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Abstract: A GV-semi group is a semi group in which some power of each element is regular and every regular element
lies in a subgroup. The minimum group congruence on a GV-semi group is investigated by means of establishing a
subset and a binary relation. A description of the minimum group congruence on a GV-semi group is given. Moreover,
the particular Transparent description on the minimum group congruence is obtained in the case of a completely regular
semi group.
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1.Introduction

Throughout this paper, we follow the notation and conventions of Howie [6]. Recall that a semi group is said to be
eventually regular if each of its element has some power is regular. In particular, every regular element of an eventually
regular semi group lies in a subgroup, then it is said to be a GV-semi group. From the definition of GV-semi groups, we
conclude that the case of GV-semi groups is the special case of eventually regular semi groups. Edward, P. M [2] was
successful in showing that many results for regular semi groups can be obtained for eventually regular semi groups. The
strategy to study eventually regular semi groups is to generalize known results for regular semi groups to eventually
regular semi groups. Group congruences on regular semi groups have been investigated by many algebraists. Latorre, D.
R [5] explored group congruences on regular semi groups extensively and gave the representation of group congruences
on regular semi groups. Hanumantha R.S [4] generalized the results in [5] for regular semi groups to eventually regular
semi groups. Moreover, group congruences on E-inversive semi groups were studied in [7, 8].

In this paper, the author explores the minimum group congruences on a GV-semi group by means of establishing a
subset and a binary relation. The minimum group congruence on a GV-semi group is characterized. Moreover, the
particular transparent description on the minimum group congruence is obtained in the case of a completely regular semi
group.

2.Preliminaries
Let S be a semi group and @ € S. As usual, Eg is the set of all idempotents of S, < Eg > is the sub
semigroup of S generated by E and N the positive integers. An element X of S is called a weak inverse of a if
Xax = X. We denote by W (@) the set of all weak inverses of @ inS , by r(a) the least positive integer n such that
a" is a regular element. Let L be congruence on a semigroup S . Then p is called group congruence if the quotient
S/p is a group. In particular, a congruence o is said to be the minimum group congruence if S/p is the maximum
group morphic image of S . For a congruence p of S, the subset {a € S| ap e E(S/p)} of S is called the kernel
of p denoted by ker p.

Let S be a GV-semi group and H be a subset of S. Then H is called self-conjugate if for anya € S, there
exists (") eV(a"),r(a) =n such that aHa"*(a") —H,a""(a") Hac H . The subset Hw is called
closure of HifHo={x e S |E|h € H,hx e H}. In particular, if Hw = H , then H is said to be closed. A subset
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H of S is called full if E; < H . Moreover, a subsemigroup K is called weak self-conjugate if for any

aeS,a’ eW(a),thereexista’ Ka c K,aKa' e K.

For asubset H of S, a binary relation is defined on S named &, as:
o, ={(a,b) e SxS:3b’ eW(b), ab’ € H}. Forasubset E of S, a binary relation is denoted on S named

R as:R={(a,b) e SxS:3x,y e< E >, xa =by}
We give some lemmas which will be used in the sequel.

Lemma 2.1 ([2, 3]) Let S be an eventually regular semi group and o be a congruence on S . If @ is an idempotent of
S/p , then an idempotent e can be found in S such thatape.

Remark. Since S is an eventually regular semi group and p is group congruence on S, X is an idempotent of S/p
forallXx e< Eg >.

Lemma 2.2 ([6]) For an arbitrary binary relation B on a semi group S , define

B ={(xay, xby) € SxS :3x,y €S, (a,b) € B}and B = LJ[BC U (B®)™ U1]". Then the following
n=1
statements are true:

1) B Is the smallest left and right compatible relation containing B ;
2 B¥ Is the minimum congruence containing B .

Lemma 2.3 ([7]) Let S be a regular semigroup with a unique idempotent, and then S is a group.

Lemma 2.4 ([1]) Let S be a semi group and Ge be a subgroup of S with the identitye . If a" € Ge for some
positive integer N, thenea = ae € Ge

3.Main Results
We begin the section with the main result of this paper.

Theorem 3.1 Let S be a GV-semi group and R be a binary relation on S defined in Preliminaries. Then the following
statements are true:

(1) If < Eg > satisfies self-conjugate condition, then R is the minimum group congruence on S .

(2) If < Eg > does not satisfy self-conjugate condition, then R¥ iis the minimum group congruence on S .

We shall prove Theorem 3.1 preceded by a sequence of lemmas.

Lemma 3.2 Let S bea GV-semigroup and @,b € S. If the sub semigroup H of S is weak self-conjugate, closed
and full, then the following statements are equivalent:

(1) aoc,b;

() ab’ e H,ba’ eH forb’ eW(b), a’ eW(a);

3) b’ae HForb’ eW (b).

Proof. (1)=>(2) Suppose ac b for a,b €S, then there exists a” W (@) such that ab” € H , and so
ab”bb’ € H for b’ eW(b). Foranya’ eW (a), a’'a € E, it follows from Lemma 2.3 that

ab’b(a’a)b’ =ab”ba’(ab’) € H . Since H is weak self-conjugate, closed and full, we deduce ab”ba’ € H , so
thatab’ e H . Ina
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Similar way, we prove ba’ € H for a’ e W (a).

(2) = (3) Using the statement (2), we conclude that there exists b’ € W (b) such thatab’ € H . Since H
is weak self-conjugate, we obtain a’ab’a e H and a’a e Es cH,

sothat b'a e H.

