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Abstract: The author introduces some open sets in bitopological spaces and studies some of their basic properties. 

Certain separation properties and  
R

R0  obtained from standard separation by replacing open sets by R –open sets in 

their definitions are studied. 
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1-INTRODUCTION 

The concept of bitopological spaces was initiated by Kelly [1] . Let  21,, X  be a bitopological spaces. For 

a set XA  by
iA
and iA

0
, we denoted the i  –closure and i –interior of A  for 2,1i . In this work we study 

some sort of R –separation properties of topological spaces by using the notion of R –open sets instead of open sets. 

2- R –OPEN SETS 

Definition(2.1): 

A subset A  in bitopological space  21,, X  is be termed R –open if there exists an 1T –open O such that

120
 OAO  ,the family of all R –open set in bitopological space was not necessary topology on X . The 

family of all R –open set in bitopological space  21,, X is denoted by  XOR ..  . It clear that every 1T –open is R

–open but the converse is not true. The complement of R –open set will be called a R –closed set. 

The following theorems gives some properties of R –open  sets . 

 

Theorem(2.2):  

Let  21,, X be topological space. Let XA , A  is R –open if 
121 00 

 AA . 

Proof: 

Let A  be R –open set. Then
120

 OAO  for some 1 –open set O  . But
212 0 

 AO  and thus

12112 000 
 AO  .Hence

121 00 
 AA . 

 

Lemma(2.3): 

Let  21,, X be a bitopological space and 1O , then
121212 000 

OO . 

Proof : 

It is know that
2120 

OO .then
2222120 

 OOO .So
121212 000 

OO . On the other 

hand,
2 OO then 

121 00 
OO .But

10
OO  ,for 1O .So  

120
 OO .Hence

2122 0 
OO .  This implies that

121212 000 
 OO  .Therefore

121212 000 
OO . 
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Theorem(2.4): 

Let  21,, X  be a bitopological space and XB  . Then  XORB ..  if there exist  XORA ..  

such that
120

 ABA  . 

Proof: Obvious. 

 

Theorem(2.5):  

Let  21,, X  be a bitopological space. Let 
A  be a collection of R  –open sets in a bitopological 

space X . Then UA  is R –open. 

Proof : 

For each  ,we have 1  –open O  such that
120

  OAO  .Then


12

12

0
0
























 OOAO .Hence ,let 





OO .then  120
 OAO  . 

 

Theorem(2.6): 

Let  21,, X be bitopological space. Then  XOR ..int11   where

   1:..int1

o
AOOXOR   for some  XORA .. . 

Proof: Obvious. 

 

Theorem(2.7): 

Let XYA   where X is a bitopological space and Y  is a subspace of bitopological space

 21,, X . Let  XORA ..  then  YORA ..  . 

Proof: 

120
 OAO , where O  is 1T  –open in X . now YO  and thus

YYOOYYAYOO 1212 00 
  or

YYOAO 12 0
 since YOO  , O  is Y1

–open inY  and the theorem is proved. 

 

We introduce the following definitions of the R  –neighbourhood, R -derived, R -closure and R –interior of a 

set which is similar to that of standard neighbourhood ,derived closure and interior . 

 

Definition(2.8): 

         A Set XN x   is said to be R –neighbourhood of a point Xx if there exists a  XORA ..  such that

xNAx   . 

 

Theorem(2.9): 

 XORA .. iff A  is R –neighbourhood of each Ax . 

Proof: Obvious. 

 

Definition(2.10): 

A point Xx is said to be R –limit point of A iff for each  XORU ..  , Ux  and

   AxU   . The set of all R –limit points of A  is said to be R –derived set of A and is denoted by

 AderR  .  
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      The following theorems give some properties of R –limit points.  

 

Theorem(2.11): 

A is R –closed if f it contains the set of its R –limit points. 

Proof: Obvious. 

 

Theorem(2.12): 

If A , B  by subsets of bitopological space  21,, X  .Then: 

1) If BA , then    BderRAderR  . 

2)      BAderRBderRAderR   . 

3)      BderRAderRBAderR   . 

4)     AderRAAderRderR  . 

5)     AderRAAderRAderR   . 

Proof : 

We prove parts (5) and the others follow directly from definition. 

5)     Let   AderRAderRx   . If Ax , the result is obvious. So let   AAderRx   . Then, if 

 XORU .. containing x ,       AderRAxU  , then    AxU  or

     AderRxU  . If    AxU  , then  AderRx  . If      AderRxU  then

   AxU   . Therefore  AderRx  . 

