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Published: 30.12.2017 Fuzzy differential equations are studied by many researchers. Fuzzy differential
equations and fuzzy boundary value problems are one of the major applications of
DOI: fuzzy number arithmetic. The first approach is the use of Hukuhara differentiability to

10.21276/sjpms.2017.4.4.6 | solve fuzzy differential equations. This approach has a drawback: the solution
becomes fuzzier as time goes by [2, 5]. The second approach is the generalized

ol differentiability. The generalized differentiability was introduced [1] and studied in
Elz5E] a7
Eﬁ' ﬁ Gultekin Citil and Altinigik [6] have defined the fuzzy Sturm-Liouville equation
|'5: and they have examined eigenvalues and eigenfunctions of the fuzzy Sturm-Liouville
E problem under the approach of the Hukuhara differentiability.

In this paper, a investigation is made on the eigenvalues and the eigenfunctions
of the fuzzy Sturm-Liouville problem by using generalized differentiability.

2. Preliminaries

Definition 2.1. [7] A fuzzy number is a function u: R — [0,1] satisfying the following properties:

u is normal, convex fuzzy set, upper semi-continuous on R and cl{x € R|u(x) > 0} is compact, where cl denotes the
closure of a subset.

Let Ry denote the space of fuzzy numbers.

Definition 2.2. [8] Letu € Ry. The O -level set of u, denoted [U]" ,0 < @ <1,is  [u]® = {x € Rlu(x) = a}. If @

=0, the support of u is defined [u]° = cl{x € R|u(x) > 0}. The notation, [u]” = [u,.u«] denotes explicitly the o -

level set of u. We referto U and u as the lower and upper branches of u, respectively.

The following remark shows when [u ,u.] isavalid @ -level set.

Remark 2.1. [7] The sufficient and necessary conditions for [u_,u.] to define the parametric form of a fuzzy number
as follows:

1) U, is bounded monotonic increasing (nondecreasing) left-continuous function on (0,1] and right-continuous

fora =0,
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2) u. is bounded monotonic decreasing (nonincreasing) left-continuous function on (0,1] and right-continuous
fora =0,

3)U < Uy,0<acxl.

—_C

Definition 2.3. [9] If A is a symmetric triangular number with support [a,a], the o -level set of A is

Definition 2.4. [8] For u,v € R and A € R, the sum U + V and the product u are defined by [u + v]" =[u]” +[v]
v [Au ]u =X1[u ]a , Va e[0,1], Where [u ]“ + [v]a means the usual addition of two intervals (subsets) of R and

Afu ]a means the usual product between a scalar and a subset of R.

The metric structure is given by the Hausdorff distance
D:Rp X Rr = R, U {0},
by

Ug — Vo

D(u,v) = sup max{|ga -V

7].
aef0,1] } [ ]

Definition 2.5. [9] Let u, v € Rp. If there exist w € Ry such that U = V + W , then w is called the H-difference of u and

vand itis denoted u — v .
H

ol

Definition 2.6 [8] Let f: [a,b] » Ry and t, e [a,b] We say that f is (1)-differentiable at t,, if there exists an element

f'(to) € Rp such that for all h > 0 sufficiently small near to 0, exist f (t, +h)— f (t,), f(t,)- f(t,—h) and
the limits

lim f(to+h)_ f(to):“m f(to)_f(to_h): f (to)’
h—0 h h—>0 h

and f is (2)-differentiable if for all h > 0 sufficiently small near to 0, exist f (t,)— f (t,+h), f(t,—h)—- f(t,)
and the limits

lim f(to)_f(to+h):|im f(to_h)_f(to): f (to)-
h—0 —h h—0 —h

Theorem 2.1. [7] Let f: [a, b] - Ry be fuzzy function, where [ f (t)]" = [f (t), ?a (t)], foreach « < [01 ]

(i) If fis (1)-differentiable then f and ?a are differentiable functions and [f | (t)]ﬂ = [f | (1), ?a (t)},

—a

(i) Iffis (2)-differentiable then f and ?a are differentiable functions and [f | (t )]a = [?a (t), f (t)}.

