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Abstract: In this paper, we introduce a new technique for solving fractional physical equations in the form of a rapid
convergence series arrives at the exact solutions called variational iteration natural transform method(VINTM).It is a
coupling of variational iteration method and the natural transform method. The results reveal that the method is very
effective, simple and can be applied to other physical differential equations. The fractional derivatives are described in
the Caputo sense.
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INTRODUCTION

The natural transform, initially was defined by Wagqar et al,. [1] as the N - transform, which studied their
properties and applications. Later, Belgacem et al., [2, 3] defined its inverse and studied some additional fundamental
properties of this integral transform and named it the natural transform. Applications of natural transform in the solution
of differential and integral equations and for the distribution and Bohemians spaces can be found in [3-10]. Now, we
mention the following basic definitions of natural transform and its properties are introduced as follows:

Definition 1.1 [11]
Over the set of functions

A={f(®):3M, 7,7, >0, (1) [<Me""™, if te(-1) x[0,0)

The natural transform of f (t)is N[ f (t)] = R(s;u) =I f (ut)e'dt,u>0,s>0 (1)
0

where N[ (t)] is the natural transformation of the time function f (t) and the variables U and S are the natural
transform variables.

Theorem 1.2. We derives the relationship between Natural and Laplace, Sumudu transform in successive theorems [11]
as follows:

1- If R(S,u) is natural transform and F(S)is Laplace transform of function f (t)in A, G(u)is Sumudu transform
then,

N[ F ()] = R(s; ) :%j (e v dt :%F(E), @)

2. If R(s,u) is natural transform and F(S)is Laplace transform of function f(t)in A then, G(u) is Sumudu
transform of function f (t)in A, then:

NEF@OT=RGsw =2 [ 1 de =26 () @

3-1f f"(t) is the nth derivative of function f (t)then, its natural transform is given by:
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Sn n-1 Sn—(k+l)
N[f"(®)]=R,(s,u) =—R(s,u) = > =——F©(0),n>1 @)
u —~ u
4.1f F(s,u),G(s,u) are the natural transform of respective functions f (t), g(t) both defined in set A then,
N[f *g]=uF(s,u)G(s,u) (5)

where f * g is convolution of two functions f and @ .
5.1f N[f(t)] is the natural transform of the function f (t), then the natural transform of fractional derivative of order
Q& is defined as:

Sa n-1 Sa—(k+1)
N[f @ ()] :—aR(S,U)—ZTf(k)(O) (6)
u k=0 u
6. Let the function f (t) belongs to set A be multiplied with weight function e ™' then,
¥ S S
N[e™ f(t)]= ——R[—] Q)
S+u S+u
7. Let the function f (at) belongs to set A, where a is non-zero constant then,
1_.s
N[f (at)] = —R[=,u] 8)
a a

t t n
8. 1f w" (t)is given by w" (t) = J:) _[0 f (t)(dt) dt, then, the natural transform of w" (t) is given by:

N[W" (t)] = ‘;— R(s, ) )

9. The natural transform of T-periodic function f (t) € Asuchthat f (t+nT) = f(t),n =0,12,...is given by:
st

N[ f (t)] = R(s,u) =[1—e3T]-1%j0Te‘u f (t)dt

(10)
10. The function f (t) in set A is multiplied with shift function t" then,
n un d " n
N[t"f(t)]= ——— u"R(s,u)
s" du (11)

2 Analysis of the proposed method(VINTM).

In the case of an algebraic equationf (x) =0, the Lagrange multipliers can be evaluated by an iteration formula for
finding the solution of the algebraic equationf (x ) = 0 that can be constructed as[12]:

Xn+1 = Xn +2’f (Xn)'

(12)
The optimality condition for the extreme % =0 leads to
X n
1
A=——rrr, (13)
f(x,)

Where O is the classical variational operator. From (12) and (13), for a given initial value X, , we can find the

approximate solution X ., by the iterative scheme for (12) as follows:

n+l

f (x
Xn+l=Xn_f '((X:))’f (X0)¢0,n=0,1,2, ..... (14)

This algorithm is well known as the Newton-Raphson method and has quadratic convergence. To illustrate the basic
idea of variational iteration natural transform method, we consider the following fractional differential equation:

DU + RU (t)]+ N[U )] = K (1).0 < & (15)
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Where R is a linear operator, N is a nonlinear operator and K (t) is a given continuous function. Now, we extend this

idea to finding the unknown Lagrange multiplier. The main step is to first take the natural transform to eq. (15). Then the
linear part is transformed into an algebraic equation as follows:
s“U (0) s*~ ™My (0)

j—z R(S,U) =2 ——wr - +NIRU O]+ NUO]-K 0] =0 (16)

