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Abstract: The Ternary Quadratic Diophantine Equation given by 
222 37ZYX    is analyzed for its patterns of 

non-zero distinct integer solutions. A few interesting relations between the solutions and special polygonal and pyramidal 

numbers are presented. 
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INTRODUCTION 

      The Diophantine equations offer an unlimited field for research due to their variety [1-2]. In particular, one may refer 

[3-16] for quadratic equation with three unknowns. This communication concerns with yet another interesting equation 
222 37ZYX   representing non-homogeneous cubic equation with three unknowns for determining its infinitely 

many non-zero integral points. Also, a few interesting relations among the solutions are presented.    
 

METHOD OF ANALYSIS: 

The quadratic equation to be solved for its non-zero integer solutions is 

        
222 37ZYX            (1) 

Assume 
22),( babaZZ  , 0, ba        (2)  

We present below different patterns of integral solutions to (1)    

 

PATTERN:1 

Write 37 as )6)(6(37 ii           (3) 

Substituting (2) and (3) in (1), we get 

        
22222 ))(6)(6( baiiYX   

 Employing the method of factorization 

       
22 )())(6)(6())(( ibaibaiiiYXiYX   
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Equating the positive and negative factors, we get 

       
2))(6( ibaiiYX           (4) 

       
2))(6( ibaiiYX           (5) 

Equating the real and imaginary parts in either (4) or (5), we get 

       abbabaXX 266),( 22          (6) 

       abbabaYY 12),( 22          (7) 

Thus (2),(6) and(7) represent non-zero distinct integer solutions of (1) in two parameters. 

 

PROPERTIES: 

1.
222 )),(),(6(),(37 BAYBAXBAZ   is a perfect square 

       2. )12(mod1)1,( ,4  ATAY   

       3. )51(mod4)2,2( ,10  ATAY  

       4. 
5

,4 46)]1(,[ AA PTAAAX   is a nasty number 

       5. ATAX A 36)1,( ,14   

 

PATTERN:2 

Write 37 as )61)(61(37 ii           (8) 

Substituting (2) and (8) in (1), we get 

       
22222 ))(61)(61( baiiYX   

 Employing the method of factorization 

       
22 )())(61)(61())(( ibaibaiiiYXiYX   

Equating the positive and negative factors, we get 

       
2))(61( ibaiiYX           (9) 

       
2))(61( ibaiiYX           (10) 

Equating the real and imaginary parts in either (9) or (10), we get 

       abbabaXX 12),( 22          (11) 

       abbabaYY 266),( 22          (12) 

Thus (2), (11) and (12) represent non-zero distinct integer solutions of (1) in two parameters. 

 

PROPERTIES: 

1.
222 )),(6),((),(37 BAYBAXBAZ   is a perfect square 

       2. )12(mod1)1,( ,4  ATAX  

       3. )51(mod41)1,()1,(41 ,82  ATAXAZ  

       4. )3(mod0)1,()1,()1,(,18  AZAYAXT A  

 

 PATTERN:3 

The ternary quadratic equation (1) can be written as 

        
2222 36 YZZX           (13) 

Factorizing (13), we have 

       )6)(6())(( YZYZZXZX         (14) 

      
B

A

ZX

YZ

YZ

ZX












6

6
 , 0B        (15) 

This is equivalent to the following two equations 

        0)6(  ABZAYBX         (16) 
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       0)6(  BAZBYAX         (17) 

Applying the method of cross multiplication, we get 

       ABBABAXX 12),( 22          (18) 

       ABBABAYY 266),( 22         (19) 

       
22),( BABAZZ           (20) 

Thus (18), (19) and (20) represent non-zero distinct integer solutions of (1) in two parameters. 

 

PROPERTIES: 

       1. )21(mod1)1,( ,26  ATAAX  

       2.
 

