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INTRODUCTION

The notion of generalized b-strongly b*-closed set and its different characterizations are given in [4]. In this
paper, we introduce the notions of gbsb*-limit points, gbsbh*-derived sets, gbsb*-interior and gbsb*-closure of a set,
gbsb*-interior points, gbsb*-border, gbsb*-frontier and gbsb*-exterior by using the concept of gbsb*-open sets and
ghsb*-closed sets, and study their topological properties.

PRELIMINARIES

Throughout this paper (X, t) represents a topological space on which no separation axiom is assumed unless
otherwise mentioned. (X, t) will be replaced by X if there is no changes of confusion. For a subset A of a topological
space X, cl(A) and int(A) denote the closure of A and the interior of A respectively. We recall the following definitions
and results.

Definition 2.1.[1] Let (X, 7) be a topological space. A subset A of the space X is said to be b-open if
Acint(cl(A))ucl(int(A)) and b-closed if int(cl(A))Ncl(int(A)) SA.

Definition 2.2.[1] Let (X, 7) be a topological space and A = X. The b-closure of A, denoted by bcl(A) and is defined by
the intersection of all b-closed sets containing A.

Definition 2.3.[1] Let (X, t) be a topological space and A < X. The b-interior of A, denoted by bint(A) and is defined by
the union of all b-open sets contained in A.

Definition 2.4.[2] A subset A of a topological space (X, t) is said to be generalized b-closed (briefly gb-closed) if bcl(A)
< U whenever A= U and U is open in (X, 7). The collection of all gb-closed sets of X is denoted by gh-C(X,t).

Definition 2.5.[2] Let (X, t) be a topological space and A = X. The gb-closure of A, denoted by gb-cl(A) and is defined
by the intersection of all gb-closed sets containing A.

Definition 2.6.[2] Let (X, t) be a topological space and A< X. The gb-interior of A, denoted by gb-int(A) and is defined
by the union of all gb-open sets contained in A.

Definition 2.7.[3] Let (X, 7) be a topological space. A subset Aof X is said to be strongly b*-closed (briefly sb*-closed)
if cl(int(A))) < U whenever Ac U and U is b-open in (X, 7).
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Definition 2.8.[4] A subset A of a topological space (X, 7) is called a generalized b-strongly b*-closed set (briefly,gbsb*-
closed) if bcl(A) = U whenever Ac U and U is sb*-open in (X, 7). The collection of all gbsb*-closed sets of X is
denoted by ghsb*-C(X,t).

Theorem 2.9. [4]

(i) Every closed set is ghsb*-closed.
(if) Every b-closed set is ghsb*-closed.
(iii) Every ghsb*-closed set is gh-closed.

Theorem 2.10.[4]
(i) Arbitrary intersection of gbsh*-closed sets is ghsb*-closed.
(if) Arbitrary union of ghsb*-open sets is gbsb*-open.

Remark 2.11.[4]
(i) The union of ghsb*-closed sets need not be a ghsb*-closed set.
(ii) The intersection of ghsb*-open sets need not be a gbsb*-open sets.

The generalized b-strongly b*-interior operator
Definition 3.1. Let A be a subset of a topological space (X, 1). Then the union of all gbsb*-open sets contained in A is
called the gbsb*-interior of A and it is denoted by gbsb*int(A). That is, ghsb*int(A)=U{V:VcA and V egbsb*-O(X)}.

Remark 3.2. Since the union of gbsb*-open subsets of X is gbsb*-open in X, gbsb*int(A) is gbsb*-open in X.

Definition 3.3. Let A be a subset of a topological space X. A point xeX is called a gbsb*-interior point of A if there
exists a ghsh*-open set G such that xe GCA.

Theorem 3.4. Let A be a subset of a topological space (X, t). Then

(i) gbsb*int(A) is the largest gbsb*-open set contained in A.

(if) Ais gbsb*-open if and only if gbsb*int(A)=A.

(iii) gbsb*int(A) is the set of all gbsb*-interior points of A.

(iv) Ais gbsb*-open if and only if every point of A is a ghsb*-interior point of A.

Proof:

(i) Being the union of all ghsb*-open sets, gbsb*int(A) is ghsb*-open and contains every ghsb*-open subset of A.
Hence gbsb*int(A) is the largest gbsb*-open set contained in A.

(if) Necessity: Suppose A is ghsb*-open. Then by Definition 3.1, Acgbsb*int(A). But gbsb*int(A)cA and therefore
gbsb*int(A)=A. Sufficiency: suppose gbsb*int(A)=A. Then by Remark 3.2, gbsb*int(A) is gbsb*-open set. Hence A
is ghsb*-open.

