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Abstract

Review Article

The complex guadratic map as iterated complex curvature is discussed with respect to topological entropy and physical
implications. The general quadratic map is a Hermite-Tschirnhaus relation of cubic invariants which can be casted into
a binary linear substitution. It serves as a quadratic transformation of the elliptic integral of Friedmann equations. For
invariant substitutions of holomorphic functions, a charge definition is proposed for the Riemann Xi-function and the
Dirichlet L-function in form of a two-dimensional Poisson equation.
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1. INTRODUCTION

A fractal information universe  with
dimensionless coupling constants is capable to grasp
hundreds of orders of magnitude while experiments only
can capture about 10 orders of magnitude. Period
doubling of a regular chaotic one-dimensional complex
map is set in context to doubly-periodic iterated complex
curvature. In two dimensions curvature is a complex
generation rate. Complex curvature is a cubic invariant
of hyperelliptic/elliptic curves generating algebraic units
[1-3]. Zoomed bulbs and cardioids superimposed by
optimal regulator conditions constitute a 3-parameter
Huygen-Fresnel principle. Iterated quadratic maps of
complex curvature has significance for unified physical
fields and surrounds matter as an eternal binary process
within a fractal zeta universe (FZU) [4, 5]. Besides
periods vg, due to the theorem of Sharkovskii vanishing
Gaussian periods describe a self-consistent optimal
regulator in the L- function (see Section 2 and Appendix
1). Mass m is defined as a tower of generators as roots of
unity within periods of the interval. Bifurcation lines
map line bundles moving in a lattice of algebraic units.
Inflection tangents of elliptic curves are the stability axis
in a Feigenbaum analysis. Iterates of units of a bicubic
subfield cause fluctuating invariants and periods in
elliptic theta. Topological entropy is discussed for
algebraic units and power integral bases of optimal units
related to a time-thermal rate. Nontrivial zeros of the
Riemann zeta function and a Dirichlet L-function for a
given iterated field yield a two-dimensional Poisson

equation giving a definition of charge. The origin of
charge and mass in the universe is explained by
Feigenbaum  renormalization  extending  Hieb’s
hypothesis within FZU [6, 7]. FZU uses Hieb’ conjecture
2mde?~as* with Feigenbaum constant 8, fine structure
constant af giving already an accuracy of 9.12-107.
Similarly, the fine structure constant o can be refined by
optimizing the information density on a surface of area
4mR? = gi"of a sphere of radius R for a constant sum
0:1+02+...+ g of generators which is in accord with FZU
[8, 9]. Exactly solvable chaos consists in mapping of
universal covering space [10, 11]. Elliptic curves are
attractors in a Lattés map on a two-sphere [12]. However,
iterated functions of a Lattés map have higher degree and
do not exhibit wvsh. In distinction, a Hermite-
Tschirnhausen map y(¢s) of a cubic invariant ¢z is a
linear and quadratic conjugate with 2-power bases. y(¢3)
forces complex multiplication (CM) by addition on
elliptic curves. Periods vsn may be y(¢s) fixpoints. A
Riemann zeta function ((z) scanned by 7y(¢s) for
extensions z of a cubic field K[0] allows to start from
holomorphic &(z) and holomorphic Dirichlet L-function
[13].

{(@zK)_I(z/2)z(z—1){(zK)
{(2) 2m?/2§(z)

=L(z,%). (1.1)

The z—1 limit L(1,x)=HaR4 is proportional to
a regulator Rx=Iny,E with fundamental unit E, base b of
extensions of K[J] and to class number H, of a cubic
normal field with discriminant A. Optimal units are
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feasible solutions Subsequent optimal solutions (2.1) for
the regulator Ra=I=In,E=Q,-& with
F=E2(1s,ms,1)+2uoNmM(E)C (Is,ms,1) yield an eternal
clock rate Ry 4 0N complex plane. The binary process
consists in surrounding zeta zeros on irreducible four-
component elliptic curves A,. Accordingly, the complex

F(t: Z) = ¢3(t)/(t - Z) - 1/3¢)’3 (t) = Y(¢3(t)) Z= V;LGSS”Y’;"S"'GS”’S’ — Y

Within space of quartic roots G is equivalent
to a Green’s function with indices s=1,2,3,4 relating
cubic roots to quartic roots. One quartic root is shifted to
+o0,+100 in a quadruple of steps q={k,k+1,k+2, k+3} for
a simplest cycle quadruples q: {k+3e{kk+1,k+2}} [14,
15]. The complex map generates a general Riemann
surface as layers of bifurcating cardioids and bulbs. In
Section 2 a three-parameter superposition of z and Inz is
called a feasible solution in eq. (2.1) which yields
w=1,2,3,4,5 layer. The Hermite map is discussed in
Section 3. For fluctuating lattice periods modular units
are discussed as invariants for an iterated lattice of
algebraic units in Section 4. Inflection tangents of curves
are set in context to stability axes needed for a
Feigenbaum diagram technique in Section 4. Whereas
the Lebesgue measure is discussed in Section 6 invariant
relations for the Legendre module are discussed on
Section 7. Feigenbaum renormalization for simplest
cycles in Section 8 is used for the definition of charged
states in Section 9.

2. COMPLEX GYRO-TWIST

HYPERSURFACE
N Mandelbrot cardioid z- planes yield N
distinguishable spheres. But only up to five spheres are
independent in space: a w-dimensional complex space
offers w(w+1)/2 -3w+3 independent parameter [16].
Division of N>w cardioids into w balls yields
indistinguishable permutations of identical particles.
w — 2)
2
independent complex parameter is w spheres centered
around poles driven by a clock rate ®,%(z). The
generalized Riemann surface denoted by C% is like an
organic constantly changing plant embedded into five
atmospheric layer as nested spheres. On interval [0,1] a
non-wandering set around the point %2 yields a black hole
entropy hi=In2 [17]. On interval [0,1] w unit spheres for
extremal h; and optimal units have a non-wandering set
of the quadratic map y(¢s) with topological entropy

This generalized Riemann surface with (

L-function behaves as an action functional. Cardioid-like
oscillations around centers on complex plane z yield a
Dirichlet L- function as a candidate for a Lovelock-like
action functional in C". Then a quadratic map y(¢3) IS
capable to link nontrivial zeros z, and the pole at z=1.
This map can be written as a mass operator

A

S Pty &2

hi=Hcs or H(ls,m;) in [0,1] [18]. Maximum information
probability expected at a critical point F’(t,z)=0 at '% is
shifted to a circle of radius H(lg, mg) = Inj_mg. A non-

wandering set of k-components in {(1s,ms,zx) has poles on
2min

z = H(l;, my) (1+m). Around the pole e.g. of the

Cantor set z = H¢g (1+%) & QL,, on unit sphere in

CY[Ly] iterates zx perform doubly-periodic (atmospheric)
waves of world points X(z¢) realizing vibrations of
fractal strings [19]. The number of z- clouds in w-
spheres performs non-dissipative independent regular
complex fluctuations resolvable by nested spheres
C"[Ls] w=1,2,3,45. The theory is understandable
superposing z and I=Inz as an optimal complex curvature
R Stable orbits z encircling with radius H(ls,ms) are

complex ¢(g1) = Yizo,.g.-2 %1% [20] [21]. Highest
information densities correspond to two or three
exponentiation levels in g;*9 = g;92%° which is optimal
as a feasible solution [8, 22]. The Kepler singularity is
treated as a {(z)- pole, Coulomb singularities are
complex-conjugated poles in flw). A thin layer of a
sphere of diameter 2H(l;,ms) has an altitude temperature
gradient (pressure) and lateral waves. If 1+H(l;,m;) is a
root of unity combinations w!HY(I;,ms) can be regarded
as Gaussian periods of complex roots ¢(g;) see 8112 in
[21]. The coupling constant G,, can be given the
following explanation in terms of rates. First the
logarithm of a unit I=InE is equivalent to curvature
eR=exp(Ru[Yw¥v])- In two dimensions curvature and
stress-energy is a count rate which as a current
proportional to a coupling constant. A scaling by H(ls,ms)
requires projective spheres which are invariant with
quadratic birational transformations. In homogenous
coordinates a sphere $%(ai, p;) =S; is five-component and
depends on position a; and a power of origin p; with
respect to sphere. Maximal five independent spheres
S?(@i, pi) i=1,.,5, at a €R3 correspond to
stereographically projected five Gaussian planes. The
minimum of a quadratic form ¥ (uyl?+ p,l) is written as a
map ly—1w+1 Of logarithms.