—a

Theorem 2.2. [7] Let f': [a, b] - R be fuzzy function, where [ f (t)]" = [f (t), ?a (t)] foreach a e [01 ], fis (1)-
differentiable or (2)-differentiable.

(i) If fand f are (1)-differentiable then f and ?a are differentiable functions and

[+ )] = [f” (t), f;(t)J,

—a
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(i ) If fis (1)-differentiable and f' is (2)-differentiable then f and ?a are differentiable functions and

3. The Eigenvalues and The Eigenfunctions of The Sturm-Liouville Fuzzy Boundary Value Problem According to
The Generalized Differentiability
Consider the eigenvalues and the eigenfunctions of the fuzzy boundary value problem

Ly =p(x)y"+q(x)y

Ly+1y =0, xe(a,b), (3.1)
B,(y):=Ay(a)+By'(a)=0, (3.2
B,(y):=Cy(b)+Dy'(b)=0 (3.3)

using the generalized differentiability, where p (x ), g (x ) are continuous functions and are positive on [a,b],

p'(x)=0,2>0,A,B,C,D>0,A"+B =0and C°+D”=0.Here, (i) solution means that y is (i)

differentiable and y is (j) differentiable, i,j=1,2.
For (1,1) solution,

P() [ya (0, 7,0 + 400 [ 00,7, + 2 [ye (), 7, 0] = 0,
4]ya(@),7, @] + B [ya@, 7, (@] =0,
C [ya®),7,®)] + D [ya®).7,®)] =0,
for (1,2) solution,
P@) [T (), yi )] + 360 [y (0, 7,0 + 2 [y (). 7, (0] = 0,
4]ya(@,7,(@] + B [ya@, 7, (@] = 0,
€ [, 7, ()] + D [ya®).7,®)] =0,
for (2,2) solution;
P@) [yi (0, 7,00 + 400 [ 00, 7,0 + 2 [ye(0). 7,0 = 0,
4lya(@,7,@] + B[V, (@),7:@)] =0,
C [, 7, (0] + D .7, ), ya(b)] = 0,
for (2,1) solution;
P@) [V, (0, 7 )] + 4(0) [0, 7,0 + A [ye(0), 7, 0] = 0,
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Alya(@),7,@] + By, (@).y.(a)] =0,
€ [ye®).7,B)] +D .7, 1), 76 b)] =0,
are solved.
Example 3.1. Consider the fuzzy Sturm-Liouville problem

y'+ry =0, y(0)=0, y(1)=0.

Letbe 2 = k*, k>0 For (1,1) and (2,2) solution,
7] + 2|y 7] = 0

[5(0),7,0] = 0, [y.(1),7,(1] = 0
is solved. Then, the solution of fuzzy differential equation is
X“(x) = ¢, (@)cos(kx) + c,(a)sin(kx),
Y, (%) = cz(@)cos(kx) + cu(a)sin(kx),

Y@ = [ye(x),7,60)]

From the first boundary condition ¢, (a)=c;(a) = 0, from the second boundary condition, ¢,(a)sin(k) = 0,

c,(a)sin(k) = 0 are obtained. Then,
(@) #0,cu(a) #0, sin(k) =0=k, =nm,n=12,..
[y(x)]* = [cy(a)sin(nmx), ¢y (a)sin(nmx)].

As Aex(@sin(nr) Aea(@sin(nmx)) < 0 and ¢, (a)sin(nmx) < c,(a)sin(nmx)

da
[y(x)]* is avalid o, _ level set. Letbe nnx e [(n —1)n,nn], n=1,2,....

=0,

i) If nis single, sin (nzx) > 0. Then, for c,(a), c,(a) satisfying the inequality a(cazo(l“))

() < cu(a), [y(x)]*is avalid a-level set.

>0,

ii) If n is double, sin (nzx ) < 0. Then, for c,(a), c,(a) satisfying the inequality a(cgi“))

(@) = ¢, (a), [y(x)]*is avalid a-level set.