(iii) xegbsb*int(A)sthere exists a gbsbh*-open set G such that XxeGZA.

©&X is a ghsb*-interior point of A.
Hence gbsb*int(A) is the set of all gbsb*-interior points of A.

(iv) It directly follows from (ii) and (iii).

Theorem 3.5. Let A and B be subsets of (X, 1). Then the following results hold.
(i) gbsb*int( ¢p)= ¢ and gbsb*int(X)=X.
(if) If B is any gbsb*-open set contained in A, then Bcgbsb*int(A) .
(iii) If AcB, then gbsb*int(A)cgbsb*int(B).
(iv) int(A)cbint(A)cgbsb*int(A)cgbint(A)cA.
(v) gbsb*int(gbsb*int(A))=gbsb*int(A).

Proof:

(i) Since ¢ is the only ghsb*-open set contained in ¢, then gbsb*int(¢)= ¢. Since X is ghsb*-open and gbsb*int(X) is
the union of all gbsb*-open sets contained in X, gbsh*int(X)=X.

(if) Suppose B is ghsb*-open set contained in A. Since gbsb*int(A) is the union of all gbsb*-open set contained in A,
then we have Bcgbsb*int(A).
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(iii) suppose Ac B. Let xegbsb*int(A). Then X is a gbsb*-interior point of A and hence there exists a ghsb*-open set G
such that xeGcA. Since AcB, then xeGcB. Therefore x is a ghsb*-interior point of B. Hence xegbsb*int(B). This

proves (iii).
(iv) Since every gbsb*-open set is gb-open, gbsb*int(A)cgbint(A). Since every b-open set is gbsb*-open,
bint(A)cgbsb*int(A). Every open set is b-open, int(A)chint(A). Therefore

int(A)chint(A)cgbsb*int(A)cgbint(A)cA.
(v) By Remark 3.2, gbsb*int(A) is gbsb*-open and by Theorem 3.4(ii), gbsb*int(gbsb*int(A))=gbsb*int(A).

Theorem 3.6. Let A and B are the subsets of a topological space X. Then,
(i) gbsb*int(A)ugbsb*int(B)cgbsb*int(AuB).
(ii) gbsb*int(AnB)cgbsb*int(A)ngbsb*int(B).

Proof:

(i) Let A and B be subsets of X. By Theorem 3.5(iii), gbsb*int(A)cgbsb*int(AuB) and gbsb*int(B)cgbsb*int(AuB)
which implies, gbsb*int(A)ugbsb*int(B)cghbsh*int(AUB).

(i) By Theorem 3.5(iii), gbsb*int(A N B)cgbsb*int(A) and gbsb*int(A n B)cgbsb*int(B) which implies
gbsb*int(AnB)cgbsb*int(A)Ngbsb*int(B).

Theorem 3.7. For any subset A of X,
(i) int(gbsb*int(A))=int(A)
(if) gbsb*int(int(A))=int(A).

Proof:(i) Since ghsb*int(A)cA, int(gbsb*int(A))cint(A). By Theorem 3.5(iv), int(A)c(gbsb*int(A)), and so
int(A)=int(int(A))cint(gbsb*cl(A)). Hence int(gbsb*int(A))=int(A).
(if)Since int(A) is open and hence ghsh*-open, by Theorem 3.4(ii), gbsb*int(int(A))=int(A).

The generalized b-strongly b*-closure operator

Definition 4.1. Let A be a subset of a topological space (X, 1). Then the intersection of all gbsb*-closed sets in X
containing A is called the gbsb*-closure of A and it is denoted by gbsb*cl(A). That is, ghsb*cl(A)=n{F: AcF and
Fegbsb*-C(X)}.

Remark 4.2. Since the intersection of gbsb*-closed set is gbsb*-closed, ghsb*cl(A) is gbsb*-closed.

Theorem 4.3. Let A be a subset of a topological space (X, 7). Then
(i) gbsb*cl(A) is the smallest gbsb*-closed set containing A.
(if) A is gbsb*-closed if and only if ghsb*cl(A)=A.

Theorem 4.4. Let A and B be two subsets of a topological space (X, 1). Then the following results hold.
(i) gbsb*cl( ¢)= ¢pand ghsb*cl(X)=X.

(ii) If B is any gbsb*-closed set containing A, then gbsb*cl(A)< B.

(iii) If AcB, then gbsb*cl(A)cgbsb*cl(B).

(iv) Acgb-cl(A)cgbsb*cl(A)cbcl(A)ccl(A).