Tw Zig2ia w1 + 1z + 2H2e w705, mg, 1) + 13 (B (Eg DT A5, ms 1)) = 0 (2.1)

of curvatures I=logEs~R,, in sphere w. For
£—0, wo—0, piz—1 and $ (15, mg,1,,) = H(l;, my) as a
mean over a tower of roots of unity the map reads
lw+1<—2wH(ls,;mg)l, with a w-fold rate for w spheres.
Then l,=w!2"H" which gives lw1=2u3Gw?(ls,Ms,lw)

with a coupling constant Gy=exp(w!2"H"(ls,ms)).
Topological entropy h,(f) = Tlll_r&% In1,(f™") asamean
over laps §;[]8,,is the product of generators. The total
count rate of onion-shaped shells is the product of partial
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count rate probabilities. As a result, inner shells have an infinite set on a finite set of possible points in C*. At
higher periods which are proportional to masses. The the same time the number of crossing points of vs, lines
most general Riemann surface within C" implies pseudo- of the logistic map windows is of the order 10 as shown
congruence which reads 22" = G* which is an image of in the Figure 1.
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Figure 1: High resolution subsection of the bifurcation diagram of the logistic map From [Wikipedia ‘logistic map]

General relativistic coordinates result from a Lo 3 1—_111(”’7“) depend he Dedekind
one-to-one relation between the Hermite map y(¢s), a invariant f(w) = 14 n(w) epends on the Dedekin
Moebius map yv and a two-by-two Lorentz- eta function n(w)=%9% (%, Ys0) and the Jacobi zeta

transformation y_ in the special case of a vanishing function {(u,w) giving
discriminant of a quadratic field A,. A cubic behavior of
f(w) is a presupposition for a regular chaotic map. The

— 1 +3
f@) = "VTexp (4 f} dv (6 (4w 22) -6 (vv3))) @2)

laps of wy iterates tend to differentials visi- geometric zeta function {(ls,m,l) is a fractal vibration of
Vi=a(wk+1-0k)—dv around z,. Due to asymmetry of y(¢s) lg at z. A line dv =ay(d3)ox =G-G wk splits within a
in eq. (3.2) around ¥2 highest probabilities and critical bicubic Kummer extension field K [, g; %" ] as a fourth-
points with zero first F(t,z)- derivative are expected at order product in ys. Second and first order shifts S,dx and
inflection tangents of the pencil pipst paH(¢3)=0 of ¢s 3« of k-components are finite generation terms.
with its Hessian , i.e. zero second derivative [23]. A

1 1
Zk,wgl% fo dt((tv:]]-'k) :Zk,qqlfo dt(dkv)Rk,qqlq(l: m:Rk,qql)(sk((tv:HJk))- (2-3)
A time-thermal rate Ry qo-=INEy o¢ at z, of lines F(C) in eq. (A3.7)
Ryqq(ly) = £(@)E(@) x (v @, L))x ™ (v.4 (0)1k)) 6 (Siche) (2.4)

is set with susceptibility x(v,{(v,Ly)) =1+ is viewed as an z,-point occupation number. Shells C*

8iIndyv ; : : - scale to unit circles by In;m which justifies a
,a pair of complex-conjugated units € and € of . o o

Srlng(v, L) P P 119 ¢ ¢ normalization to @=1 used in [24]. In the spirit of ®-
the normal field N[VA], e = ¥%f3(V/A4),Eeé=1. The step fluctuations the rational factor aeQ? in modular units
function O(x) where A=1-8¢h; denotes a non-ergodic time g(u=ayo) is inert and Lorentz-invariant for y=ym=y,.
arrow in a time-thermal rate Riq of Ax fluctuations Periods vs, contain cyclotomic units in modular units on.
where Ry gl q-=Inm yields a root of unity e%xh, Multiplicity ms and string length I of the geometric zeta
Expression x(v,d (w,Li))x "t (v.{(v,Ly)) is a generator function {(I5;ms,z) in eq. (2.1) correspond to a pseudo-
g1 in a cyclic polynomial ¢(g:). Susceptibility x has a congruent minimum of eq. (2.1) for Fermat number
superconducting part of space as non-intersecting lines transform F having base 2 and base 3 for the first prime
governed by the map Y(¢s). The geometric zeta function Fi. In distinction to a hyperbolic tesge!latlo_n y are
{(lsmyR) for a circular rate R =~I with k-component superposed pseudo-random bulb-cardioid lines on

spheres like a Huygens-Fresnel principle. Diffusive

enerator g;"% = g,92° on acircle area dk A dk on C" L
g 9 9 paths u=am create a thermal conductivity cr=w® and a
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Gaussian kernel with standard deviation 1/w. Chaotic
period changes dxw=0r yield a standard deviation of the
Gaussian kernel if 2n8¢% ~osL. Thus, a chaotic map
around z; is capable to describe charges. Time standard
as the number of completed orbits is independent on the
actual value of variable . Simplest cycles of X(f(w)),
Y (f(w))- iterates are embedded into two hyperelliptic
Riemann surfaces of universal covering us, u’s— us
bifurcating into two tori with universal covering u.. The
regular fluctuation of X(flw)) and Y(f(w)) leaves the
differential |y|>(ch)*Dy? with c=(c.,c.),h=(h.,h)=(fi,fis1)

and Dy=D:h,+D.h,, D, = 2 —-invariant [25]. Then
- Ouy  Ouy

Dpo(w)o(u') = {(aw)o(w)o(u') giving in the limit

u’—u a vector potential equivalent to Y ((amk,mk). A

Lattés map u—au + b for a Hurwitz automorphism

I_; 1 —r;* = 2 between sphere and torus implies four
1 -
modular units ao with ® =1/7. The solution

detA[6a,0p] =] i»; det(a;—a;p;—p;)=0
n(i,f)

with permutation n(i,j). The number w of
different paths connecting spheres S?(ai, p;) is identified
with interaction w of nested spheres with faster inner
rotating gyro-twist shells where cyclotomic fields in
{2,2,2,2}, {2,3,6}, {2,4,4}, {3,3,3} are consistent with
22 congruences of iterated Weber invariant f(VA). Here
a base b=2 and b=3 in a number transform
e’mod (sz—l) for topological entropy h, = 22“In2

contains the generator b2 = 1mod (sz—l) [27]

3. HERMITE SUBSTITUTION

Hermite substitutions relate power integral
bases (PIB) X!, t'in polynomial F(t, z) = ‘i"T(Zt)—%(D,’l(t)
rational to polynomial roots tz of @&,(2)=
Zizol____n(?) a;z" ' =0. PIB t—t; is regarded as
symbolic n+1 dimensional vector. Iterated fractional

substitutions  zxiq < [li=o. k(zi—2i4) (zi—2z;-) are
binary invariant in homogeneous variables zz?.
2

Y(¢)3(t)) = §¢3’(t) ¢3(t) —§¢3’(t) .
-1

t

prescribes four branch point sets ri= {2,2,2,2}, {2,3,6},
{2,4,4%, {3,3,3} [26]. This branched covering covers a
quadruple q of simplest cycles on iterated tori. The
complex z-plane C(n) of normal vector n projects to a
sphere S%(ai, pi) in space. A Mandelbrot zoom cardioid
can be embedded into planes in space without
intersections. The Weber- Schottky problem L, allows
for genus w=4 or w=5 one or three independent
parameter e.g. 3w-3 rotation angles of w-1 nested

spheres. The difference (W 2_ 2) = (W ; 1) -3w+3

yields 1 or 3 complex parameters for genus surfaces w=4
and 5. These parameters are identified with the number
of physical units in measurement systems, necessary for
measurement (e.g., CGS or Planck system). A simple
geometric explanation is in terms of arbitrary spheres
S2{x?+x; ai=pi}. Maximal five spheres S?(ai, p;) are
independent if det (a;, pi,1)=0 which yields a determinant
of fourth order

(2.5)

Hyperelliptic details of ¢,k are
iz k+1,k+2(Zi—2i+) (zi—2;-) as simplest cycles. The
fundamental hyperelliptic addition theorem on Kummer
surface K(X) and Weddle surface W(Y) reads [28].