Where N[f (t)]=R(s;u) = j f (ut)e dt,u>0,s >0
0

The iteration formula of (15) can be used to suggest the main iterative scheme involving the Lagrange multiplier as:

a a a—(n)p | (n-1)
R, =R + z(j—a R, (s,u)~ > 2@ —% +N[RU @]+ NU®]-KOD. @)
Considering N[R[U (t)]+ N[U (t)] as restricted terms, one can derive a Lagrange multiplier as:

R, =R, +0(A—R)),
u

R, =R, +-— (AR, + AR,
u

This yields the stationary conditions of eq. (17) as follows;
s“A
)=0,
ua

S_(AR,)=0.
u

oR,(1+

with eq. (17) and the inverse-natural transform N ~ the iteration formula (16) can be explicitly given as:

a e a a—(n)y | (n-1)
Upa=U, N R -2 - O NRUOI+ NV @1 KD 69
a a a—(n)y 1 (n-1) a
U,,=N 1[‘;—a (j—au (). —%)—‘;—a (NR[U (©)]+ N[U )] - K(©)], (19)

a a a=(n)y 1 (n-1)
4 U” s s“U M (0)
Uy () = N[ (=U(0)........... -2 )]
s“ U ue
Consequently the exact solution may be produced by using

U(x,t) = LimU_ (x,t) (20)

APPLICATIONS
Application 3.1
Consider the following one—dimensional linear inhomogeneous fractional linear Schrodinger equation:
DU =iU_,t>00<a<lxeR (21)
Subject to initial condition:
U(x,0) =e"
where ¢ is parameter describing the order of the fractional derivative. The function U (X, t) is the unknown function, t
is the time and X is the spatial coordinate. The derivative is understood in the Caputo sense. The general response

expression contains parameter describing the order of the fractional derivative that can be varied to obtain various
responses.

By applying the natural transform on both sides of eq.(21),then
a-1

>_R(s,u)->—U(x0)~ N[iU ,]=0 22)
u u
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The iteration formula of eq. (21) can be constructed as:

R, =R +A(s, u)[

a-1

(23)

nxx
where A is a general Lagrange multiplier, which can be identified optimally via the variational theory, U =0 and
N[iU 1] is arestricted variation, that is , 6Un =0
i.e.
s s“ .,
oR,,, =0R, + 6(/1u—a R,) . oR,,; =0R, + u—a(ﬂ R, +A0R,) (24)

o

This yields the stationary conditions, which gives 4 = _u_a :

S
Substituting this value of Lagrangian multiplier in eq. (23) we get the following iteration formula:
a a a-1
u s“
R... =R, ——[—R (s, u)——U(x 0)-N[iU ]l (25)

Applying inverse natural transform on both sides of eq. (25) we get:

U, =e", (26)
o t?
U, =e"—ie" ——, 27
! IN'a+1) @0
a 2a
U, =e* —ig" U : (28)
INa+1) I'2a +1)
ix f A IX ta ix tZa s A X t3a
U,=¢e"—le —-e +1e (29)
INa+1 I'2a +1) I'Ga+1)
Finally, approximate analytical solution U (X,t) is given by:
- it” it”)? it”)*
U(xt)=e"[1- + (f)” __(t) +...]
INa+l) T'(Ra+l) TI'(Ba+l)
hence,
U(x,t) =e"E, (-it*) (30)
where Z (it E, (—it”) is the famous Mittag-Leffler function, then:
"ok + 1)
U(x,t) =" (31)
For the special case a = 1, we obtain[See figures (1,2)]
U(x,t)=e'*? (32)
which is the exact solution of eq(21) obtained by [13] .
Application 3.2
Consider the one—dimensional linear inhomogeneous fractional Burger's equation:
2-a
DU +UX—UXX=2t—+2x—2,t>0,0<asl,XeR (33)
I'G-a)
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Subject to initial condition:

U (x,0) = x*
As the previous application, by applying VINTM, we obtain:
U, = x%, (34)
U, = x> +t?, (35)
U, =x*+t2,... (36)
Finally, approximate analytical solution U (X,t) is given by
U(x,1) = x* +1° (37)

which is the exact solution of eq (33) obtained by LTADM [14] .

Application 3.3

We next consider the linear inhomogeneous fractional KdV equation:

DU (x,t) +U (X, t)+U,, (x,t) =2tcos(x),t - 0,0 <ax <1, xeR (38)
Subject to initial condition
U(x,0)=0
By applying VINTM, we obtain
U, =0, (39)
a+l
U, =2c0sX ———, (40)
I'a+2)
a+l
U, =2c0SsX———, (41)
IN'a+2)
a+l
U; =2C0SX —— ... (42)
INa+2)

Finally, approximate analytical solution U (X, t) is:

a+l
U(x,t)=2c0s X —— 43
xH IN'a+2) “3)
For the special case a = 1, we obtain
U (x,t) =t? cos(x) (44)

which is the exact solution received by HAM [15] and VIM [16].
Application 3.4

Consider the following linear Fokker-Plank equation:

o“U 0 0?
=——A(X,tH)U + — B(x, 1)U, 45
e o (x,t) v (x,1) (45)
A(x,t) =e' coth xcosh x +e" sinh x —coth x, B(x,t) =e" cosh x (46)