)35(mod19)2,3( ,50  ATAY   

       3. 13634)12,( ,4

2

,4

2  AAA OHTTAAX  

       4. AAAX A 21Pr12)1,(   

       5. )59(mod48)2,2( ,26  ATAAX  

PATTERN:4    

Equation (14) is expressed as  

       
B

A

ZX

YZ

YZ

ZX









 6

6
, 0B         (21) 

This is equivalent to the following two equations 

        0)6(  ABZAYBX         (22) 

       0)6(  BAZBYAX         (23) 

Applying the method of cross multiplication, we get 

       ABBABAXX 12),( 22          (24) 

       ABBABAYY 266),( 22                      (25) 

      
22),( BABAZZ           (26) 

Thus (24),(25) and(26) represent non-zero distinct integer solutions of (1) in two parameters. 

 

PROPERTIES: 

       1. ATAX A 121)1,( ,4   

      2. )7(mod6)1,( ,14  ATAY  

      3.
 

)9(mod6)2,( ,14  ATAY   

      4. ATAY A  2414)2,( ,14  

      5. AAAY A 126Pr2)1,(   

      6. ATBX B 644)2,3( ,20   

 

PATTERN:5 

The ternary quadratic equation (1) can be written as 

         
222 37 YZX            (27) 

Assume
2237),( BABAX  , 0, BA        (28) 

Employing the method of factorization 

       )37)(37()37()37( 22 YZYZBABA   

Equating the positive and negative factors, we get 

       )37()37( 2 YZBA          (29) 

       )37()37( 2 YZBA          (30) 

Comparing the rational and irrational factors, we get 
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2237),( BABAYY          (31)                 

ABBAZZ 2),(           (32) 

Thus (28), (31) and (32) represent non-zero distinct integer solutions of (1) in two parameters. 

 

PROPERTIES: 

        1. ),37(),(),( AAZBAYBAX   

        2. ATBAYBAX ,474),(),(   

        3.  4mod14),1(2)2,1( ,4  BTBZBY  

        4.  2mod1)2,()1,( ,4  ATAXAAY  

        5. ATAAYAAZ ,42),(),20(        

 

PATTERN:6 

The ternary quadratic equation (1) can be written as 

             137 222  XYZ          (33)  

Write 1 as 

       )637)(637(1                                 (34) 

Using (28), (34) in (33) and employing the method of factorization, we have 

          )637)(637()37()37()37)(37( 22  BABAYZYZ  

Equating the positive and negative factors, we get 

        )637()37()37( 2  BAYZ           (35) 

        )637()37()37( 2  BAYZ        (36) 

Comparing the rational and irrational factors, we get 

         ABBABAYY 746222),( 22         (37) 

        ABBABAZZ 1237),( 22         (38) 

Thus (28),(37) and(38) represent non-zero distinct integer solutions of (1) in two parameters. 

 

PROPERTIES: 

        1. )243(mod16)4,2( ,298  ATAZ  

        2. )21(mod4)4,( ,76  ATAZ   

        3. 374)2,1( ,4  BTBX  

        4.  371mod37)2,12( ,402  ATAAZ  

        5.  2195mod222)2,12( ,2322  BTBBY  

        6. ATAZAX A 54332)2,12()2,14( ,886        

 

REMARKABLE OBSERVATION: 

A: If the non-zero integer triple ),,( 000 ZYX  is any solution of (1), then each of the following three triples also 

satisfies (1). 

 

TRIPLE:1  ),,( 0 nn ZYX  

Let the first solution of (1) be 

              01 XX        

              hYY 601             (39) 

             hZZ  01  
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Substituting (39) in (1), we get 

         
2

0

2

0

2

0 )(37)6( hZhYX     

     hZhZhYhYX 0

22

00

22

0

2

0 7437371236   

         00 7412 ZYh   

Substituting the value of ‘h’ in (39), we get 

         01 XX   

         001 44473 ZYY   

        001 7312 ZYZ   

Hence, the matrix representation of above solution is 

      





























0

0

1

1

7312

44473

Z

Y

Z

Y
 

Let A  be  












7312

44473
 

To find the eigen values of A: 

Consider 0 IA   

        0
7312

44473










 

Therefore, the eigen values of A are 1 and -1 

          Take 1,1     

To find
nA , we use the following formula. 