(v) gbsb*cl(gbsb*cl(A))=gbsb*cl(A).

Theorem 4.5. Let A and B be subsets of a topological space (X, 1). Then,
(i) gbsb*cl(A)ugbsb*cl(B)cgbsb*cl(AUB).
(if) gbsb*cl(AnB)cgbsb*cl(A)ngbsb*cl(B).

Theorem 4.6. For a subset A of X and xeX, xegbsb*cl(A) if and only if VNA= ¢ for every gbsb*-open set V
containing Xx.

Proof: Necessity: Suppose xeghsh*cl(A). If there is agbsb*-open set V containing x such that VNA= ¢, then AcX\V
and X\V is ghsb*-closed and hence ghsb*cl(A)cX\V. Since xeghsb*cl(A), then xe X\V which contradicts to xeV.
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Sufficiency:Assume that VNA= ¢ for every ghsb*-open set V containing x. If xggbsb*cl(A), then there exists a ghsb*-
closed set F such that AcF and xgF. Therefore xe X\F, An(X\F)= ¢ and X\F is gbsbh*-open. This is a contradiction to
our assumption. Hence xegbsb*cl(A).

Theorem 4.7. For any subset A of X,
(i) cl(gbsb*cl(A))=cl(A)
(if) gbsb*cl(cl(A))=cl(A).

Generalized b-strongly b*-derived set
Definition 5.1. Let A be a subset of a topological space X. A point xeX is said to be a gbsb*-limit point of A if
GN(A{x})= ¢, for every ghsb*-open set G containing Xx.

Definition 5.2. The set of all gbsb*-limit points of A is called a gbsh*-derived set of A and is denoted by Dgysp+(A).

Remark 5.3. For a subset A of X, a point xeX is not a ghsb*-limit point of A if and only if there exists a gbsb*-open set
G in X such that GN(A\W{x})= ¢, equivalently XxeG and GNA= ¢ or GNA={x}.

Theorem 5.4. Let 1, and t, be topologies on X such that gbsb*-O(X, t;) cgbsb*-O(X, t,). For any subset A of X, every
gbsb*-limit point of A with respect to ghsb*-O(X, 1) is a gbsb*-limit of A with respect to ghsb*-O(X,1,).

Proof: Let A be any subset of X and x€X be a gbsh*-limit point of A with respect to ghsh*-O(X, t,).Then
GN(A{x})= ¢, for every ghsb*-open set G in (X, t1,) containing x. But gbsh*-O(X, 1) <ghsh*-O(X, 1), so in particular
GN(A\{x})= ¢, for every ghsb*-open set G in (X, 11) containing X. Hence x is a ghsb*-limit point of A with respect to
gbsb*-O(X,t,).

Theorem 5.5. Let A and B be subsets of (X, t). Then the following are valid:
(1) Dgospo( )= ¢

(i) XE Dgysp+(A) implies X€ Dgysp-(A{X})

(iii) If AcB, then Dgpsp+(A) =Dgpsn+(B)

(iv) Dgos=(A) UDgpst<(B)=Dgnsh-(AUB) and Dgysp«(ANB) SDgpsi<(A) NDghsi+(B)
(V) Dgbst(Dghst(A))\ASDgpsp<(A)

(Vi) Dgpst(AUDgosh(A)) SAUDgysh+(A)

Proof:

(i) Obviously Dgyso+( @)= ¢.

(i) Let X€ Dgysp+(A). Then x is a gbsb*-limit point of A. That is, every gbsb*-open set containing x contains atleast one
point of A other than x. Therefore x is a gbsbh*-limit point of A\{x}. This proves (ii).

(iii) Suppose AcB. Let XE Dgysp+(A). Then GN(AW{X})#= ¢, for every gbsh*-open set G in (X, 1) containing X. Since AcB,
A{x}c=B\{x} and hence GN(B\{x})= ¢. Therefore Xx& Dgps+(B). This proves (iii).

(iv) Let A and B be subsets of X. By part (iii), Dgnsp+(A)SDgnsp<(AUB) and Dgpsy+(B)=Dgrsp+(AUB) which implies that,
Dygost(A) U Dgosp(B)SDgosp+(AUB). Again by part(iii), Dgosy-(ANB)CDgosp+(A) andDgpsp=(ANB)CDgpsp+(B) which
implies Dgpsp-(ANB)CDgosps(A)N Dygpsp=(B).

(v) Let XE(Dgpsu+(Dgosox(A)NA. Then GN(Dgpsr(A){X})= ¢, for every gbsb*-open set G in (X, 1) containing x. Let
YEGN(Dgostr(A){X}). This implies yeG and yEDgys+(A) With y#x and hence GN(A{y})# ¢. Take zeGN(A{y}),
then x=z because x¢ A. Hence GN(A\{x})# ¢ and therefore X€Dgpgy+(A). This proves (v).

