !( 1 )!( 1 )!

n k i n in k

i

n k s x k n k i

k n k i n k i n i

    



       


       
  

1 11 1
1 1

0
0

( 1) ( 1)!( )
(1 ) d

( 1)!( 1)! !( 1 )!

n k i n in k
k n k i

i

n k s x
w w w

k n k i n k i

    
   



   
 

     
   
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1 111
1

0
0

( 1) ( 1)!( ) [ (1 )]
d

( 1)!( 1)! !( 1 )!

n k i n k in k
k k

i

n k s x w
x w w

k n k i n k i

     




    


     
  

1
1

1 1

0

( 1)
[ (1 ) ] d

( 1)!( 1)!

n k
k k n kx w x w s w

k n k

 
  

  
    (let (1 )u s x w   )      (2.3)  

1 11
( ) d

( 1)!( 1)!

s
n k k

s x
u u x s u

k n k

  


  

     

1 1 1 1

0 0

1
[ ( ) d ( ) d ]

( 1)!( 1)!

s s x
n k k n k ku u x s u u u x s u

k n k


          

      

(let ( )u s x v   in the second term in equation) 

1
1 1 1 1 1

0 0

1
[ ( ) d ( 1) ( ) (1 ) d ]

( 1)!( 1)!

s
n k k n k n n k ku u x s u x s v v v

k n k

             
      

1
1 1

0

1 ( 1) ( )
( ) d

( 1)!( 1)! ( 1)!

n k n
s

n k k x s
u u x s u

k n k n

 
    

   
                  (2.4)  

where, the following result 

1
1 1

0

( 1)!( 1)!
(1 ) d

( 1)!

n k k k n k
v v v

n

     
 

  

is used. In addition, we know from (2.3)  










1

0

11

)!1(!

)()1(kn

i

inikn

ini

xs
 

1
1 1

0

1
[( (1 ] d

( 1)!( 1)!

k k n kx w s x w w
k n k

    
    (let (1 )t x w  ) 

1 1

0

1
( ) ( ) d

( 1)!( 1)!

x
k n kx t s t t

k n k

    
    ( let u x t  ) 

1 1

0
( ) d

x
k n ku u s x u                                           (2.5)  

put (2.4) , (2.5) into(2.1) ,we have 

1 1

0

1 1

0

1
( ) d ,

( 1)!( 1)!
( , )

1
( ) d ,

( 1)!( 1)!

s
n k k

x
k n k

u u x s u s x
k n k

G x s

u u s x u x s
k n k

  

  


     

 
   
   





      (2.6)  

by using the binomial theorem in (2.6) ,we obtain 

11
1

0
0

11
1

0
0

1 ( )
d ,

( 1)!( 1)! !( 1 )!
( , )

1 ( )
d ,

( 1)!( 1)! !( 1 )!

i k iks
n k

i

i n k in kx
k

i

x s u
u u s x

k n k i n i
G x s

s x u
u u x s

k n k i n k i

 
 



   




 


    
 

 
      





 

11

0

11

0

1 ( ) ( 1)!
,

( 1)!( 1)! !( 1 )!( 1 )

1 ( ) ( 1)!
,

( 1)!( 1)! !( 1 )!( 1 )

i n ik

i

i n in k

i

x s s k
s x

k n k i k i n i

s x x n k
x s

k n k i n k i n i

 



  



  


      
 

   
        




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1

1

1
,

( 1)!( 1)!( 1)

1
,

( 1)!( 1)!( 1)

k n k

k n k

x s s x
k n k n

x s x s
k n k n

 

 


    

 
 
    

 

1

( ) ( )
( 1)!( 1)!( 1)

k n kx s
x g s

k n k n


 

 
   

 

1

1

,
( 1)!( 1)!( )

( , )

,
( 1)!( 1)!

n k k

n k k

s x
s x

k n k n k
G x s

s x
x s

k n k k

 

 




   
 
 
   

 

 

1

1

,
( 1)!( 1)!min{ , }

,
( 1)!( 1)!min{ , }

n k k

n k k

s x
s x

k n k k n k

s x
x s

k n k k n k

 

 




   
 
 
    

 

1 ( )
,

min{ , }

( )
,

min{ , }

k

k

x g s
s x

k n k

x g s
x s

s k n k





 
 
 

 

1

( ) ( ) ( )
min{ , }

kx
g s x g s

k n k




 


 

and hence 

( ) ( ) ( , ) ( ) ( )s g s G x s x g s    

Other, when s x ,we have 
1 11

1

( , ) 1 ( 1)! ( )

( 1)!( 1)! !( 1 )!( 1 )

i n ik

i

G x s k i x s s

x k n k i k i n i

  



  


       
  

( , )G x s

x





2
2

0

1 ( 2)!
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( 1)!( 1)!( ) !( 2 )!

k
j k j n k

j

k k
x s s x

k n k n k j k j


  



 
 

     
  

21
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s x

k n k n k

 


   
 

2

( 1)!( 1)!

n k kn
s x

k n k

 
  

 

when x s ,we have 
1 1 21 1

1 0

( , ) 1 ( 1)!( ) ( 1)!( )
[ ]

( 1)!( 1)! !( 1 )!( 1 ) !( 1 )!

i n i i n in k n k

i i

G x s i n k s x x n k s x x

x k n k i n k i n i i n k i

       

 

       
 

           
  thus 
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2 1 11 1
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( 1)!( 1)!

n k k n k kn k
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therefore  
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( 1)!( 1)!( , )

,
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n
s x s x

k n kG x s

nx
s x x s
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 

  


    

 
  
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1 1

( 1)!( 1)!

n k kn
s x

k n k

  
  

1 ( )knx g s

s



  

 

3.THE EXISTENCE OF POSITIVE SOLUTION 

This section establish the positive solution of the conjugate boundary value problem (1.3) , (1.4)  and prove the 

conclusion of theorem 2. 