(3)= (1) For a,b e S, there existsh’ €W (b) such thatb’a € H . From the weak self-conjugate of H |

we deduce bb’ab’ € H andbb’ € H. Andsince H is closed, we have ab’ € H , which leads to
ao,b.

Lemma 3.3 Let S be a GV-semi group and R be a binary relation on S defined in Preliminaries. If < E > satisfies

self-conjugate condition, then R is the minimum group congruence on S .

Proof. We first show that R isequivalenceonS . Leta € S, then there exists m € N such thata™ € Ge , where
Ge isasubgroup of S with the identitye . It follows from lemma 2.4 thata.e = €.a, and soaRa , which leadsto R
is reflexive. To prove the symmetry, suppose @aRb fora,b € S . Then there exist X, y e< E¢ > such that xa = by .
Since< E > is self-conjugate, together withb™*(b™) b e< Eg >, (b™) eV (b™), m=r(b) ,we deduce
a""(@") xae< Eg >, (@")eV(a"),n=r(a), hencea"*(a")'xab™*(b™)'b e< E¢ >, and so
a[a"*(a")'xab™(b™)'b]=a"(a")' xab™*(b™)b=[a"(a")'byb™*(b™) b,

Wherea" (a")',byb™ " (b™)'e E;. It follows thata" (a" )'byb™* (b™)'e< E >, and so

bRa , which infers that R is symmetry. To prove the transitivity, let aRb,bRc .

Then there exist X, Y, S,t e< Eg >such that xa = Dby, sb = ct, so that c(ty) = sby = (sx)a, ty, sx e< Eg >,
which leads to aRc . Hence R is transitive, and so R is an equivalence.

We now turn to showing that R is congruence. LetaRb, a,b € S. Then there exist X, y e< E¢ > such that
xa = by . Since < E > is self-conjugate, we conclude ¢ (C™)'e< E¢ >andbc™(c™)'b"*(b")'e< Eg >where
m=r(c),n=r(b),c e S . Notice that
[bc™(c™)'b"*(b") xJac=bcc™ ™ (c™)'b"*(b") byc =bc[c™ ™ (c™)'b" ™ (b")'byc].

For(c")eV(c™), (b")'eV(b"), we get
b"*(b")'by e< E¢ >, ¢™*(c")'b"*(b")'byc e< E >, henceacRbc , andso R satisfies right compatible. On

the other hand, a similar argument will show that R satisfies left compatible. Thus R isa congruenceon S .

We then show that R is group congruence on S . Forae S , it follows from lemma 2.4 that there exists
me N, eeE suchthat a" € Ge andae =ea e Ge, henceea = eea = (ea)e, and soaRea. And since €a is
a regular element, R is a regular congruence, which implies that S/R is a regular semigroup. Moreover, it is obvious
that e(f)=(e)f fore, f € Eg, andso eRf . It follows from lemma 2.1 that there exists € € E¢ such that aRe for
aR € E(S/R), so that S/R only has an idempotent. We, By lemma 2.3, conclude that S/R is a group, so that R is
a group congruence on S .

We finally show that R is the minimum group congruence onS . Let aRb for a,b € S and p be any group
congruence on S with €p as the unique idempotent of S/p . Then there exist X, Y €< Es > such thatxa = by,
andso  (Xa)p = xp.ap = (by)p =bp.yp. It follows from lemma 2.1 and the remark that Xp = Yo =ep for
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X,y e< Eg >, and so(xa)p = (ea) p = ap = (by) p =bpep = be, so thatapb. Thus we claimR < p, and so
R is the minimum group congruence on S , as required.

Lemma 3.4 Let S be a GV-semi group and R be a binary relation on S defined in Preliminaries. 1f <E> does not

satisfy self-conjugate condition, then R¥ is the minimum group congruence on §.

Proof. It follows from lemma 2.2 that R¥ is congruence on S . We now show that R¥is group congruence on S . For
e, f eE,, weseee(f)=(e)f, andsoeRf ,sothateR™ f . Thus we, by lemma 2.1, conclude that S/R* only has

an idempotent. The fact that R¥is a regular congruence is proved as the same technique in lemma 3.3. Therefore it
follows from lemma 2.3 that R” isa group congruence on S .

We then turn to showing that R¥ is the minimum group congruence on S . Let aRb for a,b €S and p be any
group congruence on S with €0 as the unique idempotent of S/p. Then there exist X,y e< Eg > such that
xa =by. Hence(xa)p = (by)p =xa, ap=(ea)p = (by)p=bp-ep, and soaph, which impliesR < p. It
follows from lemma 2.2 that R¥ is the minimum congruence containing R , hence R* c p, and so R¥ is the
minimum group congruence on S .

Theorem 3.1 is a direct consequence of Lemma 3.2, Lemma 3.3 and Lemma 3.4. As a specialization of Theorem
3.1, the following result is immediate.

Theorem 3.5 Let S is a completely regular semigroup. Then the following statements are true:
(1) If < Eg > satisfies self-conjugate condition, then R is the minimum group congruenceon S ;

(2) If < Eg > does not satisfy self-conjugate condition, then R¥ iis the minimum group congruence on S .
Remark In view of the proof in lemma 3.3, we observe that R* (R) is the least group congruence on S when S isa
GV-semi group.
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