Consequently; nmx e [(n-1)n,nxn |, n=1,2,...

i) If nis single, for c,(a), c,(@) satisfying the inequality w >0,
3(ca(@) . A = 2 2 . . . .
T = 0 and c,(a) < c4(@), the eigenvaluesare A, = N T | with associated eigenfunctions
()] = [cz(a)sin(nmx), cy(@)sin(nmx)],
i) If nis double, for ¢, (@), c,(a) satisfying the inequality @ <0,
3(ca(@) . L o= 2 2 . . . .
- 0 and c,(a) = c,(a), the eigenvalues are A, = N T with associated eigenfunctions

[y (0)]* = [e2(@)sin(nmx), ¢y (@) sin(nmx)],

2 2
iii) If o =1,theeigenvaluesare », = N 7T  with associated eigenfunctions

[yn (X)T =sin(nnx).
For (1,2) and (2,1) solution,

ya’z‘,‘”] +4 [X“’ya] =0

[52(0).7,®] = 0, [y.(1).7, (] = 0
is solved. Then, the solution of fuzzy differential equation is
Ya(X) = —a, (a)e**—a,(a)e ™™ + az(a)sin(kx)+a,(a)cos(kx),
¥, (%) = a;(@)e"*+ay(a@)e™ + az(a)sin(kx)+a,(a)cos(kx),

<0,

(3.4)

3.5)
(3.6)
3.7)

> 0and

(3.8)
(3.9)
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O = [7200,7,00)] (3.10)
From the boundary conditions a,(a) = a,(a@) = a,(a) = 0, az(a)sin(k) = 0 are obtained.
From here,

az(a) # 0,sin(k) =0=>k, =nr,n=12,..
The eigenvaluesare A, = n *n® | with associated eigenfunctions

[yn ()]* = sin(nmx).
Example 3.2. If we take

y(0)=0, y'(1)=0 (3.11)

as the boundary conditions of the fuzzy Sturm-Liouville problem (3.4), for (1,1) solution,
[ 7] + Ay 7] = 0

[5.(0),7,®] = 0, [ya(1).7, (] = 0
is solved. Then, the solution of fuzzy differential equation is (3.5)-(3.7). From the first boundary condition
¢, (a)=c3(a) = 0, from the second boundary condition,
kc,(a)cos(k) =0, key(a)cos(k) =0
are obtained.
Then, c,(a) # 0, c,(a) # 0, cos(k) =0k, = (an_l) Tn=12..

ly()]* = [cz (a)sin ((an—_l) nx) ,ci(a)sin <(2nz—_1) nx)].

As
d (cz (a)sin <(2n2— 1) nx)) d (q(a)sin <(2n2— 1) nx))
oa =0, oa =0
and
) 2n—1 . 2n—1
¢, (a@)sin < )nx < c,(a)sin ( > )nx
[y(x)]*is avalid o _ level set. Let be (2n2—1) nx € [(n— Dm,nr],n=12,..
2n -1
i) If nis single, sin M n Jnxj > 0. Then, for c,(a), c,() satisfying the inequality a(cgia)) >0, 6(5351)) <0

and ¢, (a) < cu(a), [y(x)]* is avalid a-level set.

(2n-1) ) a(ca(a))
da

i) If n is double, sin {L JTCXJ < 0. Then, for c,(a), c,(a) satisfying the inequality 9(cal@®)
2

da -

<0,

0 and c;(a) = cy(a), [y(x)]* is avalid a-level set.

_1jnx € [(n —l)n,nn], n=1,2,...

(2n
Consequently; L

i) If nis single, for c,(a), c,(@) satisfying the inequality % >0,
2
2n -1
w < 0 and c;(a) < c4(a), the eigenvalues are 1 = (—)nz , With associated eigenfunctions
4
[y()]* = [cz (a)sin ((%) 7rx> ,c(a)sin <(2nz—_1) ﬂx)],
i) If nis double, for ¢, (@), c,(a) satisfying the inequality w <0,
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6(04(0()) . (2n - 1)2 2 . . . .
o 0 and ¢, (a) = c,(a), the eigenvalues are A = ————n ", with associated eigenfunctions
4
. 2n-1 . 2n—
[y(x)]* = [cz(a)sm (( nz )nx),q(a)sm <("Tl) nx)],
. (2n-1)° , o .
iii) If o =1,the eigenvaluesare » = ———n ", with associated eigenfunctions

