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INTRODUCTION

In recent years, the existence and multiplicity of solutions for boundary value problems for nonlinear high-order
ordinary differential equations, especially for even number order equation were widely investigated, and gave a lot of
satisfactory results on condition of the conjugate boundary conditions or simpler boundary conditions in papers [1-4].

In present paper, by constructing the correction function, we investigate a kind of boundary value problem of
nonlinear high-order differential equation with different boundary conditions, and based on the theorem of Krasnosellskii
we obtain the existence of positive solutions for it.

Preliminary Notes
In this paper, we concern on the existence of positive solutions for the following nonlinear higher-order boundary
value problem

D"y () = f(x, y(x)), 0<x<1
y(0)=0, 0<i<k-1 (1)
yP(1)=0, k<j<2n-1

where N >2,1<k <2n-1.

We assume that
(H,) f € C([0,1] x[0,+o0], (—o0,+0)) is continuous and nonnegative .

(H,) IN(x) € L'(0,1),N(x) > 0and0 < || g(s)N (S)ds < oo satisfying

f(X,y)+N(x)>0
when'y >0 forany X € (0,1).
Let | =[0,1], E =C[I,R], then E be a Banach space with|| U ||= max [u(x)].

1
In addition, we introduce space L"[0,1] with norm|| u ||,= JO | u(x) dx.
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Theorem
Let B be a Banach space and K < B aconein B, and Q,, ), be open bounded subsets of B with 0 € €2,

STI c Q,. Assumethat @ : K N ((Tz \ Q) = K be a completely continuous operator satisfying the condition
0 [|oy]| <[] y € K "oy, |@y|=|y]. y € K noL, ;or
(i |oy] 2 [y] v € K ~ag, Joy] <[y, y € K moe,.

then  must have at least one fixed pointin K M (Q, \€2,).

MAIN RESULTS
Theorem Pl Let G(t,S) be Grenn function for boundary value problem (1), then

! jsu”’l(u+x—s)”’ldu,0§ssxsl

cpxe= T

[((n-D'F°

I u"t(u+s—x)""du,0<x<s<1

with

n-1
a(0905) $6(x5) < A | T g E st et
X X"t 1 o
where C{(X):z _ = ,g(S):mS .
Lemma
For Grenn function for boundary value problem (1), we have
1 -1
G(x,8) < —————=,G(x,5) S ————a(X) ©)
(-1 [(n —1)']
forany X,$ €[0,1].
Proof
We can easily obtain G(X,S) <g(s) < ﬁ
1 S on-1 n-1
_—|2J.u (U+X—S) dU,OSSSXSl
s DT
I u"tu+s—x)""du,0<x<s<1
[(n-D1P*
1 X na 1
— = [x"My=— " x"0<s<x<1
e XY gy 0=
- 1 X 1 X
- dy=—-— 2 0<x<s<1
o7 Y e a0
X ~2n-1 a(x)

< =
[(n-DT  [(n-D'F

Lemma
If y(x) e C"[0,1] satisfying the conditions as follows
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(-D)"y®(x)=h(x),0< x <1
y(0)=0,0<i<k-1
y(@1)=0k<j<2n-1,

then we have Y(X) <|| y(X) || @(X),0 < x <1, where h(x) >0.

Proof
By theorem 2.2 and lemma 2.1, we get

Y00 I max [, (x,9)h(s)ds < [ g(s)n(s)ds.

and so we can obtain

Y(x) = [, G(x,)N(s)ds > () g()(s)ds 2] y | a(x) .
Lemma
Assume that (H,)and (H,) hold with (x) € C"[0,1] satisfying

(-D)"y®(x)=N(x),0< x <1
y(0)=0, 0<i<k-1
yP(1)=0k<j<2n-1

that there exists a constant C such that @(X) < Ca(x) ,where N(x) >0,0< x <1,

Proof
Forany X €[0,1], From Lemma 2.1, we have
w(X) = le(x, S)N(s)ds < (2n-1) IN |, @(x) =Cea(X).
0 [(hn-D!]
2n-1
where C = m ” N ”1

Forany X € | ,we define the operator correction function as

f(x,v),y>0,
F (X y)=9(x,y)+ N(x), g(x, y)z{f(():( 8 3:0

In this paper, we concern on the modified boundary value problem
(-D)"y@V(x) = F(x, y(X) —o(x)),0 < x <1
y?(0)=0, 0<i<k-1 @
yPM) =0, k<j<2n-1

where @(X) defined by Lemma 2.3.
Lemma

If U(X) = y(X)+ @(X) is a solution for problem (4) with y(X) >0 for any X €[0,1], then y(X) must be the
positive solution for problem (1).