Thus in any case     AderRAAderRAderR   . 

 

Definition(2.13): 

Let A be a subset of a bitopological space  21,, X  ,  AderRA   is defined to be the R –closure 

of A and is denoted by  AclR   . 

 

Theorem(2.14): 

Let  21,, X be a bitopological space. Let A and B  be two subsets of X  . Then: 

1) If BA , then    BclRAclR   . 

2)      BAclRBclRAclR   . 

3)      BclRAclRBAclR   . 

4)     AclRAclRclR  . 

5) A is a R –closed iff   AAclR   ,  AclR  is R -closed . 

6)    AclR { FF ,  is R –closed and }FA ,  AclR   is the smallest R –closed set containing A  . 

Proof: 

We prove parts (4) and the others follow directly from definition. 

4)      AderRAclRAclRclR   . 

         AclRAderRAAderRAderRAderRA   . 

 

Definition(2.15): 

        A point Xx is said to be a R –interior point of A if f there exist  XORU .. containing x  , such that

AU   . The set of all R –interior of A  is said to be the R –interior of A  and is denoted by  AR int  . 

The following theorem gives some properties of R –interior sets. 
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Theorem(2.16): 

Let  21,, X be a bitopological space. Let A and B  be two subsets of X  . Then: 

1) intR is R -open. 

2)  AR int )is the largest R -open set contained in A . 

3) A is R -open if f  ARA int . 

4)     ARARR intintint  . 

5) If BA  then    BRAR intint  . 

6)      BARARAR  intintint  . 

7)      BRARBAR intintint   . 

 

Proof: 

We prove parts (1),(2) and the others follow directly from definition . 

1) Let  ARx int .then AU   for some  XORU .. containing x  .Also Uy ,then  ARy int , 

therefore  ARUx int .Hence  AR int  is R –neighbourhood of x . 

There by theorem 2.9,  AR int  is R -open. 

2) Let  XCRV .. , AV  . Then Vy .implies that Ay  ,so that  ARy int  .Therefore

 ARV int  . 

 

3- spacesTR i , 2,1,0i  : 

           In this section we introduce  iTR  spaces, 2,1,0i  and study some of their properties. 

 

Definition(3.1): 

Let  21,, X  be a bitopological space . 

a)  1,X is called 0TR  iff for each x , Xy  such that yx   , there exists a R -open set in X  containing exactly 

one of them. 

b)  1,X is called 1TR  iff for each x , Xy  such that yx   , there exists a R -open set 1V containing x  but not

y  and a R -open set 2V containing y but not x  . 

c)  1,X is called 2TR   or R -Hausdoffiff for each x , Xy  such that yx  , therefore exists disjoint R -open sets

1V  and 2V , 1Vx and 2Vy . 

          The following theorems gives properties of  iTR  spaces, 2,1,0i . 

 

Theorem(3.2): 

              Let  21,, X  be a bitopological space. 

1) If  1,X  is 0T  then  1,X is 0TR  . 

2)If  1,X  is 1T  then  1,X is 1TR  . 

3)If  1,X  is 2T  then  1,X is 2TR  . 

Proof: 
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We prove parts (3) and the others similar prove part (3). Suppose that  1,X  is 2T  and x , Xy  such that yx   , 

then there exists disjoint 1 –open sets 1V  and 2V , 1Vx and 2Vy . Now since every 1 –open is R -open. Then

 1,X  is 2TR   . 

 

Theorem(3.3): 

Let  21,, X  be a bitopological space. 

1) If  1,X  is 1TR   then  1,X is 0TR  . 

2)If  1,X  is 2TR   then  1,X is 1TR  . 

Proof: Obvious. 

 

Theorem(3.4):  

Let  21,, X  be a bitopological space .Then  1,X is 1TR  iff for each Xx ,    xxclR  . 

Proof : 

Suppose that  1,X  is 1TR  , and suppose  C
xy  . Then yx  and by 1TR  , then exist  XORV ..  such 

that Vy  but Vx  . Hence  C
xVy  . Therefore by theorem 2.16 part (3) C

x R -open. Thus x R –closed 

by theorem 2.14 part (5),    xxclR   .The converse is clear. 

 

Corollary(3.5): 

Let  21,, X  be a bitopological space. Then  1,X is 1TR  iff for each Xx ,    xderR . 

Proof: Obvious. 

