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Abstract: Generalized likelihood ratio test (GLRT) is a very important method of hypothesis testing in mathematical
statistics, which is widely applied. In this paper, GLRT is used to deduce the rejection region of hypothesis testing for the
single normal population variance, with both known and unknown mean value.
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INTRODUCTION
Given the probability density function of the population as f(X,6) , where @ € ® .For the testing issue:

H,:0€0®, > H,:00,, A(x)=supL(x, 6’)/Sup L(x,0) is defined as the generalized likelihood ratio (GLR)

0O 00O,
of the sample (X, X,,--- X, ).

The definition indicates that A(X) > 1. Assuming that € and &o represent the maximum likelihood estimation of
0 at ® and O, respectively, we have:

A(x) = sup L(x, 6) / sup L(x, 6o)

A
If the original hypothesis H is true, i.e. the truth value of @ is surely in ®,, then € isalso in ®,or very close to ®,

, leading to sup L(X, 8) = L(X, g’) ~sup L(x,6), and therefore A(X) ~1. When A(X) is significantly larger than
ECH 0<O

1, there issup f (x,8) < f(x,6), namely, 6 is far away from ©.. The truth value of & is quite close to that of &, so
0€0.

it is highly possible that the truth value of & is notin ®., i.e. the hypothesis H is very possible invalid. As a result,
the rejection region shall be W, ={X| A(X) > 4.}, in which, 4, satisfies:
SUpP(X eW,|0)=a (0<a <l

00,

In this study, GLRT was used to deduce, in detail, the rejection region of the one-sided hypothesis testing for the
single normal population variance in different cases.

For the case with known mean value
Theorem 1

Suppose X ~ N (, 0'2) With @ = 1, known, the GLRT rejection region for the testing issue
H,:0’ =0l <>H,:0” 20] is:
Wo =10, X5, %) [A00) > A3 ={0 %, -, ) [m>¢ orm<c,} (1)
Where C, and C, satisfy:

[“2z2dy+[ " Zdy=a
G
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Where, ;(f (Y) is a density function of the ;(2 distribution with n degrees of freedom.

Proof:
The likelihood function is:

L(x,0%) = (\/—) exp{- Z(X ~ ) 207}

When 02 € ©, the maximum likelihood estimation of 0'

R 13
2:_2 (Xi_;uo)2
N5z

n

sup L(x,0 2) = { Zﬂii(xi—ﬂo)z} Zefg

o%ec®

2 2 2
When 0° €®,, o°=0,, wehave

1 n
sup L(x;o? "exp{-) (X — 2/20
UEGF)JO (x,0°) = (\/gao) p{ ;( i~ M) ot -
So we have
n % Z(Xi _IuO)Z n
A(X) = sup L(x;o )/ sup L(x;0°) = (Z(xi — 1)’ naj] exp{=———-=}
2O c%e0, i=1 20'0 2
Let
m= Z(Xi ~ )" [og
i=1
Then

N mn
A= (et
m
Whenm >n, A(X) is increasing, while decreasing whenm <n .
If H, is true, then:

m~ z*(n-1)
The rejection region therefore is:
Wo ={(x0 %, X ) A0 > A} ={(X%, %, -+ X, ) [m > ¢, or m < ¢, }
By the following formula
P{(X,,%,,---X,) eW |[o=0,}=a
We can get

[Z 2 dy+[ " Zdy=a
G

Where )(r? (y) is a density function of the ;(2 distribution with n degrees of freedom

Theorem 2
Suppose X ~ N (u, 0'2) With 1 = 11, known, the GLRT rejection region for the testing issue

. 2 2 . 2 2.
H,i0° <o, ©H, 0" >0, is

Wy = {0, %+, %,)|m > 22 (n)} @

Proof: The likelihood function is:
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L(x;0%) = (J_ )" eXp{—Z(X —14,)* [20°}
When 0'2 e ®, the maximum likelihood estimation of o? is:

s2 _ 1y
o —n;(xi
sup L(x:az)z{l/ an(x — ) Te_g

c%e®
2
When o° € ®,, we have

n

1 2| 2.2 23 @2
sup L(x;07) = [ Z”n;(xi_ﬂo)} € gy 23,

o e@o

L(x0,°) o,  <S;
Wheno,” > S?, we have
ﬂ,(X) =1

2
Wheno,” < S?, we have

n Z(X ,uo n

A(X) = (Z(X — )* [noy’)? eXP{'_lT—E}-
> 0%~ 1)’
m = i=1 >
Oy

Therefore, the rejection region is:

W, ={(X1,X2,...,xn)|ﬂ,(x) >A0}={(X1,X2,"',Xn)|m >C}
and
P{reject H, | H,} :P{m >C|o? S(‘foz}:a

If H, is true, there is:

Z(X :Uo

m=-————~ 7*(n)

o-o

C=x%(n)

Hence

So we have

Wy = {04, %, %)

2
m> z2(n)}
For the case with known variance
Theorem 3

Suppose X ~ N(/,I,O'Z) With £ unknown, the GLRT rejection region for the testing issue
H,:0? =0, <> H,:0?#alis:
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Wo ={06, %, %) [ 400 > A} ={(% X, %, ) [m>c orm<c,} - (3)
Where C, and C, satisfy:

J, Zady+ [ 2y =a

Where ;(ril(y) is a density function of the ;(2 distribution with N—1 degrees of freedom.
Proof
The likelihood function is:

L(x;1,0%) = ( le%)n exp{- " (x -~ 4) /207)

O L _2
When (1,6°)€®, u=X, GZ:EZ(Xi_x)
i=1

sup L(x:u,az){ Zﬂrl]Z(xi—i)zrez
i=1

(1,6%)e0
_ 1 _2
When (1,6°)€®,, u=x, o; :_Z(Xi —X)
N5

sup L0 .0%) = (o) o3 (x )" 2033

(/110'2)690 i=1

Hence

A(X)= sup L(xu 0% / sup  L(x;1,07)

(1.6%)€® (1,6%)e0y

n - , g i(xi_i) n
=[§(Xi —X) /naoj eXp{_T._OZ—E}

n — m _E
Let m= Z(Xi —X)? /of ,then A(X) =(—)2€e2 2.whenm >n, A(X)is increasing, while decreasing when
= n

m<n.If H, istrue, thereis: m ~ y°(n—1).
As a result, the rejection region can be defined as:
Wo ={(%: %+ %) [ A(X) > A3 ={(x %, ---%,) [m > ¢, or m<c,}
where C, and C, satisfy:
P{reject H, |H,}=P{m>c,orm<c,|c’ =oi}=a
Therefore,

Jy Zady+ [ 2y =a

where ;(ﬁ_l(y) is the density function of the ;(2 distribution with N —1 degrees of freedom.
Theorem 4
Suppose X ~ N (,u,O'Z) With £ unknown, the GLRT rejection region for the testing issue

.2 2 L2 2.
Hy:o0°<o,” ©H, 0" >0, is

Woz{()(l,Xz,---,Xn)

m> z2(n-1)| @)
Proof: The likelihood function is:

L(x0%) = (—=

\N2ro

)’ exp{-3 (% ~X)* 20}

Available Online: http://saspjournals.com/sjpms 318



http://saspjournals.com/sjpms

Wenhe L1.; Sch. J. Phys. Math. Stat., 2015; Vol-2; Issue-3A (Jun-Aug); pp-315-319

When o2 € ® , the maximum likelihood estimation of ol is:

&? :12(xi —x)? =82
[ )

sup L(x;0?) = {J/Z;zlz(xi —Q)Z} o2
c2e® n i=1

When &% € @, we have

180 ot ]feh aras
sup L(x;0%) = [ Zﬂ-ﬁ;(xi_x) } e’ o, 2S
UZEG)O =
L()N(;O-OZ)’ 002 <52
When 002 > S? we have
A(x) =1

2
When o, < S?, we have

: DN T
200 =0 (x —x)? /no,?)? exp{it————}.
(%) (é(. )" /noy”)? exp{ 207 1
nS? o . .
Because of —- > 1, A(X) is an increasing function about:

Oy
> % -X)°

2
Oy

m

Therefore, the rejection region is:

Wy Z{(Xi,Xz,"-,Xn)M(X) >Ao}:{(X11X21""Xn)|m >C}

and
P{reject H, |H,} = P{m >C|o? 3002} =a
Hence
C=71.(n-1)
So we have

Wy = {04, %,m, %,)|m > 22 (=D
CONCLUSIONS
In this paper, by using the generalized likelihood ratio test, four conclusions are obtained:
e The rejection region of the two-sided hypothesis testing for normal population variance with the known mean
value(1);
e The rejection region of the one-sided hypothesis testing(2);
e The rejection region of the two-sided hypothesis testing for normal population variance with the unknown mean
value(3);
e The rejection region of the one-sided hypothesis testing (4).
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