S+1gh1(U,V)Sgom(U,V)=X (U)jX (V) 3.1)

where S+[gh](u,V)=9[gh](u+V)/9[gh]2(U),
S- 1gn1(U,V)=9gny(U-v)/9gn*(v), j>=-1. For a quadruple q of
steps k variable z—f(w) relates X(f)=(p+,1)=(1,-f,f2,1)
and Y(f)= +e:=(1,-f,2,-f%) to four points u. and u’. on
the universal covering of K(X) and W(Y). Quartic roots
xi capture K(X) and W(Y) and correspond to cubic roots
e as follows (xixj)(xkxl) =e.—¢e Vi j k I=
{1234}, For @3(x)= m=1j)(k)1i), Ye=0,
(ze182e3%00ti00) — (XXiXjXiXi) for root x; —+ootico one
gets the Hermite substitution (1.2) where ¢5(z) =

2
= ’”; 7 @, (x) where [29]. The 1:2 relation V(Ae)—Ax is
Al

written in terms of quadruples g=s and spin indices
relates a linear map to a bi spinor s in which y(¢3) IS
quadratic in fermion Greens functions

(3.2)

F(t, Z) yleld Z & F(t, Z) = tOFl + tlFO Where (FOIFl) = (a0Z+a1,a022+a1Z+2a2).
FOf t- dependenta(t) = toao, b(t) = t0a1 + tlao, C(t) = 2t0a2 + t1a1

Zyer < F(t, ) = a(t)zi + b(t)z, + c(b)

with peculiarity
(1) if d3(zk+1)=0 then degzy+1=3
(2) if (Dg(Zkﬂ) 7&0 deg Zk+1:2k
or in terms of elliptic units g(aw)
(1) if Zxs1-Zk € g(aw) then deg zx+1=3
(2) if Zx1-2x € g(aw) then deg zy+1=2%

3.3)
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Chaotic period-doubling on hyperelliptic ¢n(z)
is that z is a doubly-periodic polynomial invariant f{w).
Modular units g(a®) depend on f(w) and periods o are
are self-consistently connected with periods vsp.
Conjugates of linear- quadratic y(¢s) is a Mandelbrot
map M : zx,q1 < zZ + ¢ which results from (3.3) for
parameter a,=1, a;= t;=0, 2a, =c , t=1,vaz leading a
harmonic cross-ratio A=-1 and Xy, « ka+1 Xy < X+
423()0 where A(t) « b2(t) — 4a(t)c(t).
The logistic map xj+1 < toxi (1 — x;) results from (3.3)
for parameter ap;=-1, a;= a, =0,va; on a line t;=--t, for an
equianharmonic cross-ratio A =1”. Logistic map x; «
to G—xk) and Mandelbrot map ¢ = %(1—2—“) are
conjugate to equianharmonic and harmonic elliptic
curves. Hermite substitutions y(®s(t)) hold for a finite

region to, t; on complex plane with axes t, and t; with
Hessian H(ds)=H(to, t1)) = vy2(w) which vanishes

b
— and ¢ « —
2a

p(u,w) = y[¢3(ei)]l9[2ﬂ (ww)

quadratically. A Hermite- transform- solution of cubic
roots is equivalent to Cardano’s method [29]. y(®s(t))
enforces CM as endomorphism of bundle LL[E;] over a
subfield K[J]. A Hermite substitution y(¢s) induces a
conductor dety(dps) =ds(t) for discriminant As. For cubic

residues [@] = 1y(¢3)e SL(2, Z) yields equivalent
3

periods. y(¢3) generates the Tschirnhausen resolvent of
the elliptic invariant j(w) «j(y(¢s(t))ew). For class
number one h,=1 the linear j- resolvent reduces the
degree of polynomial j(f(w)) from 72 to 3. One addition
stepyields a quartic polynomial (Appendix 3) reduced to

¢s3. This defines (g

to a choice of normalization or calibration known as the
Weierstrass  g-function. For a definite fractional
substitution y[¢s(e;)] of second order one has e; = p(w;)
and

) =4 layers from torus to sphere $? up

(3.4)

A more general theta function s(u) is a substituted Jacobi function sn(u,\VA) for a quartic polynomial ¢4

1

0 e,—e

2 — 2 2 3
sé(u) = sn®|./e; — esu

) (1+e3—el el—eg) ( 1 3% Jei—es

which depends on the Weierstrass go-function [11] [10], e.g.

20y — (1 —Ys(ez—e3) )
0= ermen) - (er-en)(eren) P

Homogeneous projective coordinates and
Lorentz-coordinates enter as an eternal reduction
process. The complicated problem to reduce a
hyperelliptic theta function ign(u)=5gn;(u-) is treated on
four world-points on K(X*gn(H)=(ggn(U+),1)=(1,-f,f2,1)
as a function of the invariant f=f(®). A quadruple of four
elliptic g-functions belongs to quartic roots shifted to
S=2(=+o0,+ico which yields gq= 5. This four-component
quantity is set equal to
P27, M(@)X(gry (1) =e5 A X (qry(f) on  four  points
u=1,2,3,4. Accordingly, a reduced hyperelliptic function
yields four points X", p=1,2,3,4 as an irreducible tidal
point. Hyperelliptic

g1 (U+)—9[gry(U+)

" gn1(U) =" 1gn (U+, U=y (p3(£)) 0 ()
substituted elliptic - functions have components p and
s=~( as SE(3) parameter. A chaotic map y(¢3(f)) has
simplest cycles f,=f,. Thus, a theory of a point is self-
similar where a complex plane C is an envelope of up to
five planes C".

4. MODULAR UNITS

Modular units (4.1) are Lorentz-invariant
g(ayw) for a subset y=y, despite fluctuating periods o.
Cyclotomic-like units gj(w) = e(w)é(w)) =
% depend on modular units g(aw) =
kq(@)n?(w) for wi, ;-congruences [30] [31] [32] [33].
Klein functions k,(w) are normalized sigma functions.
For fluctuating periods o generalized Klein functions

(3.5)

(3.6)

Ka(w)=exp(-Y2an[(]ao)o(aw)) differ by independent
periods n[¢] where q[C}= {(utm,0)-{u,0)— n[¢] and
Kka(w)—ka(o) of Weierstrass zeta functions {(u,®). Then
g(aw) depend on two Lorentz-invariant points
Y(3(ferr))=yLk+1 and y(d3(f))=yLk.. A simplest cycle
quadruple g=s imposes lattices w[K [a,g{"g’]] and vsh
as congruences in @k. A cubic fundamental unit &; with
conjugates e /\/¢;;(w), e~ /,/&;;(w) changes into
one of a cyclotomic fields 1-17 with class number —o.
For simplest cycles Euclidean norms (3 qEq?2)=ysyis are
accepted quantum statistical ones tending to a unified
thermodynamic one ~b?*2<, In distinction to quantum
statistics, low values of the real algebraic unit €;—0 and
a vanishing regulator index R, for developing
cyclotomic extensions question wysys=1 which is only
valid if gj=1. The correct unified bi spinor ys depends
via gjj on a coupling constant Gy,. Whereas Feynman
diagram series remain valid non-radiative exchange
scattering contains the factor 10%’. The quantum
statistical expectation value is about 10167 lower, i.e. the
entropy current 10" higher which solves the
cosmological constant problem. Replacing the Dedekind
eta function n(®) in g;j(m) by 1-1? one gets egs. (1.2-4).
Hyperelliptic points Xgn on K(X) with sign(u,v)s.
igni(u,V)=X(f)jX(fi) in Section 3 suffering simplest cycle
quadruples g are written near iterated Legendre modules
M and nontrivial zeros znx=h=Am/My+%2. The cubic
congruence yields eq. (7.6) where s contains iterated
quadruples y,yey,yeyey,yeyeyey. Shifting subsequently
cubic/quartic roots ={ex, €k+1, €wsz, k00 or ico} the
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Euclidean norm of a quadruple Nm(E,) of real algebraic
units Eq with Ese’e”’=1 exhibits invariances. The
Euclidean norm Nm(E,) differs only by a rational factor
from the Bezoutian or Hessian B(t,z)=(F(t,z),F(t,z))=-
%H(ps3) [29]. World-points  X*(f)=(1,-f,f2,1)=Xgn(f)
depend on 6-16 hyperelliptic theta functions
aghy(UHV)T B gy (U-V), v gny(U+V)I Sgn)(U-V)

eggn(u+Vv)I fignj(u-v) in space of characteristics [gh] [34].
Hyperelliptic orthogonal substitutions og(u+v)TBgry(u-
v) are four-component linear forms (o) with 16 matrix
elements Tj;y=+1 where five linear forms (op) also
constitute general elliptic theta functions gy (u). In FZU
inert characteristics [gh]={0,1} are iteratively resolved in
K[o]. Units &(w, VA) = ez @@ +1)-%in2 —7;((122;))) in
N[VA] where E" = 14£3(vA) are independent on the
actual period ® where Nm(f(NA),KK)=2 for h,=1. Besides
modular units g(aw) sixteen hyperelliptic half-periods
[gh] are inert which determine mass ratios in a quadratic
equation for K(X). This f-parametrized hyperelliptic
equation is X(fi)jX(fi)=S+gn1(U,V)S-gry(u,v)=0 which is
set in context to nontrivial zeros z,. A y-invariant
derivative exp(Jy|2(ch)*Dn?)3(u)3(u’)=0 is set in context
to an amplitude representation &(z)y=exp([dsA(s)) of the
Riemann zeta function {(z) [35]. Poles of the amplitude