 

Theorem(3.6): 

Let  21,, X  be a bitopological space. Then  1,X is 2TR  iff for each x , Xy  such that yx 

there exists a R -open setV  such that Vx and  VclRy  . 

Proof: 

Let  1,X is 2TR   and x  , Xy  such that yx   . Then there exist disjoint R -open setsV  and U such that

Vx  and Uy  . If  VclRy   this contradicts thatV  andU  disjoint. Hence  VclRy   .the converse is 

clear . 

 

Theorem(3.7) [2]:  

Let  ,X  be a topological space and A  .Then BABA   for every subset B  of X  . 

 

Theorem(3.8): 

Let  21,, X  be a bitopological space. Let  XORV .. and 2Y  .then  YORYV ..  . 

Proof : 

120
 OVO , where O  is 1 –open in X  .Thus YOYVYO  120

  . 

Now YOYV  2  and by theorem 3.7
2

YOYV   .Hence
Y

YOYV
2

   . 

(where  Y2 is the 2 –closure operator Y ). It follow that 
YY

YOYVYO
12 0

  (where

 Y10  is the 1 –interior operator inY ).Therefore  YORYV ..  . 

Theorem(3.9): 
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Let  21,, X  be a bitopological space. Then 

1) Every 2 –open subspace of 0TR   space is 0TR   . 

2)Every 2 –open subspace of 1TR   space is 1TR   . 

3)Every 2 –open subspace of 2TR   space is 2TR   . 

Proof: 

We prove part (3) and the others similar prove (3). 

3)Let  1,X  be 2TR  . Let x  and y by two points of the 2 –open subspaceY of X . If 1V and 2V  are disjoint R –

open sets in X  of x  and y  , respectively, then by theorem 3.8 YV 1 and YV 2 are disjoint R –open sets of x

and inY  . 

 

4-  
R

R0 –SPACES 

In this section we introduce  
R

R0 –space and study some of their properties. 

 

Definition(4.1): 

             Let  21,, X  be a bitopological space.  1,X Is called  
R

R0 if for each  XORV .. and each Vx

,   VxclR  . 

Since a space  1,X  is 1TR  iff the singletons are R –closed (theorem 3.4), it is clear that every 1TR   space is

 
R

R0 . 

 

Definition(4.2) [3]: 

 A Topological space  ,X  is called  0R iff for each TU  and each Ux ,  Ux  . 

 

Theorem(4.3): 

Let  21,, X  be a bitopological space if  1,X is 0R , then  1,X  is  
R

R0  . 

Proof: Obvious. 

 

Definition(4.4) [5]: 

A Topological space  ,X  is called SR )( 0  iff for each semi openU  and each Ux ,   Uxscl  , where

 xscl   denotes the semi closure of x  . 

 

Definition(4.5): 

Let  21,, X  be a bitopologicalspace, the R  of X is defined to be the set

    yclRxyxKerR  : . 

 

Theorem(4.6):  

Let  21,, X  be a bitopological space, then  1,X  is 1TR  iff  it is 0TR   and  
R

R0  . 

Proof: 

Suppose that  1,X is 0TR   and  
R

R0 . Let x , Xy  such that yx   . Since  1,X  is 0TR  it follow that 

there exist R –open setV  such that Vx  and Vy and since  1,X  is  
R

R0  it follow that   VxclR  . 

Hence   cxclRy   .Therefore  1,X  is 1TR   . The converse is clear. 
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Theorem(4.7): 

Let  21,, X  be a bitopologicalspace, then  1,X  is  
R

R0 iff for every R –closed set F and Fx  , 

there exists a R –open set V such that VF  , Vx . 

Proof: 

Obvious. 

 

Definition(4.8) [4]: 

Let  ,X be a bitopological space. A Subset A  of X  is called semi open iff for some O , OAO  , 

where O  denotes the closure of O . 

 

Definition(4.9) [5]:  

Let  ,X  be a bitopologicalspace, the semi of X  is defined to be the     ysclxyxsKer  :  where

 yscl  denotes the semi closure of y  . 

 

Theorem(4.10):  

Let  21,, X  be a bitopologicalspace. Then for x , Xy    yKerRxKerR , iff

   yclRxclR   . 

Proof: Obvious. 