For (2,2) solution,
7]+ 27, = 0
[70),7,@] = 0, [, (1), 7a(D] = 0

is solved. Eigenvalues and eigenfunctions are same with (1,1) solution.
For (1,2) solution,

Fyit, | + 2]y 7] = 0
[52(0),7,0)] = 0, [y (1), 7, (D] =0

is solved. Then, the solution of fuzzy differential equation is (3.8)-(3.10). From the boundary conditions a, (a) =
a,(a) = a,(a) =0, ag(a)cos(k) = 0,

az;(a@) #0,cos(k) =0=>k, = (an—_l) mn=12,..
. . (2n-1)° , o .
are obtained. The eigenvalues are ., = ———— =~ , with associated eigenfunctions
4

a 2n -1

[yn(x)} :sin[{ > an)

For (2,1) solution,
i | + 2 [y 7] =0
[72(0), 7, (0] = 0, [7, (1), ya)] = 0
is solved. Eigenvalues and eigenfunctions are same with (1,2) solution.

Example 3.3. If we take

y'(0)=0, y(1)=0 (3.12)

as the boundary conditions of the fuzzy Sturm-Liouville problem (3.4), for (1,1) solution,
EARSIPSALL
[76(0),5,®)] = 0, [y (1), 7,(1)] = 0

is solved. The solution of the fuzzy differential equation is (3.5)-(3.7). From the first boundary condition c,(a)=c,(a) =
0, from the second boundary condition,

Yo (1) = ¢y (a)cos(k) = 0,y,(1) = cz(a)cos(k) =0
are obtained.
Then, ¢;(a) # 0, c3(a) # 0, cos(k) =0k, = (2n2—1) mn=12,..

[y()]* = [61 (a)cos <(2nz—_1) ﬂx) ,cs(a)cos <(2nz—_1) ﬂx)].

As
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a(q@m (&= 1)“)) a<cg(a>m (&5 1)nx))

and Oa =0 O =0
¢, (a)cos <(2n2— 1) nx) < c3(a)cos ((an_ 1) nx)
[y(x)]*is avalid o — level set.
(2n-1)  ((2(n-1)-1) (2(n-1)+1) ) (2n-1)

i)IfL J x}>o.Then,for

JTEXEL > T, > nJ, n=1,3,5,...,cosu

a(Cz (a)) >0, 9(ca(@))
oa

¢, (a), c,(a) satisfying the inequality < 0and ¢, () < cy(a), [y(x)]®is avalid a-level set.

_ ((2(n-2)+1 2(n-2)+3) ) _
ii)|f(2n :HTEXG ( (n )+ )n,( (n )+ )TE , h=2,46,... ,COS((2n 1\nx\<0.Then,for
2 ) 2 2 =)
c,(a), c,(a) satisfying the inequality W <0, a(c‘*(“)) = 0and ¢, () = ¢, (a), [y(x)]* is avalid a-level set.

Consequently;

(2n-1)  [((2(n-1)-1) (2(n-1)+1) )

i) If nX e T, n |, n=1,3,5,..., for c,(a), c,(a)
L 2 J 2 2
(2n-1)’
c(a cy(a . n- .
satisfying the inequality a(;( ) > 0, 6(;( ) < 0 and c2(@) < cy(@), the eigenvalues are A = ————x*, with
[24 a 4
associated eigenfunctions
2n-1
[y(x)]« cl(a)cos< ),C3(a)cos ((T) nx)],
on -1 ((2(n-2)+1 2(n-2)+3) )
i) (—\nx € ( ( ) )n ( ( ) )n , N=2,4,6,... forc,(a), c,(a)
L 2 J 2 2
(2n-1)°
n —
satisfying the inequality a(cgia)) <0, a(c;;a)) > 0 and ¢, (@) = ¢, (a), the eigenvalues are A, = —————=”, with
4

associated eigenfunctions
ly()]* = [c1 (a)cos <( )ﬂx) c;(a)cos <(2n2—_1) ﬂx)],

2n -1
iii) If o =1, the eigenvalues are A = gnz , with associated eigenfunctions

For (2,2) solution,
[yt ] +2 [Ma] =0,
7.0, 7(0)] = 0,[ya (1), 7, (D] = 0

is solved. Eigenvalues and eigenfunctions are same with (1,1) solution.
For (1,2) solution,