g(aw) = AV12¢=all8lawg (g 1) = AL/12— [ av (W, L)

are zeros of &(z). For f{w)-points ¢ and h in ¢3(c)=0 and
¢3(n)=0 and (ch)*=G(ys)GWs)I ™ [1,7,D, 1G(w) G(ys)
in invariant derivative a quadratic map implies to replace
us-derivatives by Dirac matrices v,. Instead of a Lattés
map au+b which in case of o=2 yields a complicated
quartic map only Poncelet involution with a=+1,4i is
regarded. The invariant derivative Dy, in |y|(ch)*Dy? is
related to certain values of the Weierstrass zeta function
{ as shown below. Then a square of the invariant
derivative Dy can be captured by a vertex function
Ty, v,Dy] giving S-matrix-like
exp(|y[2(ch)*Dy?)=exp(/dsA(s)) with boson-propagator-
like D,,=[(,(] is. The poles of exp(|y/(ch)*Dn?) are zeros
of X(NjX(f) giving points on K(++,1) and W(g@+++). The
exponent is a time-thermal rate Ryqq- of y-0rbits

f (VAR —Y(d2)f(VAW)

where simplest cycles q=s are tidal motions of
four points crossing two lines. Then rational values a in
g(aw) are inert whereas periods o fluctuate like a
hyperelliptic period matrix as a variable elliptic period.
Modular units g(aw) are modular-invariant Weierstrass
sigma functions known from quantum Hall functions
[36] [30]

4.1)

with e—0, independent n[{]= {(®/2,0), half-periods o=(w1,02), av= i1+ a2, {(V, w) = {(V, w) — Wi — i
Denoting Klein functions k(o) by (a;a2) a square of the Dedekind eta function n%(w)=w, €.g.

20 — _ (#20)(%20)(%20)
N°(9) = Zoy0 B o

leads to a number of ® representations in terms
of the modular group I'(N) [30] [31] [32] [33] [37].
Iterates cumulate a congruent memory of universal

covering oniil B, xwy of agroup G, e of the order 22°
also for hyperelliptic characteristics [gh] (see Appendix
2). This is in accord to a maximal number of fermions
states embedded into a congruence 22°,22" =~ GZ* [1]
[38]. For iterated periods o a chosen value ae Q?depends
on values of the differential operatora—au on a hyperelliptic

surface like periods vsp. Fora prime p = 1 + % one has
pN=~e¢ for g&N >1 with prime-counting function

gutv)gu—v
g2 ()
leading to the Ag? relation
e(u,17/7av)

P(u) = P(v) = [T} (~e(r)) g™ = 0

e(u,v) =

4.2)

n(p)=(1+g/N)g/N quadratic in g/N and e(g,p") =
g
(1—117” ) =~ ge~9 independent on N—oo. The concept is
to search cyclotomic units within the elliptic addition
theorem g, — 0, = % Three cases ry.=1 (A#-3,-
4), 15=2(A=-4), 1,=3(A=-3) and g(1)=1%1%, g(2)=1% ,
£(2)=1" yield invariant Ag? relations with g- function
_ pa \™ .
P(u) = (e(rA) m) [14] [39]. Quadratic (r=2) and
hexagonal (r=3) yield P=~g? and P~ The elliptic
analog of the correspondence n(w) and 1-1% consists in
replacing &(g,g.,) by

4.3)

(4.4)

which generates a cyclic field with PIB 1, 0, 02, ... where 1 ~ ]_[rM ~ Hr_r,M

5. AXES OF STABILITY ANALYSIS
Stable orbiting laps are defined in terms of a
stability analysis around axes e.g. Ye=Xg in a Feigenbaum

pW—pv) eu(rnv@n)

diagram. For a definite elliptic curve Xg, y¢ should be a
y-invariant for e.g. vanishing Hessian H(¢3)=0. The 2x2
matrix of four points in universal covering space u,-U,=o
(1=0,1,2,3 ) reads for inflection tangents §{;,045%, =
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6{3,0§0%,. The inflection tangent dF(Xg,yr) is a constant
tangent Ax/Ay in x-y-plane of three points 1,2,3.
Simplest cycles of y(¢3) around a given inflection tangent
g) =4 possible
elliptic curves of a hyperelliptic quartic yield 4 possible

stability axes dF.(Xeyr) between pairs (1,1%),(1,2°),
(2,1"),(2,2°) of tidal points 1,2,1°,2’. For Dirac matrices
y* the Dirac-like equation reads dFm-irys”s,lpirSr =
md;;1 ;5. Laps and k-component dynamics X(yef),
Y (yof) in K[0%,{1¥™}] on Kummer and Weddle surfaces
capture also different axes (Xg,yr) as a 22" -polar ball of
fusilli-like invariant strings in space. Inflection tangent
quadruples (8xu, du, d, dg) are singular 4x4 matrices
suffering SE(3) steps, unimodular aperiodic quaternary

dF(Xeyr) yield a bi spinor ys. But (

000 1
1 0 0 —(N+1)
M@={, 1 o N
00 1 as

continued fractions (M(a)dF,; —dF,;, 3-3 aperiodic
bifurcating continued fractions and 2-2 periodic
continued fractions (see Appendix 3). Cyclic bifurcation
in the cyclic regulator field allow a fast composite

22 number  theoretic  transform  for quaternary
unimodular collineations. One-periodic vs, and Abelian
quadratic fields of continued fractions are compatible
whereas Hermite’s problem of expressing cubic
irrationalities treated by ternary steps is non- unigque and
open [40]. Continued fractions are capable to create a
tower g(aw) —e&@ of modular units and Legendre
modules A— ¢ in inflection tangents dF,, ;=(8xu, du, d¢,
dg). Permuting first and third row in quaternary
collineations M(a)dF, ;-—dF, ;-

G.1)

one gets continued fractions M(agi)) mod N. Periods vsy are set in context to 2-2-dimensional k collineations

Zi:l,...,k(_l) : Hj:zi,...,zk M(a§‘))

1
Hi:l,...,zk M(a;) = ( )
0 [Tiz1,.2 M(agl))

(5.2)

Tangents F,; of simplest cycles Fy, « (Fx41—Fx+) — NO6F + a3Fy 4 = (Ax—N)SF + a3Fy 4 constitute y-invariants 1 =

Fr+1=Fk+2
Frt+2=Fi43

giving an approximative collineation M (a) - (1—1)g?(u) @ <(1) 1 )

as

The tangent dF(xg,yr) is capable for a quadratic stability analysis of steps around zy.1, zx

Figure 2: Iterates y as steps zk+1, Z« around an axis dF(xr,yr) of a given inflection tangent

Periodic collineations of continued fractions
and fixed points of Hermite maps are mutually
dependent. Collineations of {u- C}, {@p-C}, {u-g} pairs

as periodic continued fractions (CF) 17((1) al>
3

correspond to y-fixpoints. Hermite’s problem of
expressing a cubic irrationality 0 in terms of periodic
ternary continued fractions is unsolved. Iterates of
A=hm/m+%: converge to Am is ys- and mass m- dependent.
Period-3 addition is congruent to 3u=0. Equianharmonic

T.(x)=cx:xely,c(l1—x):xel]
and Cantor string zeta function
{(23,1) = Bnen2" 3~ 01N

Congruences modulo 22¢ yield a circulant
matrix as a polynomial with cyclotomic coefficients a(l)

a(l'/H
in the series ¥;¢cs(1) a(l) = Hes Xumnggl v/ cs)'

2l—2

elliptic curves estimate ¢ for points aw in A= 1" with
periods 5{(1,0), (1,1), (1,0), (0,1)} (w1, m2)= %{(1,0),
(1;'2)3 (1,2)’ (051)}((1)1; (DZ) or 1/3{(1’1)5 (1’_1)1 (110):
(031)}((1)19 (DZ): 1/3{(191)9 (192)9 (190)9 (091)}(0)19 (»02)
leading to a=% (F1, F2) (w1, ) in terms of half- periods
oy and o, [41]. The cross ratio A= 1” depends on 8
nontrivial combinations of ®; and w; fractions for four
parameters us. A Cantor set results from ay.1=Ts(ax) on
10=[0,%2] and 1:=[*2,1] and initial condition ax= {(2,3.k)
from tent map T [42].