 

Theorem(4.11): 

Let  21,, X be a bitopological space, the following are equivalent: 

a)  1,X is  
R

R0 . 

b) For every Xx ,    xKerRxclR  . 

c) If F  is R –closed in X  , then F  { VV :  is R –open, VF  } . 

d)IfV  is R –open in X  , then UV  { FF : is R –closed, VF  }. 

e) For any nonempty set A  and R –open set V in X such that VA  , there exists a R –closed set F  for which

VF  and FA . 

f) For any R –closed set F  in X  and Fx .    FxclR  . 

Proof:  

(a)  (b): Let  xclRy  .letV  be any R –open set Vx  . Now by (a), Vy . This gives that  yclRx   . 

Therefor  xKerRy  . 

(b) (c): Suppose x does not belong to the R –closed F . And 
cF is R –open and

cFx . Let  xclRy  . 

Then by (b)  yclRx  . Therefore, every R –open set which contains x , contains y .Hence,   cFxclR  . 

Now   cxclR  R –openset containing F to which x does not belong. Consequently. x does not belong to the 

intersection of all the R –open sets which contain F .Thus (c) hold 

(c) (d): LetV  is R –open sets in X , then 
cV is R –closedset. Now by ( c) , 

cV { uu : is R –open, uV c  }.Therefore UV  {
cc uu : is R –closed, Vu c  }. 

(d)  (e): LetV  be R –open and A is non-empty such that VA  . Let VAx  .by (d) there exists a R –

closed F   such that VFx  .clearly, FA . 
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(e)  (f):  Let F be a R –closed set and Fx . Then
cF  is R –open and  cFx   . By (e), there exists a R –

closed set H  such that   xH   and
cFH  . Therefore   cFxclR   .consequently,

   xclRF   . 

(f)  (a): Let F be R –closed set in X and Fx ,    FxclR  . The   cxclR  is R –open set such 

that   cxclRF  ,   cxclRx  ,therefore by theorem 4.4  1,X  is  
R

R0  . 

 

Theorem(4.12): 

Let  21,, X  be bitopological space if for every point x of a  
R

R0  space  1,X ,

     xxRxclR  ker  ,then    xxclR   . 

Proof: Obvious. 

 

Theorem(4.13): 

Let  21,, X be bitopological space if  1,X is an  
R

R0 space and x , Xy , then 

   yclRxclR  or      yclRxclR   .  

Proof: 

Suppose      yclRxclR  .Let    yclRxclRa   .Then      yclRxclRaclR    . 

Now by theorem (2.7) part (b) 

   xRaxclRa ker  

 aclRx   

   aclRxclR   

   yclRxclR   

Similarly 

     xclRyclRyclRa   

Consequently,    yclRxclR  . 

 

Theorem(4.14): 

Let  21,, X  be bitopological space and Y  is 2 –open. Then AclRAclR XY   (where

AclR Y  is the R –closure operator inY ) 

 

Theorem(4.15): 

Let  21,, X  be bitopological space .then every 1 –open and 2 –open subspace of  
R

R0 space is

 
R

R0  . 

Proof: 

LetY 1 –open and 2 –open subspace of  
R

R0 space  1,X  and  YORA .. and Ax . Now to prove that there 

is   YBAxORB  .. . 

Since  YORA .. ,then there is an Y1 open setU  inY  such that
YY o

UAU
12

 also there is 1W  such 

that UYW   . Let WAB  .then AYB   . Now, we show that
XX o

WBW
12

 . 

Obviously BW   . Let Bt  .Then Wt  or At .If Wt then
XX o

Wt
12

  .If At ,
YY o

Ut
12

  and 

since Y
1 –open set so

XX o

Wt
12

  .Therefore  XORB ..  . Again, to prove that  YY 1,  
R

R0 space . 
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Since YBA  ,so Bx and Yx  . Hence   BxclR x  and   YxclR x  .It follows that

  AxclR x   . Then by theorem 2.14   AxclR Y   .Therefore  YY 1, is  
R

R0 . 

 

5-EXAMPLES 

In this section we shall that the converse of the above theorems not true. 

 

Remark(5.1): 

The family of all R –open sets in bitopological space was not necessary topology on X  as shown by the 

following example . 

Example(5.2): 

Let  3,2,1X and           2,,,3,1,2,1,2,1,, 21 XX   . Then it can be verified that 

 21,, X is bitopological space and            2,1,3,2,3,1,2,1,,.. XXOR   . 

Remark(5.3): 

The reverse inclusion in the theorem 2.12 parts (2),(3) not true as shown by the following examples . 

