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Skillful application of difference equation in a mathematical puzzle
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Abstract: Unimportant and uncertain decisions can be made by flipping a coin in real-life. And apparently, toss a coin is
a question of random probability. In the present paper, the author has made use of difference equation in solving a
complicated probability problem of coin toss.
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INTRODUCTION

There exists such a classic question of probabilities [1]: On average, how many times do we flip a coin before two
continuous heads could appear firstly? It is a natural expansion to this problem. On average, how many times do we flip
a coin [2-4] before m continuous heads could appear firstly? Obviously, the bigger the n-value, the more relatively
complex the calculation of average times. It even evolved into some algebraic formulas that is difficult to simplify. The

really interesting is that the natural conclusion is surprisingly simple. The answer is 2™ _2 Inthe present paper, this
mathematical puzzle is solved by using of difference equation [5-6] skillfully, and also avoids multiple Calculations.

Firstly, when the coin comes to rest head up, the tail must be underneath, and the probability that an unbiased coin

1
will fall with the head up iSE .

Then, defining the following variables.

P is the probability that m continuous heads are obtained by flipping a coin n times;
1

And apparently, P =P, =---=P, _, =P, ,=0,P, = (E)m :

E(Nn) represents the mathematical expectation that is How many times do we flip a coin before m continuous heads
could appear firstly?

E(n)=inPn.

X, is the probability of having obtained (i —1)continuous heads but reversed in ith times, then use (n - i) more times
to obtain m continuous heads;

e

Furthermore, we have the difference equation as following:

P, = i Xy = i@j P

i=1

m m 1 i
Pn+l = z Xin = Z(Ej I:)n—i+l'

i=1 i=1
Above all, we only need to seek out E(n).
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2 Solving the E(n) by the difference equation

Firstly, we prove the formula Z P.=1.

n=m

We suppose the z P,=A.

n=m

From the difference equation,

m m 1 i
Pn+1 = Z Xin = Z(_j R —i+l 1)
i=1 i=1 2
We have,
0 1& 1 2 4 m o
z Pn+1 = E Z I:)n + [Ej I:)n—l teeet (_j z I:)n—erl (2)
Astheresultof B =P, =---=P,_, =P ,=0,P, = (%)m , we easily have
D Pa==) Pa=2 P=A 3)
Then the formula (2) becomes i i i
m 2 m
A—(lj :[1+(£j ++(1j 1A (4)
2 2 (2 2
Therefore we solve A=1.
Secondly, we find the E(n) = Z NP, , our tool is also the difference equation. The calculation procedures are as
follows: -
We suppose the E(n) = ZnPn =B.
From the difference equat{on, we have
D NP ==Y nP+| = P+ =| DRy B
n=m 2 n=m 2 n=m 2 n=m
Z (n +1) I:>n+1 - Z Pn+l = E Z r“:)n + E [Z(n _1) Pn—l + Z Pn—l]
++(%) [Z:(n—m+1)Pan+1 +(m +1)Z P ol (6)
Because of P, =P, =---=P,_,=P._,=0,P = (%)m , We have
an—l =“'=an—m+l :ZPn =1 (7)
> (n-)P,,=---=> (n-m+DP,_ , =D nP, =B (8)
Then the formula (6) beco:mes : :
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B —m(EJm —(1—(1Jm) _1g +(%)2(B +1)+---+(%jm[8 +(m-1)] (9)

2 2 2

Then we obtain
B=E(n)=2""-2 (10)

CONCLUSIONS
Difference equation contains Unknown function and Differences, but excludes derivatives. Difference equations are
the discretization of the differential equations and also called recurrence relation.

According to this result, mathematical induction and traditional summation of sequence do not seem to play roles
when solving this classic question of probabilities. Ironically, this simple difference equation works its magic and obtains
the wonderful conclusion skillfully.

Acknowledgments
Project supported by postgraduate innovative research project of Northeast Petroleum University No.YJSCX2014-
033NEPU

REFERENCES

1. Gu Sen; The Pleasure of Thinking. The People's Posts and Telecommunications Press, 2012,

2. Moran T, Naor M, Segev G; An Optimally Fair Coin Toss. Journal of Cryptology, 2009; 1-18.

3. Strelioff CC, Crutchfield JP; How Random is a Coin Toss? Bayesian Inference and the Symbolic Dynamics of
Deterministic Chaos. Results, 2006.

4. Ford J; How Random Is a Coin Toss? Physics Today, 1983; 36: 40-47.

5. Berenhaut KS, Foley JD, Stevi¢ S; The global attractivity of the rational difference equation. Applied
Mathematics Letters, 2007; 20(1): 54-58.

6. Zhou Z, Yu JS, Chen YM; Periodic solutions of a 2 n th-order nonlinear difference equation [J]. Science China
Mathematics, 2010; 53(53): 41-50.

Available Online: http://saspjournals.com/sjpms 44



http://saspjournals.com/sjpms