(5.3)
(5.4)

This is like a time-thermal rate Ry with occupation
number ﬁ of states on a circle where coefficients
a(I’/Hcs) consist of a bilinear expansion of .
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6. INTERVAL DIFFEOMORPHISM

The hyperelliptic Lebesgue measure p(dx) for a quartic
polynomial is [11]

dx

Hn(dx) = 2=

compares to that for the logistic map
dx

dx) = ——
pi(dx) - rl—x)

A hyperelliptic measure with deg ®(x)= 4 is
directly related to Jacobi theta functions 9(u, L ) for
quarter periods K and K’. The Lebesgue measure p, and

d
Jy pn(dx) = [ ==

A general Riemann surface with cardiods is
reducible to flat space. Accordingly, the Euler- Poincaré

characteristic vanishes y(L,,) = wif(sc’\w (L) =0

1

x(Ly,) = (—D%d;...d,duy A...Adu,, Adiy A...AdU, > 0

The general Riemann surface is a bizarre
ensemble of plants, trees and coast lines of infinite length
but of vanishing volume. Accordingly, one hast to resort
to Hausdorff measure and Hausdorff dimension.

7.  INVARIANT RELATIONS FOR
LEGENDRE MODULES

The claim of convergence from A to & for
infinite k-components yields a complex charged current
for w<4 A:=An/m+¥%2 with 1,;, = YA s’ Uy’

¢y =1 —ury(f(w))

which justifies iterated Hermite maps y(¢n) for
certain parameter p which have been calculated in [44].
o~ changes

6.1)

(6.2)

w differ by K/n with quarter period K. A map on unit
interval xel=[0,1] as exactly solvable chaos is [10].

(6.3)

with first Chern class ¢;(Ly,) = X, d; du; A diy;
leading to the alternating w-form of a line bundle of type
{ds,...,dw} of a lattice with periods w,, in w-dimensions
[43].

(6.4).

with (2nA%-as1)—0 and a real current for w> 3
where A—0 due to a map y(®)of(w). Fluctuating line
bundles L, for quadratic Hermite substitutions y(¢s) in
fields K[0] and K[6%] change f(w) by the trend 4q%“ " =
Ay for doubling @—2w which is f2#~2%/)—o0. This
explains complex values of the Legendre module A near
Nm(f(w))=2 for h,=1. Invariant equations j*(w) =
_ f24(w)—24
r2(0) =0~
for certain degrees ry=M(w) of f(w) e.g. for N=3,8,24.
Then a cubic equation exists for

(7.1)

recover cubic equations ry3-y,ry-24=0

5-(N — P Hretr and
F( ) Hi+1=Hic+2

Computed values 8¢(N) and or(N) from work [44], are
compared to the product §pa2

(XF(N):-Zk/ZZk.

Table 1: Relation 8a for transformation degrees ={2-8,10} from [44]

N ) ap | bpat
2 | 467 | 2(25) ] 29.19
3 |6.08 |193 22,64
4 | 729 |1.69 20,82
5 | 835 | 156 20,32
6 |93 1.47 20,1

7 1102 | 141 20,28
8 |10.95]| 1.36 20,25
10| 12.37 | 1.29 20,58

The invariant product §za? is set in context to
an invariant Ag? as a CM property [45, 39]. Being
invariant, it stands for an interaction-independent mean
vacuum density in the universe [1]. A regular map as a
quadratic test of a cubic equation is possible for nine
ha=1-fields. Then appearing periods vs, enable nine

elementary fermions. Period-doubling coefficients cy in
z—7?+C and §g=1-8IndxCx correspond to cubic roots exe
[0], K[&"] of a sextic polynomial on K(X) and W(Y).
Period-doubling relates to doubly-periodic addition.
Treating cubic roots as addition steps of quadruples roots
at k—k+1,k+2 are y(®@)oXy—Xks1, Y(P)oXkr1—Xks2. The
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equianharmonic value exp(we)=~4,61 with omega-2
constant w, is close to §p = 4,669 where

1

3(=
we = F4—7(13) = 1.5299

(7.2)

A quartic polynomial for adding points u,v,u+v for symbolic invariant A3 = A3 corresponds to an
equianharmonic conjugate logistic map. The expression of A in terms of theta constants is

_ 9%4[10]
94[01]

(7.3)

Being 1” for equianharmonic curves A can be rewritten in terms of modular units g(aw). For period- doubling
{a}={a10,801,811}="2{(1,0),(0,1),(1,1)} it is a quadratic transformation of 9(u). Then A[g(am)] with a=(a;,a;) € Q?yields

Ag(aw)] = e4@oTi[flajgw—ao1M[{lao1w) ~ Tillwe

which yields 4,61 for n[{]=1 Powers of the
Dedekind eta function n2N(w)=IIpks(w) are T(N)
modular invariant [33]. The modular group I'(N) is set in
context to a one-periodic M([Ax] behaviour related by
periods vsn, Computationally one has py = ¢y + ¢, e’z
for the logistic map ¢,=1.530 which is roughly c,=~ .
[46]. The one-dimensional map induces world-point
dynamics M(a)X(f)= eS®X(H)—X(f) in terms of SE(3)
steps in C% which ranges from diffusion-like to a robot-
like discrete potential flow. Zeros of X()jX(f) are linked
to the fundamental theorem of hyperelliptic addition

(7.4)

[28]. The poles of the amplitude A(s) function in
exp(ly[(ch)*Dy?) )=exp(JdsA(s)) depend on simplest
cycles quadruples q=s. The bi-spinor s is defined as an
eigenstate or stationary state of the shift- operator
quadruple [1,0k,0k0k,0k0k0k]. Whereas equilibrium is
defined as elastic matter which minimizes action & by
3#=0 a bi spinor describes eternal non-equilibrium
states where matter is generated. The fundamental
theorem for a quadruple of steps g describes a number of
ok correlations ¥, 6 s, (u,v)s_(u,v) =0as well
orthogonal in characteristics [gh] substituted products

Y q Sk (gn (@ + VT Bign (u — v)) s, (w, v)s_(w, v) = X q 6k (X[gn] (W) jX[gn)(v)) = 0. (7.5)

Throughout equality signs are understood as the
assignment operator =. 16 hyperelliptic
characteristics[gh], gh= 1{0,1} as well %
characteristics as n=3 period transforms of simplest
cycles raise the fundamental hyperelliptic theorem to a
quadratic equation of mass ratios of elementary particles

dF i VasWirsr = M8iiis S(A) iy Vs Wirss = MSiPirs

Like a quadruple four rotational SE(3) steps are
equivalent to one collineation M(a) (see Appendix 4).

8. RENORMALIZATION

Spacetime is fluctuating doubly-periodic
lattices under dense lattices of cyclotomic units where a
quotient of elliptic units [Ty y, S0 ) oo

Ne(unronn) g% (un)

product over modular groups I'(N) tends to a invariant
MC)g? ~ 6pa2 with composite generator g% =
HNgz(uNl)
[N g2 un)
has MC[]]og]) =[IMC[dg]) [48]. Next to scaling zx=-
arZok Which leads to the renormalized equation (8.8) a
linear complex relation Y (4)CqZq=0 exists for quadruples
g. For a simplest cycle it reduces to

A Poncelet polygon contour C[[[3¢] in space

92 (up) (@(UN)_SO(VN))
g2 (p(un )~ (o))

1 e(unvn) il
N’NIE(HN/,UNI) NN

= g% A[6¢]

[47]. For ok shifted states ws={fq}={fi,ficr1,fis2, fira}
result from SE (3) joints M(a)X(f)= eS*aX(f) where
Siu(A,a) projects a quadratic term onto (fi,fie1,fis2)
around inflection tangent axis dF(1=1,2,3,4,s=1,2,3,4)

(7.6)

CkZk+HCk+1Zk+1+Cr+2Zk+2=0 With Feynman diagram series of
Zk+2[Zk]. In the limit of infinite cyclotomic degrees N—
oo one recovers a dimensionless vacuum energy density
2

Poac = S:_ZW with a  Hubble-like
Hyw=3kIng(aw). The k-component coupling constant G,
scales with generator as 22" For k=3 one gets first
periods vsh as a fraction 6-10* of pysc Which is equivalent
to the microwave background. For k=9 one gets the
cosmological constant problem [1]. An expected
congruence at k=9 yields the experimental value of pysc.
Fixed points of maps y(¢) o...o y(¢p) are generators
which replace a Dedekind eta function 1(z) in units g(u,v)
by roots of unity 12. With e(u,v)=g?(Un)(2(un)-$(vn))
one gets [45].