Example(5.4): 

              Let  3,2,1X and         2,1,,,2,1,2,1,, 21 XX   . Then it can be verified that 

 21,, X is bitopological space and            3,2,3,1,2,1,2,1,,.. XXOR   .take    3,1,2  BA

.Then       BderRAderR ,  .Also

            BderRAderRderRBAderR  33,2,1  . 

Example(5.5): 

Let  3,2,1X and           3,2,1,,,2,1,2,1,, 21 XX   . Then it can be verified that

 21,, X  is bitopological space and        2,1,2,1,,.. XXOR  . Take    3,2,3,1  BA . Then

       3,3  BderRAderR .Therefore          BAderRBderRAderR  3 . 

Remark(5.6): 

The reverse inclusion in theorem 2.14 parts (2),(3) are not true as shown by the following example . 

Example(5.7): 

              Let  3,2,1X and       2,1,,,3,2,1,, 21  XX   . Then it can be verified that  21,, X  

is bitopological space and          2,1,3,1,3,2,1,,.. XXOR  . Take   2,1  BA .Then

      2,1  BclRAclR .Therefore

          2,12,1  BclRAclRXclRBAclR  . Take    2,1,3,2  BA  .The

       2,1,3,2  BclRAclR and      2,2  BAclRBA  .Therefore

         23,2  BAclRBclRAclR  . 

Remark(5.8): 

It is obvious that every 1 –open is R –open but the converse is not true as shown by the following example. 

Example(5.9): 

Consider  21,, X defined in example 5.4 take  3,1A  is R –open set but not 1 –open . 

Remark(5.10): 

The reverse inclusion in theorem 2.16 parts 6, 7 are not true as shown by the following example. 

Example(5.11): 

Consider  21,, X  defined in example 5.4 take    23  BA .  

Then      2int,int  BRAR  , but    3,2int  BAR  .Therefore

        }2{intint3,2int  BRARBAR  . Consider  21,, X  defined in example 5.7 ,take

   3,23,1  BA .Then        3,2int,3,1int  BRAR  ,but    BAR int .Therefore

         BARBRAR  int3intint  . 
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Remark(5.12): 

The converse of theorem 3.2 are not true as shown by the following examples . 

Example(5.13): 

Let  3,2,1X and     3,1,,,1,, 21  XX  . Then it can be verified that  21,, X  is 

bitopological space and        3,1,2,1,1,,.. XxOR  .Therefore  1,X  is a 0TR  space, but it is not 0T . 

Example(5.14): 

Let  3,2,1X and           3,1,,,3,2,2,1,2,1,, 21  XX  . Then it can be verified that

 21,, X  is bitopological space and            3,1,3,2,2,1,2,1,,.. XxOR  . Therefore  1,X  is a

1TR  space, but it is not 1T  and  1,X is 2TR  space, but it is not 2T  . 

Remark(5.15): 

The converses theorem 3.3 is not true as shown by the following examples. 

Example(5.16): 

Consider  21,, X  defined in examples 5.13  1,X  is a 0TR  space, but it is not 1TR   . 

Example(5.17): 

Let X  be infinite set and 1 confinite topology on X  , 2 discrete topology on X  . Then it can be 

verified that  21,, X bitopological space and   1.. xOR  . Therefore  1,X  is a 1TR   space but is not

2TR   . 

Remark(5.18): 

The property of 0TR  , 1TR  and 2TR   are not hereditary property as shown by the following . 

Example(5.19): 

Let  4,3,2,1X and

                         1,4,2,1,3,1,,,4,3,2,4,2,1,4.2,3,2,1,3,2,3,1,2,1,3,2,1,, 21  XX  . Then 

it can be verified that  21,, X is bitopological space and

                         4,1,4,3,1,4,3,2,4,2,1,4,2,3,2,1,3,2,3,1,2,1,3,2,1,,.. XxoR  . Therefore

 1,X is 1TR   and 2TR  . Now let  4,3,2Y  is 1 –open subspace of  1,X .

  }4,2{},3,2{},3{,2,,1 YY      4,2,3,,, 2 YY  .Then it can be verified  21,, Y bitopological 

space and           4,2,3,2,3,2,,.. YYoR  . Therefore  YY 1,  is not 1TR  and also not 2TR   . 

Example(5.20): 

Let  4,3,2,1X and                 4,2,1,,,3,2,1,3,2,3,1,2,1,3,2,1,, 21  XX  . Then it 

can be verified that  21,, X  is bitopological space and 

                        4,3,24,2,4,2,1,4,3,1,4,1,3,2,1,3,2,3,1,2,1,3,2,1,,.. XxoR  . Therefore  1,X

is 1TR   and 2TR  . Now, let  4,3,2Y  is subspace of  1,X , then           4,2,3,2,3,2,,.. YYoR   . 