           IAIAA
nn

n 














        (40) 

Substituting the values of  ,  and A in (40), we get 

         
 




























7412

44472

2

1

7212

44474

2

1
nn

nA  

Thus, 

         

















0

0

Z

Y
A

Z

Y
n

n

n
 

 We get the 
thn solution of (1) as given below 

      0XX n   

          00 4447274
2

1
ZYY nnnn

n    

          00 747212
2

1
ZYZ nnnn

n    

 

TRIPLE:2 ),,( 0 nn ZYX  

Let the first solution of (1) be 

        hXX 62 01   

        01 2YY                    (41) 

        hZZ  01 2  

Substituting (41) in (1), we get 

http://saspjournals.com/sjpms


 
 
Pandichelvi V et al.; Sch. J. Phys. Math. Stat., 2015; Vol-2; Issue-4 (Sep-Nov); pp-341-348 

Available Online:  http://saspjournals.com/sjpms   346 

 

         
2

0

2

0

2

0 )2(37)2()62( hZYhX     

              
00 14824 ZXh   

Substituting the value of ‘h’ in (41), we get 

         001 888146 ZXX   

         
01 2YY   

        001 14624 ZXZ   

Hence, the matrix representation of above solution is 

      





























0

0

1

1

14624

888146

Z

X

Z

X
 

Let A be  












14624

888146
 

To find the eigen values of A: 

Consider 0 IA   

        0
14624

888146










 

Therefore, the eigen values of A are 2 and -2 

          Take 2,2     

To find 
nA , we  use the following formula. 

           IAIAA
nn

n 














        (42) 

Substituting the values of  ,  and A in(42), we get 

         
 




























14824

888144

4

2

14424

888148

4

2
nn

nA  

         

















0

0

Z

X
A

Z

X
n

n

n
 

We get the 
thn solution of (1)as below 

            00 888144148
4

1
ZXX nnnn

n    

        02 YY n

n   

           00 14814424
4

1
ZXZ nnnn

n    

 

TRIPLE:3  ),,( 0ZYX nn  

Let the first solution of (1) be 

        hXX 22 01   

        hYY 22 01             (43) 

       01 2ZZ   

Substituting (43) in (1), we get 

         
2

0

2

0

2

0 )2(37)22()22( ZhYhX     

          00 YXh   

Substituting the value of ‘h’ in (43), we get 
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         010101 2,2,2 ZZXYYX      

Similarly we have the second ,third ,fourth…… .solution are as given below. 

 

SECOND SOLUTION: 

        0

2

2012012 2,42,42 ZZYXYXYX   

THIRD SOLUTION: 

        0

3

3023023 2,82,82 ZZXXYYYX   

FOURTH SOLUTION: 

         0

4

4034034 2,162,162 ZZYXYXYX   

FIFTH SOLUTION: 

        0

5

5045045 2,322,322 ZZXXYYYX   

Thus we have the  
thn  solution as follows: 

       0

12

120

12

120

12

12 2,2,2 ZZXYYX n

n

n

n

n

n











   

      0

2

20202 2,4,4 ZZYYXX n

n

n

n

n

n   

B: Employing the solution (X, Y, Z) of (1), each of the following expression among the special     

     polygonal and pyramidal numbers are perfect square. 

           1. 
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P
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           2. 

2

2,3

3

2

2
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5 3
37
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X
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T

P

T
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           3. 
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2

2,3
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23
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Z

X

Z

Z

T

P

T

P
 

It is worth to note that, on multiplying each of the above observation by 6 , it represents a nasty number. 

 

CONCLUSION: 

        In this paper, we have presented six different of patterns non-zero distinct integer solutions of the homogeneous 

equations given by  
222 37ZYX  .To conclude one may search for other patterns of solutions and their 

corresponding properties.  
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