parameter

(8.1)

| © 2025 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India

[ 51 |




Otto Ziep, Sch J Phys Math Stat, Mar, 2025; 12(3): 43-58

Where @(un=w)=ei. The y-map is a shift of the
difference 8yei. For k' shifts §p°K = y°k(¢)dgp =
¥ (@) o...0y(¢p)dg0 the Legendre module reads A =
A(C[64°%]) = g?A(C[6]) on contour C[5¢] of a
Poncelet polygon. The g? factor creates a topological
entropy h.. By means of the symbolic map the
hyperelliptic addition is linearized in the complex
variable z=f(w). The exact quadratic relation between 9
and g or 3¢ where the elliptic g-function is extracted
from the hyperelliptic X(f)=(¢++,1) by a rotation of (1,-
f,©2) allows to set z,=9;~g(aw) where z.; ~¢. Values
zi=f(VA)=g(axei) on universal covering u=agwx relate
to simplest cycles most likely to a four-point contour
around an inflection tangent. Already the Legendre
modular function as a cross ratio depends on a 13-
segment contour C. Central to FZU and unified fields is
a linear relation cqz=0 of this strongly- nonlinear
problem. For linear expanded modular units

9(aqmq)=f(VA,) the product of g = (g) = 4 factors of
simplest cycles is called plaquette Uy

U =1, ec+e5(ag) gn (aqwq) (8.2)
where for cross-ratio powers ng=(1,1,-2,-2)

describe a 8- segment contour of A(C) which reduces for
simplest cycles of four points zx = Zy+3 OF Zk+1<Zk<Zi+2 OF

Fk+1 =8k~ Pr+2tPk+1
A=1+ ~ 1+ 6;Iné
( Pr+2=Fk+1 ) k 25

where

Sexen =¥V (¢3) © 5 (wi) =y (¢3) © Sey
are related to topological entropy

he(yN (¢3) = W ))hu(y"”(cbg))

Zk+2<Zy<Zy+1 of interval I(z,z’) where zy=gp(ux) which is
equivalent to three points zy zx+1, Zk+2 ON different sites
of inflection tangents. The 4-4 matrix M(a)= e5*? in the
condition ~ for  stability  (inflection  tangent)

detdFy;, [IM(a) contains modular units g(a) =

l'[ag(a)’ with dF“ﬁ’:(Bua du, dc, d[@) collineations
l-[al.g a

dFyii « dFyec1e™® « dF,;,M(a,) (Appendix 4).
g=4-components 9(uq) < o(ug) My (a) <
el v8®) gcagS(@ get non- commutative in
t S(a )
detdF,, = Jas@¥@ _ lkot@oets e
Marg(@M@) ™ 1 oo ytaeS(ek)

(8.3)
with cyclic matrix t, for an infinite number of
vsh. Steps y(¢3) as additions with nearly invariant Allg?
operate on a Riemann surface with zero self-intersection
number and zero Euler-Poincare characteristic y(Lw).
This w-dimensional generalized Riemann surface
formerly of genus w=1, ...,5 consists of non-intersecting
lines. Linearized world-points X(f)=ys yield Kirchhoff
equations for discrete Xy lines of a potential flow of an
ideal fluid. Having doubly-periodic cycles of entropy h;
and temperature T the liquid is a universal superfluid
state. Periods g split in a sextic number field [6*].
Minima of the Legendre modular function A=1-8h; are
shifts of topological entropy h;. For cubic roots (es, ez, €3)
=(px, Pr+1, Pre2) the Legendre module reads

(8.4)

as a supremum over Lebesgue measure (6.1) of metrical entropy h,

(M (#3)) = k(™ (#3)) =~ IR In6, (i)

(8.5)

which is related to the Lyapunov exponent A,. A chain rule in differential form is valid also over discrete k-shifts. Writing
a finite shift Sk as 6,9k = S8, (VN (¢3) © Pr—n) and §p°N = y°N(¢3) o 5 one gets [49]

he (1)) = g*he(re) and hu(re) = 3 T bep(@) = 5

2 (o @n)1) = 1= dche (v (99))

Topological entropy h; is optimized for a tower
of g(aw) 7N () 0 89 ~ g(ay)9@2®)" The k-shift
of the topological entropy h; classifies an information
current as density of generators and modular units.
Optimized values of A(h) and Gy(h;) belong to the
second exponential level of generators: A one-
dimensional supremum of N =g,f"+1 is reached at
constant (Qk+0k+1)(Ok-Ok+1) Where gi= g(ak®). The k-
process with N = e9k9k offers to attach the fine
structure constant [8]. An optimal quadratic map consists
in two steps. A quadratic map of degree 22" embedded
into bases z; ... z,x in 2¥ complex planes is projectable
onto w independent Riemann spheres. In distinction, an
optimal map searches a minimum of z.., + logg, 2k

N+ Iné e which confirms

(8.6)

which yields a power tower z;, — gi"“. Both maps are
compatible for a 2-power bases with generator gx=2 or
gx=3 if Fermat number congruences exits. Either g
powers of g=2 or g powers of g=3 are roots of unity for
the first four prime Fermat number F.. Congruences are
expected above [M| which is the number of elements of a
Monster group M with respect to the elliptic invariant
j(®). Subsequent maps ¥ °N (¢3) change the integral base
(1,0,0%) of the pure cubic field K[0] or K[&%] with
discriminant 4., = ¢34, [29]. Then the invariant
polynomial ¢z represents the index form I(¢s) where
dety(ds(t))=¢ps=1 covers possible integral bases [50].
Feigenbaum renormalization consists in the assumption
of scaling zx=-arzx of the doubling component where
z=z°¢ and z°% = —apz°%* yields -org(g(-z/ar ))=09(z)
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[51]. This conjecture is equivalent to a a cyclic shift of
Zk1=0g2x and zx=g z« for a definite generator g as a root
of unity. This paper relates the second Feigenbaum
constant or t0 @ generator as a universal congruence.
Periods vsp appear if [1,8,0k0k,0k0k0k].contains a linear
relation.

CkZk+Ch+1Zkr 1+ Chw2Zi+2=0 (8.7)

between 1,6k and dkdk. Accordingly, a linear
relation between three functionals is irreducible, e.g. for
the Dyson equation of G,Go,Z of Greens function G and
mass operator X or for the Bethe-Salpeter equation of
P,Po and = for polarization function P and vertex part =
where eq. (1.2) indicates the importance of y for quantum
statistics

(e =y yo [ ey (ren) (8.8)

Consistent with spinor definition by &e=(5x)?> a
renormalized invariant f(w)—g(z) obeys quartic
polynomial.

9. CURRENT DENSITY AND VACUUM

ENERGY DENSITY

The proof that zeros z, describe charge and
mass is simple. For §(zy)=0 , A=z and Ap&(z)=0 with
An=y?Aq= ImA?A,, one gets the screened Poisson
equation  Ay&(z)tmé(z)=p(Imi-m,)  where the
hyperbolic Laplacian defines m, slices Imz,=Imi=my.
Subsequent y(¢3)- maps yield &(z)=0 =L(z,x) &(z)=0 and

Ay (L(z,0)&(2)) s L(z,0)&(2)=pe(ImA-my) ©.1)

A phase transition where the susceptibility
vanishes yields poles in the amplitude A giving &(z.)=0.
where the exponent can be

9(v)

S Jip 40T (W) = S [, dted] ) 0,3,h) =8

Lagrange parameter y; describe screening and p, charges
for a continuum of maps yz. But a continuum of y-maps
is a regular chaotic map. For proportional shifts dy,~dkdk
of periods one gets dg=1- dkIndxw in case of CM where
o=f%(®). Accordingly, ® ~&cw leading to a Gaussian
distribution with standard deviation of &g. Therefore,
Hieb’s conjecture is related to the definition of charges.
The invariant relation for Legendre module Ag? is viewed
as a mean density of additions on elliptic curves as a
vacuum energy density for various densities of 1/R,
algebraic units. In the limit 1/Ry—o0, i.e. Ra—0 the
number of roots on circles is sufficient in order to define
a point. Fermat congruences define w imaginary units for
rotations. Faster inner shells end up in in a resting bowl
which defines a point. The module A, =Aw/Mm+% is a
Dirac-like current density where A'=2%f*(w) or
(Myum/M)>Y4=2%/F and Ay, = Wy Aymqq’ Vg @nd a linear
relation c4z,=0 transmits to c4Aq=0 for simplest cycles
quadruples. Poncelet involution i(u)==ou+p with
a=%1,%i is transmitted to an involution i(A) on inscribed
and  circumscribed  contour in  A(C(ijkl)) =

exp ( Leorcan dvc(v)) = [Tiju(ijkl). The product
over cross-ratios (ijkl) is independent on the path
between contour endpoints and is capable to describe a
potential flow. Indices are ieP?, P3, p,veR>!, s=1,2,3,4.
A stability to iterate near four tangents dF,(XrYe)
around four points K(X,) is supposed. A quadruple of
steps gq=k,k+1k+2,k+3 in g, H(Slw is supposed to be

stationary frozen for all laps I,. Then shifts &y are
1
independent fields in S-matrix A(5C) = elo 45(®) =
eZiowi o at(tv,0p) yith susceptibility
6](11'16]{17 A‘U

» 1] = 1 - s, <~ o 1. -7 .~
1R Eo0) =14 S o0 ~ T B
S = Zk,qq’(‘skw)Rk,qq’g(l'm'Rk.qq’)(‘sk((w'“)k))

9.2)

with & and € in N[VA]. Like in quantum statistics one gets a mutual current density-vector potential and vector
potential- current density dependence which allows an action functional representation of A

A= Tliexp ( f, dvs (w(v,wi)) + mdetdFy, + po(1-Ug) + u3x (L)) 9.3).