(vi) Let XEDgysp~(AUDgysp+(A)). If XEA, then the result is obvious. Assume x¢A. Since XEDgysp+(AUDgpsp+(A)), then GN
((A U Dgpspr(ADMX}) # ¢, for every gbsb*-open set G containing x. Hence either G n (A{x}) # ¢ or
GN(Dgospx(A){X})# @. If GN(AYX})# ¢, then XEDgysp+(A). If GN(Dgosox(A)\{X})# ¢, then X€E(Dgpspr(Dgnsh(A)).
Since x¢ A gives that X€(Dgysp~(Dgoso~(A)))\A and by part (v), XEDggsp+(A). Hence Dgyspx(AUDghsh+(A)) SAUDgpsp+(A)

Theorem 5.6. For any subset A of X, we have Dgy,+(A)cgbsb*cl(A).
Proof: Let X€EDgysp+(A). Then GN(AX})= ¢, for every ghsb*-open set G in (X, 1) containing x. That is, GNA# ¢, for
every ghsh*-open set G in (X, 1) containing x. By Theorem 4.6, x€gbsb*cl(A). Hence Dgygp+(A)cgbsb*cl(A).
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Theorem 5.7. Let A be a subset of X. Then gbsb*cl(A)=AUDgg+(A).

Proof: Let xegbsb*cl(A). If Xx€A, then the result is obvious. Suppose xgA. Since xegbsb*cl(A), then by Theorem 4.6,
GNnA= ¢, for every ghsh*-open set G in (X, 1) containing x. Since x¢A, then we have GN(A\{Xx})# ¢ and therefore
XEDgnsp+(A). Hence ghsh*cl(A)cAUDgsp+(A). On the other hand, we know that Acgbsb*cl(A) and by Theorem 5.6,
Dgosp<(A)=gbsh*cl(A), then we conclude that AUDgys0+(A)=gbsb*cl(A). Hence gbsb*cl(A)=AUDgs+(A).

Theorem 5.8. Let A and B be subsets of X. If A €ghsb*-O(X) and ghsb*-O(X) is topology on X, then
Angbsb*cl(B)cgbsb*(AnB).

Proof: Suppose Aeghbsb*-O(X) and ghsb*-O(X) is topology on X. Let xe Angbsb*cl(B). Then xeA and xegbsb*cl(B).
By Theorem 5.7, X€BUDgps+(B). Then we have two cases,

a) If xeB, then xeAnBcgbsbh*cl(ANB).

b) If xgB, then XEDg,,+(B) and so GNB= ¢, for every ghsb*-open set G in (X, 1) containing x. Since A,G€Eghsh*-
O(X) and ghsbh*-O(X) is a topology on X, then ANG is also a ghsb*-open set containing X. Hence
GN(ANB)=(GNA)NB+ ¢. That implies, XEDg,s,~(ANB). By Theorem 5.6, xegbsh*cl(ANB)

Hence Angbsb*cl(B)cgbsb*(ANB).

Remark 5.9. If ghsb*-O(X,t ) is not a topology on X, then the above theorem need not be true which is shown in the
following
example.

Example 5.10. Let X={a,b,c,d} with a topology t ={ ¢, {a}, {b}, {a,b}, {a,b,c}, X}. Here gbsb*-O(X,t )={ ¢, {a}, {b},
{a,b}, {a,c}, {a,d}, {b,c}, {b,d}, {a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}, X}. Then gbsb*-O(X,t ) is not a topology on X. Let
A={a, b, d} and B={ac,d}. Then AnNgbsb*cl(B)={a, b, d} and gbsb*cl(ANB)={a,d}. Hence
AnNgbsb*cl(B)Zgbsh*cl(ANB).

Theorem 5.11. If A is a subset of a discrete topological space X, then D gysp«(A)= ¢.

Proof: Let A be a subset of a discrete topological space X and x be any element of X. Since X is a discrete topology,
every subset of X is open and so gbsb*-open. In particular the singleton set G={x} is ghsb*-open and therefore
GN(A\{x})=¢. Then we conclude that x is not a ghsb*-limit point of A. Since xeX is arbitrary, then every element of X
is not a ghsb*-limit point of A. Hence Dgysp+(A)= ¢.

Theorem 5.12. For any subset A of X, gbsb*int(A)=A\Dgysy<(X\A).