Let  0,1C  be the Banach space which consisting of all continuous functions in [0,1] ,
  

define a cone in [0,1]C as following 

{ [0,1]; ( ) ( ) }K y C y x x y    ,
[0,1]

max ( )
x

x 


             (3.1)  

Define a mapping    : 0,1 0,1C C   , 

1

0
( )( ) ( , ) ( ) ( ( ))dy x G x s h s f y s s    

 

Lemma 1 : K K   is a completely continuous mapping. 

 

Proof Let y K , we have from theorem 1 

1

0
( )( ) ( ) ( ) ( ) ( ( ))dy x x g s h s f y s s    

1

0[0,1]

( )
max ( ) ( ) ( ) ( ( ))d
x

x
x g s h s f y s s




 
   

( )x y    

That is to say y K   

Let { ; }NK y K y N   ,
0
max ( )

y N
M f y

 
 ,for Ny K , we have by the theorem 1, 

1

0

( )
( ) ( )d

x
y M g s h s s





    

This shows ( )NK is bounded. According condition 1( )H  and theorem 1, we obtain 

1

0

( , )
( ) ( ) ( ) ( ( ))d

G x s
y x h s f y s s

x


 

  

 
1

1

0

( )
( )dk g s

Mnx h s s
s

   

where 
1

0

( )
( )d

g s
q Mn h s s

s
  , therefore 

1 1
1

0 0
( ) ( ) d dk q

y x s q x x
k

     
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This shows ( )NK is a compact set in K .From continuity of ( )f y , easily know   is a continuous mapping, from 

Ascoli Arzela theorem,   is a completely continuous operator.  

 

Now, we prove the theorem 2. First we prove the case (i) . 

Since
0 0f  , there exists a 0r  such that ( )f y y

 
for 0 y r  , where 0   

satisfies
1

0
( ) ( )d 1g s h s s    

Let { [0,1]; }rK y C y r   , for 
ry K K   

1

0
( ) ( )dy r g s h s s r y      

this shows y y  ,
ry K K   

Further, Since f   , there exist 0R r   such that
 

( )f y My  for ( )y RA  , where 

[ ,1 ]

1
( ) min ( )

x
A x

 
 

  
 ,

1
(0, )

2
   

and 0M  satisfies
1

[ ,1 ]
( ) min ( ) ( ) ( )d 1

x
MA x g s h s s



 
 



 
  

Let { [0,1]; }RK y C y R   , for
Ry K K  , we have from (3.1)  

[ ,1 ] [ ,1 ]
min ( ) min ( ) ( ) ( )

x x
y x x y A y RA

   
   

   
    

thus 
1

[ ,1 ]
min ( ) ( ) ( ) ( ( ))d

x
y x g s h s f y s s



 




 
    

1

[ ,1 ]
( ) min ( ) ( ) ( )d

x
MRA x g s h s s R y



 
 



 
    

this shows y y   for
Ry K K  , and from theorem 3 that has a fixed point in ( \ )R ry K K K  . First 

prove situation 

Next we prove the case (ii) . Since
0f   , we can choose 0r  such that ( )f y My  for 0 y r  , where M

satisfies
1

[ ,1 ]
( ) min ( ) ( ) ( )d 1

x
MA x g s h s s



 
 



 
 . 

For ry K K  ,we have 

1

[ ,1 ]
min ( ) ( ) ( ) ( ( ))d

x
y x g s h s f y s s



 




 
    

1

[ ,1 ]
min ( ) ( ) ( ) ( )d

x
M x g s h s y s s



 




 
   

    
1

[ ,1 ]
( ) min ( ) ( ) ( )d

x
MrA x g s h s s r y



 
 



 
    

and hence y y   for ry K K   

Further, since 0f  , there exist 0 0R r  such that ( )f y y  for 0y R , where 

0  satisfies
1

0
( ) ( )d 1g s h s s   . Let 

0

1

00

01

0

max ( ) ( ) ( )d

1 ( ) ( )d

y R
f y g s h s s

R R
g s h s s



 

 
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




 

then we have for Ry K K   
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1

0
( ) ( ) ( ( ))dy g s h s f y s s    

0 00 ( ) ( )

[ ( ) ( ) ( ( ))d ( ) ( ) ( ( ))d ]
y s R R y s R

g s h s f y s s g s h s f y s s
   

                           

0

1

00
( max ( ) ) ( ) ( )d

y R
f y R g s h s s 

 
   R y   

That is to say y y   for
Ry K K  . From theorem 3 that has a fixed point ( \ )R ry K K K  and ( )y x

is the positive solution of integral equation 
1

0
( ) ( , ) ( ) ( ( ))dy x G x s h s f y s s 

    
                   (3.2)   

Because ( )y x  satisfies (3.2) , we obtain 

1
( )

0

( , )
( ) ( ) ( ( ))d

i
i

i

G x s
y x h s f y s s

x




  

furthermore 
1

( ) ( )

0
(0) (0, ) ( ) ( ( ))d 0i iy G s h s f y s s  , 0 1i k    

1
( ) ( )

0
(1) (1, ) ( ) ( ( ))d 0j jy G s h s f y s s  , 1k j n    

From theorem 1 we get 

1
( )

0

( , )
( 1) ( ) ( 1) ( ) ( ( ))d

n
n k n n k

n

G x s
y x h s f y s s

x

  
  

  

            
1

0
( ) ( ) ( ( ))dx s h s f y s s  ( ) ( ( ))h x f y x  

this shows )(xy  is the positive solution of nonlinear higher order ),( knk   conjugate boundary value problem )3.1( ,

)4.1(
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