Four stability axes in the s - symmetrized
determinant (9.3) wdetdF,;=0 is equivalent to a
scattering amplitude of four potentials and 8 bi spinor
states. A plaquette Uy term p, contains doubly-periodic
® with one-periodic vgh. It is claimed that Sharkovskii
periods are locally roots of unity exp(ivsnz) which holds
for four stability axes of four-dimensional superlattices

d . dK _ .., d’K dK _ K ,
aﬂl ﬁ—/lﬂ d7+(1—21)ﬁ—z+[l1¢3(1{,1()

by CM is discussed which is a cubic term
d3(K,K’) of quarter periods. CM implies a fractal
behavior where quarter periods K, K’—39; get itself theta
variables which occurs in a superconducting phase

exp(iv,z,) of lattices of algebraic units. A vanishing self-
intersection number by Lagrange parameter ps can
possibly be arranged as a potential flow in the absence of
radiation and dissipation which is one condition of
superfluidity. Next a phase transition in the exact K())-
equation [14]

(9.4)

transition [24]. Subsequent self-similar iterates K,
K’—9; of tori within tori by means of a map y(¢3) on
KX(f)) and W(Y(f)) satisfy the y(¢3)- invariant
hyperelliptic addition X(fi)jX(fi)= Ss+gni(U,V)S-gni(u,v)
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where X(f)=d?3(u+v). This is because y(¢s) forces CM.
Zeros of bifurcated hyperelliptic theta function 3(u+v)
are set in context to non-trivial zeros z; of the Riemann
zeta function {(z). Because A relates to a current dA in
(9.3) is also related to coordinates. A phase transition to
cylindrical coordinates around a center A=~z Yyields a
winding number N;=TTF; between w-shells of i ~ N7 ~
1.84 - 1012 being the definition of Planck constant 7.
Surface tension o is related to topological entropy
hi=In2. The winding concerns laps I, of orbits in

Ky — 02(1-B*2*)K,, = 0

L _ Ny d
Derivatives - = ~t s + AW Luyen)

reproduce a Schrédinger equation. Inserting the second
derivative K** of (9.5) into (9.4) one gets

(1=2D)K' + 62AX' (1=B2A2)K — py AV (K, K) — uK = 0

Polynomials of (9.6) of up to degree 11 in A are
reduced by a quartic polynomial of the Jacobi theta
function and by ¢4(A). The iterated equation displays
modulo  $4(K,K’) a thermodynamic potential
$3(K, K )modda(K,K”)=j,A,=Q and w gyro twist shells
QW:J.dGSjWAW

10. CONCLUSION

Optimal variables of the quadratic map are
superpositions of zand Inz, are cardioids and superposed
bulbs which depend on three Lagrange parameters, thus
explaining the Huygens-Fresnel principle. Subsequent
optimization yields a tower g{"gl of generators which
competes with periods vs, which requires a maximal
general Riemann surface C°® to search for pseudo-
congruences. Analogously, periods vs, are treated as
general complex number in a Kummer theory which only
locally allow roots of unity exp(ivsnz) [20]. An optimal
regulator R, (2.1) in the L- function consists in
cyclotomic units in a number field extension of a cubic
field. Modular units g(aw,) combined with Poncelet
involution i(u)=ou+ with a?=+1 by multiplication au
with a=+1,+i survive period fluctuations on universal
covering u=aw. Poncelet involution is an addition step
and a Poncelet polygon consists of simplest triangles
u,v,utv. A fractal set of quarter periods K=9; is
implemented in every elliptic curve. It is equivalent to a
phase transition for a cubic/quartic K(A). The
normalization K=§¢ stands for a charge or flux
quantization in quantum statistics in [24]. Forced CM by
eq. (1.2) is equivalent to addition as an exactly iterated
chaos. The second Feigenbaum constant o iS equivalent
to a generator g(aw) as a mean cyclic shift. The relation
Sraf =invariant relates to a stationary addition process
on fluctuating elliptic curves where A(Cn)g%(am)
=invariant holds as an invariant dimensionless energy
density. Iterated curvature forces complex multiplication
ofelliptic curves. A tower of modular units g(am) shapes
gyro twist-like hypersurfaces (w<5) in w-dimensional
complex space C%. Cycles on C¥ yield invariances of the
product of both Feigenbaum constants in agreement with

Ok l'[(Slw of a non-turbulent potential flow near fixed

points of y(¢s). Formally, a Heuman lambda function
A*(u, VL )=8/6u95(iu, VA)=mu/KK +6/6u4(u, V1) exhibits
a plateau for the classical value K—0 where the
discriminant vanishes for Jacobi theta functions 3i(u,V2).
Self-similar steps K(L), K’(A)—9, are self-reproducing
cubic terms of (9.4) modulo a quartic ¢4(K,K”) where a
prime denotes quarter periods K,K’ or a A- derivative
where [24].

(9.5)

(9.6)

computation. The linear map y(¢s) in a bicubic number
field predicts a bicubic norm of a bi spinor field which is
a quadratic norm multiplied by a coupling constant valid
for all interactions.
Appendix 1: Period-Doubling as Doubly-Periodic
CM Points

A general quadratic map F(t,z) in Section 3 is 4-
parameter-dependent whereas a Mandelbrot map z,.,; «
z2 + ¢, on period-doubling ¢, depends on a single root
c=e~p(wi). Optimal units in L-function (1.1) and
regulator (2.1) behave as a tower g;%' = g, 92" where
already a base 2 exponentiation is ultrafast. Only for a
square number gJ3 series of vanishing Gaussian periods

exists, i.e. for k=2,4,6,8,10 in 22“ which are related to
interactions. In distinction, periods vsnappear as slow 2%
components related to particles. Local curvature z of a
self-similar bifurcating spacetime tree is encapsulated by
L-functions as a Lovelock-like Lagrangian of elastic
spacetime in nontrivial zeros of the zeta function.

Legendre module A(C) =% and Feigenbaum
k+17Ck+2

constant &y = —<"**L  are formally equivalent

Cr+1Cr+2

comparing period- doubling Mandelbrot parameter c,
with cubic root ex. Elliptic curves cycles obey a zoom
property because the square of the Dedekind eta function

1/24

n(w) - ey (212

modular and y(¢3) is scale-invariant [52]. Then units &
(o) in N[VA] — K[0]K [8]K "[8] of simplest cycles (bi
spinor) have a four-component complex bicubic norm
K[0 *#] for power integral bases of periods w=(f(w),
£(0), f'(0)) in K[0] or K[6*?] of four & iterates. [53]
[54]. For Hermite maps y(¢s3)°f(w) the index form is
I(ps)= 32 Equivalent number fields K [2] or K [¢0Y]
demand ¢s(f(w)) =1 for index form [50]. The aim of the
paper is to explain a bi spinor state as a four-component
state of simplest cycles of quadratic maps within a sextic
number field K[6Y?] with a cubic subfield K[d] of
VK(X). Monogenic fields exist for index forms 1(¢)=F1
[50]. Periods o result from a stationary folding process
0 « 8w = (1—-2)82w. The shift-operator Skw=ck+1 @k

in o1TIN%(wk) =fA(wy) is
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is nonlinear. The Lattés maps as u- doublings yield a
quartic with higher complexity
(@7 +%92) +2030u
2u) = L g2 Ot
#(2u) 4035~ 920u—03

(AL.1)

¢3(f(VA) = F3(VA) + 2Ef2(VA) + 2Ff(VA) +2 =0

even if o(2u) [o(u)] is rational for g,=4, gs=0 or g,=0,
gs=4 [26] [18]. For hy = 1 invariants y, = 3/j =
f24(w)_24

(o) € N are reducible to a cubic polynomial [52]

(A1.2)

with integers (E F) = (0,0), (1,2), (0, -1), (1,0), (1, -1),(3,2) which results from ¢,=F*(\A).