Proof: Let xegbsb*int(A). Then there exists a gbsb*-open set G such that xeGcA. That implies, GN(X\A)= ¢ where G
is a gbsb*-open set containing x and hence X Dgygy+(X\A). Therefore XEA\Dgygp+(X\A). Hence gbsb*int(A)cA\Dgysp+(A).
Let X € A\Dgpep<(X\A). Then xeDgep«(X\A) and therefore there exists a gbhsh*-open set G containing x such that
G N (X\A)= ¢. That is, x € GcA. Hence x is a gbsb*-interior point of A. Therefore x € gbsb*int(A) and so
A\Dgys0+(X\A)cgbsh*int(A). Hence gbsb*int(A)=A\Dgpsy+(X\A).

Theorem 5.13. For any subset A of X,
(i) X\gbhsb*int(A)=gbsb*cl(X\A)
(if)y X\ghsb*int(X\A)=gbsb*cl(A)
(iii) X\ghsb*cl(A)=gbsb*int(X\A)
(iv) X\gbsb*cl(X\A)=gbsb*int(A)

Proof. (i) X\gbsb*int(A)=X\(A\Dgusp+(X\A)) = (XVA)U Dygpsp(X\A)=gbsb*cl(X\A).

(i) Replace A by X\A in part(i), X\gbsb*int(X\A)=gbsb*cl(A).

(i) gbsb*int(XVA)=(XVA) Dgpspr(A)=X\(AU Dygpep+(A)) = X\gbsb*cl(A). This proves (iii).
(iv) Replace A by X\A in part(iii), X\ghsb*cl(X\A)=gbsb*int(A).

gbsb*-border and gbsb*-frontier of a set
Definition 6.1. Let A be a subset of X. Then the set Bgpsp«(A)=A\gbsb*int(A) is called the gbsb*-border of A and the set
Frguso~(A)=gbsb*cl(A)\gbsb*int(A) is called the gbsb*-frontier of A.

Example 6.2. Let X={a,b,c,d} with a topology t ={ ¢, {a}, {b}, {a,b}, {a,b,c}, X}. Here ghsb*-O(X)={ ¢, {a}, {b},
{a,b}, {ac}, {a,d}, {b,c}, {b,d}, {ab,c}, {ab,d}, {ac,d}, {b,c,d}, X} Let A={a, b, c}. Then ghsb*cl(A)=X and
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gbsb*int(A)={a, b, c}.  Therefore  Bg-(A)=A\gbsb*int(A)={a, b, c}{a, b, ¢}= ¢ and
Frgpsox(A)=gbsb*cl(A)\gbsb*int(A)=X\{a, b, c}={d}.

Theorem 6.3. If a subset A of X is ghsh*-closed, then Bgyg,~(A)=Frgpso~(A).
Proof: Let A be a gbsb*-closed subset of X. Then by Theorem 4.3, gbsb*cl(A)=A. Now,
Frgpso<(A)=gbsb*cl(A)\gbsb*int(A)=A\gbsb*int(A)=Bgys,~(A).

Theorem 6.4. For a subset A of X, the following statements are hold:
(i) A=gbsb*int(A)UBgsp~(A)

(i) gbsb*int(A)NBgusp+(A)= ¢

(iii) A is gbsb*-open if and only if Bgpep+(A)= ¢

(iv) Bgoso+(gbsbint(A))= ¢

(V) gbsb*int(Bgses+(A))= ¢

(Vi) Bgosh=(Bgbst(A))=Bgnsh+(A)

Proof:

(i) Let xeA. If xegbsb*int(A), then the result is obvious. If xegbsb*int(A), then by the definition of Bgyp+(A),
X € Bgpep+(A). Hence x € gbsb*int(A) U Bgpsp«(A) and so Acgbsb*int(A) U Bgsp«(A). On the other hand, since
gbsb*int(A)cA and Bgyg,+(A)A, then we have ghsh*int(A)UBgsu+(A)A. This proves (i).

(if) Suppose gbsb*int(A)NBgysu+(A)# ¢. Let xegbsb*int(A)NBgusp+(A). Then xegbsb*int(A) and X€Bgpgy+(A). Since
Bgoso-(A)=A\gbsb*int(A), then x € A but x € gbsb*int(A), x & A. There is a contradiction. Hence
gbsb*int(A)NBgysp+(A)= ¢

(iii) Necessity: ~ Suppose A is  gbsb*-open. Then by  Theorem 3.4, gbsb*int(A)=A.  Now,
Bgoso+(A)=A\gbsb*int(A)=A\A= ¢. Sufficiency: Suppose Bgs+(A)= ¢. This implies, A\ghsb*int(A)= ¢. Therefore
A=gbsb*int(A) and hence A is gbsb*-open.