Therefore  YY 1,  is not 1TR  and also not 2TR  . 

Example(5.21): 

Let  3,2,1X and     3,1,,,}3,2{,1,, 21  XX  . Then it can be verified that  21,, X

is bitopological space and          3,2,3,1,2,1,1,,.. XxoR   . Therefore  1,X  is 0TR   . Now, let

}3,2{Y  is subspace of  1,X .then     3,,,, 21  YYYY   and it can be verified that

 YYY 21 ,,   is bitopological space and    ,.. YYoR   . Therefore  YY 1, is not 0TR  . 

Remark(5.22): 

The axiom of 0TR  and  
R

R0 are independent as shown by the following examples. 
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Example(5.23): 

Let  3,2,1X and       3,2,,,3,2,1,, 21  XX  . Then it can be verified that  21,, X  

is bitopological space and      3,2,1,,.. XxoR  .Therefore  1,X  is a  
R

R0 , but it is not 0TR   . 

Example(5.24): 

Let  3,2,1X and         3,,,2,1,2,1,, 21  XX  . Then it can be verified that

 21,, X  is bitopological space and        2,1,2,1,,.. XxoR   .Therefore  1,X is 0TR   ,but it is not

 
R

R0  . 

Remark(5.25): 

It is obvious that every space 1TR  is  
R

R0  , but the converse is not true as shown by the following 

example. 

Example(5.26): 

Consider  21,, X  defined in example 5.23  1,X  is a  
R

R0  ,but it is not 1TR   . 

Remark(5.27): 

The axiom of  
s

R0  and  
R

R0  are independent as shown by the following examples. 

Example(5.28) 

Let  3,2,1X  and         3,,,2,1,2,1,, 21  XX  .then it can be verified that  21,, X  

is bitopological space and      2,1,1,,.. XxOR  . 

Therefore  1,X is  
S

R0  ,but it is not  
R

R0  . 

Example(5.29): 

              Let  3,2,1X  and           3,1,,,2,3,2,2,1,1,, 21  XX  . Then

           3,1,2,3,2,2,1,1,,.. XXOR  .  Therefore  1,X is  
R

R0 ,but it is not  
s

R0 . 

Remark(5.30): 

The axiom of   xs ker and  xR ker  are independent as shown by the following examples . 

Example(5.31): 

                 Let  3,2,1X and       3,2,,,3,2,1,, 21  XX   . Then it can be verified that

 21,, X  is bitopological space and          3,1,2,1,3,2,1,,.. XXOR  . Therefore

       22ker3,22ker  Rs .  

Example(5.32): 

              Let  3,2,1X and           3,3,2,,,2,1,2,1,, 21  XX   . Then it can be verified that

 21,, X  is bitopological space and        2,1,2,1,,.. XXOR  . Therefore

       33ker3,2,13ker  sXR . 

Remark(5.33): 

The converse of theorem 4.3 are not true as shown by the following example. 

Example(5.34): 

Consider  21,, X  defined in example 5.29  1,X  is  
R

R0 , but it is not  0R . 

Remark(5.35): 

The property of  
R

R0 is not hereditary property as shown by the following examples. 

Example(5.36): 

Let  3,2,1X and           3,1,,,3,1,1,3,3,2,, 21  XX  . 

Then            2,1,3,1,1,3,3,2,,.. XXOR  . Therefore  1,X is  
R

R0 . Now, let  3,2Y  is subspace of

 1,X , then     3,,.. YYOR   .therefore  YY 1,  is not  
R

R0  . 
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Example(5.37): 

Let  4,3,2,1X and                4,3,1,3,2,1,3,1,,,4,4,2,1,4,3,2,1,, 21  XX  .Then

                  4,3,1,4,3,2,4,2,1,3,2,1,4,4,2,1,4,3,2,1,,.. XXOR  . Therefore  1,X is  
R

R0 . Now let

 4,3,2Y  is subspace of  1,X  . 

 

Then                4,3,3,2,3,,,4,4,2,4,3,2,, 21 YYYY   and it can be verified that 

 YYY 21 ,,  is bitopological space and           4,4,2,4,3,2,,.. YYOR  . Therefore  YY 1, is not

 
R

R0  . 
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