—3+V/A

G + 72 () b3 - 2° = (P3—4AP3+8BG,—2*)($I+4ADTH8B D, +2%).

My(awg)
l'[gia'wkj
invariant for certain modular units (4.1) [30] [31] [33]
[32]. The folding process mk:+1 <k Creates a 2-power

tower 2 . Cycles contain generators as roots of unity

Periods  wp4q = % (wy) = are

q= 1% = g2 FInAy+22"KIn2

Rational points on Kummer surface K(X) and
W(Y) are calculated by a folding and taping process
which is equivalent to quadratic iterates. Iterates Ky[Au]
on C¥and Ky.1[Aw1] on C*1yield a string sequence u[K,,
[Aw[ofu, Lw[ Kwa[Aw-a[...1111]]] with cycles expressed by
modular units g(u=aw) (aeQ? which depend on
fluctuating lattices of units {I}. The generalized principal
ideal theorem of CM predicts an equivalence Ang?(a,lL)
~ §pa? if a generator or a number theoretic transform
exists for a tower of modular units.

k
with f”2 (w) =1 . Formally, the iteration index k can

be set complex k. A generator b2 exists for first four
Fermat number congruences b=3=2 with geometric zeta
function as a Cantor string {(2,3, z) [55] [27]. This power
tower corresponds to the nome [14]

(AL.3)

Appendix 2: A Cumulated Group for Weierstrass
Relations

Weierstrass relations are connected to spheres
which transmits also to hyperelliptic addition. A six-
component spherical triangle of arc length a, b, ¢ and
angle a, B, y can be addressed by three four-component
parameter VIRV (1=1,2,3,4) where
tan(¥amea,)=iexp(v,) and tan(¥2moa,)=iexp(w,) with
a,=(2m,a,b,c), 0,=(2m ,0,,B,y) and matrices S and So

(A2.1)

where.

S =diag(—1,1,1,1)S, is a third root S°=1 and S is a second root S = 1 of
1 -1 -1 -1 1 1 1 1

mp=wl0 1 1 1fg it 1 -1 -1
o 1 -1 1Y 211 -1 1 -1
0 1 1 -1 1 -1 -1 1

Rotations of 3-4 parameter (u,v,w)=(1,5,5?)u=(X,Y,Z) with matrices. A sphere S?is related to three four-
component variable (X, Y, Z) in Weierstrass relations s(u)+s(v)+s(w)=0 of elliptic theta s(u)=) 3(u1)9(u2)9(uz)9(us) [56].

120 possible products of hyperelliptic theta 9;,4;(u) of characteristics [g] = [5,] € F;

2*s[g](v) = X(—1)™Is[h](w)
where

(A2.2)

s[glw) = (D)D" 911 )04y W2 )] g 41 (U)O[ g — 1] (44 (A2.3)

appear in 15 groups of 8 species [57]. Within
one-periodic units (vsp) of doubly-periodic fluctuating
congruences ok the groups of characteristics [gh] have
the highest degree of inertia. Inert [gh] groups are
associated with particles in [47]. Invariances of (A2.1)
with respect to adding Bo=Biw:+B,m; in (Uy,V,,W,)—
u+s(1, S, SH)B,o yield 28 possible substitutions
B,€{0,1} as elements of a group Gase [58]. Iteration
Appendix 3: Elliptic Addition
Three points of zx=p(u), Zx1=p(v) and zx.2=p(u+Vv) where

P2 =d3(2) = X1, (?) ;237

f(oks1)  <y(d3)°f(wx) changes universal covering
(U Vo W,i) because of CM oxere—TIn%(wk) =f(wk).
After 28 steps elements of the group of order Gys6 are
traversed. Iterates cumulate a congruent memory of

universal covering of Ziil B, xwy of agroup G,e of the
order 22° for characteristics [gh].

(A3.1)
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yield [41]
2
VP3(z) 1 P3( )
Ao (Zk+2Zk+1t2Zk42) + 301 = (%) (A3.2)
For 351(Zk,Zk+1,Zk+2)=Y Zk, 352(Zk,Zk+1,Zk+2)=) ZkZk AN S3(Zk,Zk+1,Zk+2)= ZkZk+1Zks2
4[a053+a3][3a051+3a1] - [3a0$2_3a2]2 = 0 (A33)

Roots kk+1.,k+2 belong to simplest cycles q of y(®3)zcin polynomial @,(z) = X3, (?) Si(Zk Zks 12k 42) Z2°7F . FOr 54 =
45155 — 352, sp=1 and symbolic s; - ¥$7i¥% and a; = A}~ AL one gets

4 4 P
& () = Sho () aisi = Tho () At A3 3h = 0 (A3.4)
which is equianharmonic a, if
apa, —4a,a; +3a3 =0 (A3.5)
1
For 5,=0 leading to 6,=0 one has y = jzgz = (—4)3 A=1” with
141
44,3, A333 + A3%5 =0 (A3.6)
The inflection tangent condition reads [59]
1 __ 7! r__ 7l 1 {1, 50,1 3
FO =278 ST0l=l ¢ py= ittt g (A37)
62 - - 951952903

RS F O =
where {=(uo-Ui), pimp(uo-Ui), =91 (Ui-u;), 3=91(3uo-u1-u,-us), For finite differentials of differences with uo, &, g0 ONe
gets for a simplest cycle g

1 0 0 0
1 du ddy dgy
dF, 1 =~ =0
au 1 dugyr dleyr dPrsr
1 dugsz dlpsz AfPk+2
or
1 dug ddo dg,
1 dwu dle  dfy
dF, i = =0
o 1 dugyr dleyr dPrsn

1 dugsz dlgrz dPp+2
In N[VA] units &g homogeneous g@(u)- and {(u) functions (u,m)—(gqu,gq®) yield for column 1 replaced by Mqdug
Modu, €odug g5 'ddo g52dgpo |
M, duy, e duy, e 1dgy e 2dgoy
Miprdugsr  Eee1dprr  Ekp1dlesr  ExirdPrsn
MiodUpsr  Ekiallrr  Ei200kh2  Eit2Prsz
(A3.7) vanishes if units gq satisfy a cubic equation M, + a; &, + aye;* + aze;* = 0 for various tangents a=(du,d(,dg)
where CM parameter Mg € C is forced by a cubic z and ® equation due to y(¢3). (A3.7) allows SE(3) transformations and
M(a) collineations for a quadruple of units &

qu,ii! = =0 (A38)

dF( xg, yg) = detFy;[[M(a) =0 (A3.9)

1+F(C,B[gh])
1-r( 1911, Bign)
a Cayley transform with skew symmetric matrix F(a, ) in [gh] space if detal B=1. The stability axis dF(Xg,yr)—
dFn(Xe,Ye) in (A3.7) depends on hyperelliptic ign(us) and g4, = P figni(@). The SE(3)- rotation matrix S(A,a)
depends on 16 combinations of characteristics [gh].
dF( xg, yr) = dFign(xF, y§) @gn(u + V)T Bgn(u—v) (A3.10)
Again, the quadratic map of (A3.8) as a continued fraction of 2x2 minors is capable for fixed points where My€ Q[VA]
(9=1,2,3,4).
Appendix 4: Transition from Robot Dynamics to Chaotic Dynamics

SE(3) steps of X=(g0.+,1)=(1,-f,f2,1) include unimodular collineations M(a) as continued fractions (n=1),

bifurcating continued fractions (n=2) and quaternary continued fractions (n=3)

0, O
M(a,) = Cpiq + (0 " aT) (A4.1)
nn n

with zero matrix 0, Of n rows and m columns, a vector a,=(as,...,an), a cyclic matrix Cp.; of order n+1 with 7+l =1,
Cn+1CE,; = 1 and its exponential map C, = e°+. One has [60]

cT .M _ 1n,n arTl — »,5(1,a) A4.2
n+1 (an)— Oln 1 =€ : ( )

An orthogonal hyperelliptic substitution ajgp;(u + v)fﬁwh](u -v) - € [0,£1] is SE(3) related e.g. by

ghl’
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an

A s . . o
forS(4,a,) = <0n L0 )satlsfylng S*— A2§2 = 0 where A s a rotation matrix in M (4, a) = ¢5(4.@),

With nilpotent Ny = — S(A?—5%) ( N§ =0 ) and idempotent P, = 1 —

1
A

52

1 — .
= Pr = ESZ(|A|+S) the exponential reads

eS = Py+ Ny + e 1P, + eMIP_where (P? = B,) for p=0, F. A collineation M(a) consists of four SE(3) steps eS*.

4

[1(G D)=

k=1

for a single skew rotation A=A where A%<0.
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