(iv) By the definition of gbsb*-border of a set, Bgpsy+(gbsb*int(A))=gbsb*int(A)\gbsb*int(gbsb*int(A)). By Theorem 3.4,
gbsb*int(ghsb*int(A))=gbshb*int(A) and hence Bgs,~(gbsb*int(A))= ¢.

(v) Let x € ghsb*int(Bgss~(A)). Since Bgpey<(A)cA, by Theorem 3.5, gbsb*int(Bgsp+(A))cgbsb*int(A). Hence
x€egbsb*int(A). Since gbsb*int(Bgpsy+(A))=Bgosp~(A), then XEBgsp+(A). Therefore xegbsh*int(A)NBgysy+(A). By part
(i), x= ¢p. This proves (v).

(vi) By the definition of ghsb*-border of a set, Bgsp<( Bgosor(A))=Bgusor(A)\ghsb*int(Bgusp«(A)). By part (v),
gbsb*int(Bgpsp(A))= ¢ and hence Bgpgy( Bypsn<(A))=Bgosh(A).

Theorem 6.5. Let A be a subset of X. Then,
() Bgssx(A)=Angbsb*cl(X\A)
(ll) ngsb*(A):Aﬂ ngsb*(X\A)'

Proof:

(i) Since Bgoso+(A)=A\gbsb*int(A) and by Theorem 5.13, Bgoso~(A)=A\(X\ghsh*cl(X\A))
=AN(X\(X\gbsb*cl(X\A))=Angbsh*cI(X\A).

(if) By Theorem 6.5 and Theorem 5.7, we have Bgu«(A)= A N gbsb*cl(X\A)=A N ((X\A) U Dgpsp+(X\A))=
(AN(X\A))U(ANDgyep+(X\A))= @ U(ANDgpsp+(XVA))= ANDgpep(X\A).

Theorem 6.6. Let A be a subset of X. Then A is ghsb*-closed if and only if Frg,g,+(A)cA.

Proof:  Necessity: Suppose A is gbsb*-closed. Then by Theorem 4.3, gbsb*cl(A)=A. Now,
Frguso~(A)=gbsb*cl(A)\gbsb*int(A)=A\gbsb*int(A)cA. Hence Frgsu+(A)cA. Sufficiency: Assume that, Frgps«(A)A.
Then gbsb*cl(A)\gbsb*int(A)cA. Since gbsb*int(A)cA, then we conclude that gbsb*cl(A)cA. Also Acgbsb*cl(A).
Therefore ghsb*cl(A)=A and hence A is gbsb*-closed.

Theorem 6.7. For a subset A of X, we have the following
(i) gbsb*cl(A)=ghsb*int(A)UFrgg~(A).

(i) gbsb*int(A)NFrgpsy<(A)= ¢.

(iii) Bgpsh(A)=Frgnsp<(A).

(iv) Frgpsy«(A)=Bgosy=(A)U(Dgosn+(A)\gbsb*int(A)).

(v) If Ais gbshb*-open then Frgyg,-(A)=Bgysp~(X\A).
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(Vi) Frgpsp(A)=gbsb*cl(A)ngbsb*cl(X\A).

Proof:

(i) Since gbsb*int(A)cgbsb*cl(A) and Frgyg+(A)cgbsb*cl(A), then gbsb*int(A) U Frgu,~(A)cgbsb*cl(A).  Let
x€egbsb*cl(A). Suppose x¢&Frg.s+(A). Since, then xegbsb*int(A). Hence x€gbsb*int(A)U Frg.s+(A) and hence
gbsb*cl(A)cgbsb*int(A)UFrgsp«(A). This proves (i).

(ii) Suppose gbsh*int(A) NFrgpsp+(A)= @. Let xeghsb*int(A)NFrg,s~(A). Then xegbsb*int(A) and XEFrgs+(A), which is
impossible to x belongs to both gbsh*int(A) and Frg.~(A), sinceFrgs«(A)=gbsb*cl(A)\gbsb*int(A). Hence
ngb*int(A)nFrngb*(A): ¢

(i) Since Acgbsb*cl(A), then A\gbsb*int(A)cgbsb*cl(A)\gbsb*int(A). That implies, Bgpsy(A)SFrgosn~(A).

(iv) Since  Frguep+(A)=gbsb*cl(A)\gbsb*int(A) and by Theorem 5.7, Frgpe«(A)=(A U Dgysp+(A))\gbsh*int(A)
=(A\gbsb*int(A))U(Dgssp+(A)\gbsh*int(A))=Bgoso~(A) U(Dguso+(A)\gbsb*int(A)). This proves (iv).