Proof
Forany X € [0,1],if u(x) = y(x) + @(X) is a solution for problem (4),then by definition of F (X, Yy),we have

D"y (x) + 0®" (x)] = F(x, y(X)),0 < x <1
(y+o)P(0)=0,0<i<k-1 ©)

(y+o)P@)=0k<j<2n-1
that is
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(=D)"y*(x) = f(x, y(x)),0<x <1
y?(0)=0,0<i<k-1 (6)
yP(1)=0k<j<2n-1

So Y(X) is the positive solution for problem (1).
Clearly, the problem (4) is equivalent to the integral equation

Y(¥) = [, G(x,5)F (s, y(s) - @(s))ds
We define the operator ®:K — K by
(@Y)(x) = [ G(x (s, Y(s) ~ (s))ds

n

We define the cone K ={y e E: y(X) 2| y || a(X),x €[8,1- 6]}, Leto = :
2(2n-1)

Lemma
Assume that (H, ) and (H,) hold,then ®(K) < K ,and @ : K — K is completely continuous.

Proof
Forany Yy € K, x €[0,1], from(2)and(3)we have

|y I [} 9(s)F (s, y(s) — (s))ds
thus

1
Dy (x) = a(x) IO 9(s)F (s, y(s) —a(s))ds | Dy(x) || e(X)
This leads to DY (X) > a(X) || Dy ||. Thus we get y € K , that is, D(K) c K .
By the Ascoli-Arzel as theorem, we can easily see that @ : K — K is completely continuous.

Theorem
Assume that (H,) and (H,) hold, with the function f satisfying

(I) V(x,¥)€[0,1]x[oR,R], such that f(X,y)>MR;
(1) V(x,y)e€[0,2]x[0,r], such that f(X,y)<mr,

forany C <r <2C <R ,where m < (jol(g(s) +N(s))ds) ™, M > (ZGI;_g g(s)ds) and mr >1,then problem

(1) has at least one positive solution y € K satisfying r <y <R.

Proof
Let Q, ={y e K:||| y |I< R}, then for any X € 0Q2;, X € [0,1] we have

Y- 000 > () ~Ca(x) = Y- 2) > Y- 2) = S 1y el =S a0R.
And forany X € 0Q2;, X € [0,1— €] ,we have

2(2?—1) R< ga(x) <x(X) - a(x) < x|=R.

Thus, we obtain
1-0 1-0
|y ()] > L G(x,5)F (s, y(s) — a(s))ds = L G(x,8)[P(s) f (s, y(s) — (s))]ds
1-0 1-0 5 1-0
> a(X)MR[ " g(s)ds > 2020 " g(s)ds) 'R+ [ “g(s)ds =R =] y|.
Let Q, ={y e K:||| y|< r} then forany y € 0Q,, x € [0,1] ,we can see that
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y(x)—o(x)<y(x)<r

and

Y0 - 0(x) > y(x) ~Ca() > y()(A-5) >0
Therefore | Dy(X)|| < j:g(s)F(s,u(s) — (s))ds

< [ fg(s)mr +N($)Ids =] y || <mr[ [g(s) + N(9)Ids <r =] y(9)|

Thus, problem (1) has at least one positive solution y € K satisfying r <y <R.
From Lemma 2.3, we can see forany @ < X <1—6 that
u(x) 2Jlul e(x) = ra(x) > Ca(x) > w(x)
that is, Y(X) = U(X) — @(X) is the positive solution for problem (1).
Theorem
Assume that (H,)and (H,) hold with

L f(x,y)

-0 ) .
@ 2(o*, " g(s)ds)™ < fim fmin —o < oo

(W 0<lim max@ <( jol[g(s) +o(s)]ds) ™,

y—0 xe[0,1]
then problem (1) has at least one positive solution y € K satisfying r<y<R.
Proof

Let A= lim minM
y—>+o0 xe[0,1] y

. Owing to condition(I) we can see by taking
2 (+? 1
e=A-2(c jg g(s)ds) >0,

that there exists a sufficiently large number R # r, such that

F(xy)>(A-g)y > (o2 j:gg(s)ds)’laR - (o-J';gg(s)dS)*lR
forany y > oR.

1-6 o
Let M = (GL g(s)ds) ™, then we have
M >@o[ " g(s)ds)™ and f(x,y) > MR,oR <y <R
Let B=Iim maxM
y—0 x€[0,1] y
,Forany 0<y<p,if y#0, we get
1
f(x,y)<(B+e)y< (IO [9(s) + @(s)]ds) "p

By letting m = (_[Ol[g(s) +ao(s)|ds) ™, r=p weget f(X,y)<mr,0<y<r.

. Owing to condition (IV), we can see by taking & = (jol[g(s) +(s)]ds) " -B>0

Thus, we see from Theorem 2.3 that problem (1) has at least one positive solution Yy € K satisfying r <y <R..
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