Subject to initial condition
U (x,0) =sinh x.,,xeR
Similar to the previous applications, by applying VINTM,. we obtain:
U, =sinhx, (47)
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a

U, =sinhx——, : (48)
INa+1
2a
U, =sinhx———,... (49)
I'2a +1)
Finally, we approximate the analytical solution U (X,t) by:
a 2a
U (x,t) = sinh xt—+ sinhx+sinh X ——+.... (50)
INa+1) I'2a +1)
hence,
U(x,t) =sinhxE_, (t*) (51)
o0 a\k
Where ZL =E,,(t") isthe famous Mittag-Leffler function.
oo ['(ak +1)
For the special case a = 1, we obtain [See figure 3]
U(x,t) =e'sinh x (52)

which is the exact solution and is same as obtained by ADM [17], VIM[18] and HPM[19].

CONCLUSION

It is obvious that the new technique (VINTM), has been successes to find exact solution of linear Schrédinger

equation, inhomogeneous Burger’s equation , KdV equation , and Fokker-Plank equation. The results state that
proposed technique is very powerful and efficient in finding the analytical solutions for a large class of physical
differential equations of fractional order.

REFERENCES

1.
2.

3.

10.
11.

12.

13.

14.

Wagar A, Zafar H, Khan; N- transform - properties and applications, NUST J. Engg. Sci., 2008; 1: 127-133.
Belgacem FBM, Silambarasan R; Theory of natural transform, Math. Engg, Sci. Aerospace (MESA), 2012; 3: 99-
124,

Silambarasan R, Belgacem FBM; Applications of the natural transform to Maxwell's equations, Prog.
Electromagnetic Research Symposium Proc. Suzhou, China, 2011; 899 - 902.

Al-Omari SKQ; On the applications of natural transform, International Journal of Pure and applied Mathematics,
2013; 85: 729 — 744.

Bulut H, Baskonus HM, Belgacem FBM; The analytical solution of some fractional ordinary differential equations
by the Sumudu transform method, Abstract and Applied Analysis, 2013; 1-6.

Deshna L, Banerji PK; Natural transform for distribution and Boehmian spaces, Math. Engg. Sci. Aerospace, 2013;
4: 69 —76.

Deshna L, Banerji PK; Natural transform and solution of integral equations for distribution spaces, Amer. J. Math.
Sci, 2013.

Deshna L, Banerji PK; Applications of natural transform to differential equations, J. Indian Acad. Math, 2012; 35:
151 -158.

Podlubny; Fractional differential equations, Mathematics in Science and Engineering, Academic Press, San Diego,
USA, 1999; 198.

o
Mittag-Leffer GM; Surlanouvelle function E“ (t )’ ,C.R. Acad. Sci.,Paris(Ser.I1),1903; 137: 554-558.
Silambarasan R, Belgacem FBM; Theory of natural transform. Mathematics in Engineering, Science and Aerospace
(MESA), 2012; 3: 99-124.
Wu GC, Baleanu D; Variational iteration method for fractional calculus - a universal approach by Laplace transform,
2013; 18.
Wazwaz AM; Partial Differential Equations and Solitary Waves Theory, Higher Education Press, Beijing and
Springer-Verlag Berlin Heidelberg, 2009.
Imran N, Din STM; Decomposition method for fractional partial differential equation (PDEs) using Laplace
transformation , International Journal of Physical- Pakistan, Sciences, 2013; 8: 684-688.

Available Online: http://saspjournals.com/sjpms 115



http://saspjournals.com/sjpms

Abedl-Rady AS et al.; Sch. J. Phys. Math. Stat., 2016; Vol-3; Issue-3 (Jun-Aug); pp-110-116

15. Liao SJ; An approximate solution technique not depending on small parameters: a special example, International
Journal of Non-Linear Mechanics, 1995; 30: 371-380.

16. Tzirakis N; An introduction to dispersive partial differential equations, Austin, July, 2011; 18-22.

17. Tatari M, Dehghan M, Razzaghi M; Application of a domain decomposition method for the Fokker-Planck equation,
Mathematics and Computer Modelling, 2007; 639-650.

18. Sadhigi A, Ganji DD, Sabzehmeidavi Y; A study on Fokker-Planck equation by variational iteration method,
International Journal of Nonlinear Sciences, 2007; 4: 92-102.

19. Biazar J, Hosseini K, Gholamin P; Homotopy perturbation method Fokker-Planck equation, International
Mathematical Forum, 2008; 19:M945-954.

Available Online: http://saspjournals.com/sjpms 116



http://saspjournals.com/sjpms