(v) Assume that a is gbsb*-open. Then by Theorem 3.4, gbsb*int(A)=A and by Theorem 6.4, Bgyp+(A)= ¢. By part (iv),
Fr gost(A) =Bgesox(A) U (Dt (A)\GDSH*INt(A)) =¢p U(Dgos(A)\A)= Dygoser(ANA=Dip(A)N(X\A). Then by Theorem
6.5, Frgbsb*(A):ngsb*(X\A).

(vi) Since  gbsh*cl(X\A)=X\gbsb*int(A), gbsb*cl(A) n gbsb*cl(X\A) =gbsb*cl(A) n (X\gbsb*int(A))
=(gbsb*cl(A)nX)\(gbsb*cl(A)ngbsb*int(A)) =gbsh*cl(A)\gbsb*int(A) =Frgpsp«(A).

Theorem 6.8. For a subset A of X, we have the following
(1) Fropsy<(A)=Frgpso-(X\A).

(i) Frguso~(A) is gbsb*-closed.

(ii1) Frpsy=(Frapsp=(A)) SFrgnsp=(A).

(iV) Frgbsb*(ngb*int(A))gFrgbsb*(A)-

(V) Frgbsb*(ngb*Cl(A))gFrgbsb*(A)-

(vi) gbsb*int(A)=A\Frgms~(A).

Proof:

(i) By Theorem 6.7 (vi), Frgpsp+(A)=gbsh*cl(A)Nghsb*cl(X\A)=Frgpsp«(X\A).

(if) Now, ghbsb*cl(Frgpsp+(A))=gbsb*cl(gbsh*cl(A) N gbsb*cI(X\A))cgbsb*cl(A) N gbsh*clI(X\A) =Frg,,~(A). That is,
gbsh*Cl(Frgpsp«(A))SFrgpsh<(A). Also  Fropsp«(A)cgbsb*(Frgpsy<(A)). Therefore gbsb*Cl(Frgpsy«(A))=Frgpsp«(A) and
hence Frg,s,~(A) is gbsb*-closed.

(iii) By part (ii), Frgpsp=<(A) is ghsb*-closed and by Theorem 6.6, Frgpsy«(Frgnsh<(A))SFrghsn<(A).

(iv) By the definition of gbsb*-frontier, Frgg«(gbsh*int(A))= gbsb*cl(ghsb*int(A))\gbsb*int(gbsb*int(A))c
gbsb*cl(A)\ghsb*int(A) =Frgpsp«(A). Hence Frgyg,«(gbsb*int(A)) cFrgpsp«(A).

(v) By the definition of gbsb*-frontier, Frg.~(gbsb*cl(A))=  gbsb*cl(gbsb*cl(A))\gbsh*int(gbsb*cl(A))c
gbsb*cl(A)\ghsb*int(A) =Frgpsp«(A). Hence Frgpgy«(gbsb*cl(A))cFrgusp<(A).

(vi) Now A\Frg,g,+(A)=A\(gbsh*cl(A)\gbsb*int(A)) =AN(X\gbsb*cl(A))ugbsb*int(A)=¢ Ugbsb*int(A)=gbsb*int(A).

gbsb*-exterior and gbsb*-kernel
Definition 7.1. Let A be a subset of a topological space (X, t ). Then the gbhsb*-interior of X\A is called the gbsb*-
exterior of A and it is denoted by Extgpsp«(A). That is, ExXtgpey+(A)=ghsh*int(X\A).

Example 7.2. Let X={a,b,c,d} with a topology © ={ ¢, {a,b}, {a,b,c},X}. Here gbsb*-O(X)={ ¢, {a}, {b}, {a,b}, {a,c},
{a,d}, {b,c}, {b.d}, {a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}, X}. Let A={c, d}. Then Extgus+(A)=ghsb*int(X\A)={a, b}.

Theorem 7.3. For a subsets A and B of X, the following are valid.
(i)  Extgosp~(A)=X\ghsb*cl(A).

(if) ExXtgosp~( Extgpspr (A))=gbsb*int(gbsb*cl(A))2gbsb*int(A).
(iii) If ASB, then Extgpepr (B)S EXtgpsyr (A).

(iv) Extgperr (AUB)_ Extgnspx (A)N EXtgperr (B).

(V) ExXtgpep+(ANB)_ EXtgnshr (A)U Extgnsox (B).

(Vi) Extgpep+(X)= ¢ and Extgpeor ()=X.

(Vii) Ethbsb*(A):Ethbsb*(X\Ethbsb*(A))-
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Proof.

(i) Since, X\ghsb*cl(A)=gbsb*int(X\A), Extgpsp+(A)=X\gbsb*cl(A).

(i)  Extgpsp( EXtgnsr+(A))= EXtgrsp~(gbsh*int(X\A))=gbsb*int(X\gbshb*int(X\A))=gbsb*int(ghsh*cl(A))2gbsb*int(A).

(iii) Suppose ASB. Then, Extge,+(B)=gbsb*int(X\B)<Sgbsb*int(X\A)= EXtgysp+(A).

(iv) Extgosp<(AUB)=gbsb*int(X\(AUB))=gbsb*int((X\A)N(X\B)) S gbsb*(X\A)Ngbsb*cl(X\B)= EXtgpsp«(A)N  EXtgpsy
(B).

(v) Extgs (ANB)=gbsb*int(X\(ANB))=gbsb*int((X\A)U(X\B)) 2 gbsb*(X\A)ugbsb*cI(X\B)= Extgp-(A)U ExXtgyey
(B).

(vi) Extgpsp<(X)=gbsb*int(X\X)=gbsb*int(¢) and Extgss=( ¢)=gbsb*int(X\ ¢)=gbsb*int(X). Since ¢ and X are ghsh*-
open sets, then gbsb*int(¢)= ¢ and gbsb*int(X)=X. Hence Extgsp+( ¢)=X and Extgnsp«(X)= ¢p.

(Vi) EXtgoepx(X\EXtgosn+(A))=ExXtgnso+(X\ghsb*int(X\A))=gbsb*int(X\(X\gbsh*int(X\A)))=gbhsb*int(gbsb*int(X\A))
=gbsh*int(X\A)= Extgpsp+(A).

Definition 7.4. Let A be a subset of a topological space X. Then the intersection of all gbsb*-open sets containing A is
called the gbsb*-kernel of A. It is denoted by gbsb*ker(A). That is, ghsb*ker(A)=N{Uegbsb*-O(X,t) and AcU}.

Theorem 7.5. Let A and B be subsets of (X, t) . Then the following results hold.
(i) Acgbsb*ker(A).

(ii) If AcB, then gbsb*ker(A) cgbsb*ker(B).

(iii) If A is gbsb*-open, then ghsb*ker(A)=A.

(iv) gbsb*ker(gbsb*ker(A))=gbsb*ker(A).

Proof:

(i) Since gbsb*ker(A) is the intersection of all ghsb*-open sets containing A, then we have Acgbsb*ker(A).

(if) Suppose ASB. Let U be any ghsb*-open set containing B. Since ASB, then ACU and hence by the definition of
gbsb*ker(A), gbsb*ker(A)<U. Therefore, gbsb*ker(A)=N{U/B<SU and U is gbsb*-open}=gbsb*ker(B). This proves
(ii).

(iii) Suppose A is gbsb*-open. Then by Definition, ghsb*ker(A) SA. But Acgbsb*ker(A) and therefore ghsb*ker(A)=A.

(iv) By part (i) and (ii), gbsb*ker(A)=gbsb*ker(gbsb*ker(A)). If xggbsb*ker(A), then there exists a ghsb*-open set U
such that AcU and xg¢U. This implies that, gbsb*ker(A) €U, and so we have xggbsb*ker(gbsb*ker(A)). Thus
gbsh*ker(gbsb*ker(A))=gbsb*ker(A).

Theorem 7.7. Let (X, t ) be a topological space. Then N{gbsb*cl({x})/xeX} = ¢ if and only if ghsb*ker({x})=X for
every xXexX.

Proof. Necessity: Suppose that N {gbsb*cl({x}): xeX} = ¢. Suppose there is a point y in X such that gbsb*ker({y}) = X.
Let x be any point of X. Then xegbsb*ker({y}) and therefore xeV for every ghsb*-open set V containing y. That is,
every gbsb*-closed set containing X must contain y and hence yegbsb*cl({x}) for any x€X. This implies that
yeNn {gbsb*cl({x}): xeX}. This is a contradiction to our assumption. Hence gbsb*ker({x})+X for every xeX.
Sufficiency: Assume that ghsb*ker({x})#X, for every xeX. If there exists a point y in X such that yen {ghsb*cl(x):
X€eX}, then every ghbsh*-open set containing y must contain every point of X. This implies, the space X is the unique
gbsb*-open set containing y. Hence gbsb*ker({y}) = X, which is a contradiction. Therefore, N {gbdb*cl({x}): xeX}= ¢.
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