[y,x.y ] +4 [ya.ya] =0
[74(0),7,(0] = 0[y.(1),7,(1)] = 0
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is solved. The solution of the fuzzy differential equation is (3.8)-(3.10). From the boundary conditions a, (a) = a,(a) =
as;(a) =0, a,(a)cos(k) = 0 are obtained. From here,

a,(a) #0,cos(k) =0=>k, = (2n2—1) mn=12..
. (2 n-— 1)2 2 . . . .
The eigenvalues are A = ——— =~ , with associated eigenfunctions
4

« ((2n-1) )
[yn(x)J :cosuz2 1JTCXJ.

[T | + 2 [y 7] =0

7,0, y2(®] = 0[5, 7,(1)] = 0,
Eigenvalues and eigenfunctions are same with (1,2) solution.

For (2,1) solution,

Example 3.4. If we take

y(0)=0. y(1)=0 &1

as the boundary conditions of the fuzzy Sturm-Liouville problem (3.4), for (1,1) solution,
7| + 2y 7] = 0

[y2(0),7,®] = 0, [ya(0), 7, ()] =0
is solved. The solution of the fuzzy differential equation is (3.5)-(3.7). From the first boundary condition ¢, (a)=c,(a) =
0, from the second boundary condition,
Ve(1) = —kcy(a)sin(k) = 0, 7;(1) = —kcs(a)sin(k) =0
are obtained.
Then, ¢;(a) # 0, c3(a) # 0, sin(k) =0=k, =nr,n=1,2,..
[y(x)]* = [cy(@)cos(nmx), c3(a)cos(nmx)].
As
a(cl(a)cos(nnx)) >0, 6(c3(a)cos(nnx)) <0
Jda Jda

and

¢ (@)cos(nmx) < c3(a)cos(nmx)
[y(x)]* is avalid a-level set.
((2(n-2)-1 2(n-2)+1) )\
|) |fnTEXek( (n ) )TE ( (n )+ )TCJ’ n:2:476:---,COS(nﬂX)>0.Then,forcz(a), C4((X)

2 ' 2

3(cz() d(ca(@)
da da

satisfying the inequality < 0and c,(a) < cy(a), [y(x)]®is avalid a-level set.

((2(n-1)+1 2(n-1)+3) )
i) If nTEXEL( (01~ )n( (0 -1+ )nJ n=1,3,5,.., cos(nnx) < 0.Then, for c,(a), c4(a)

=0,

2 ' 2

d(cz(a)) d(ca())
Ja da

satisfying the inequality > 0and cy(a) = c,(a), [y(x)]% is avalid a-level set.

Consequently;

<0,

((2(n-2)-1 2(n-2)+1) )
i) |fnTEX€L (n ) )n( (n )+ )nJ,n:2,4,6,...,f0rc2(a), ci(@)

2 2

3(c2(@) 3(cs(@))
Jda oa

satisfying the inequality < 0and c,(a) < cy(a), the eigenvalues are A, = n “n®  with associated

eigenfunctions

=0,
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[y()]* = [¢,(a)cos(nmx), c5(a)cos (nmx)].

((2(n- 2(n- 3) )
ii) |fnTEXEL (n l)+1)n,( (-1~ )nJ,n:1,3,5,...,f0rc2(a), ci(@)

2 2

satisfying the inequality a(cgia)) <0, a(c;;a)) > 0and c,(a) = c,(a), the eigenvalues are ., = n“n” , with associated

eigenfunctions
[y()]* = [c1(@)cos(nmx), c; () cos (nmx)].
iii) If a =1, the eigenvaluesare A, = n“n”, with associated eigenfunctions

[yn (x)]u = cos(nnx).
For (2,2) solution,
[y 7] + Ay 7] = 0
7., 5] =0, [7,(0.5%:D] =0,
Eigenvalues and eigenfunctions are same with (1,1) solution.
For (1,2) solution,

Foyis | + 2]y 7] =0
[ye©@.57,@] =0, [ya.7,m]=0
is solved. The solution of the fuzzy differential equation is (3.8)-(3.10). From the boundary conditions a, (a) = a,(a) =

asz(a) =0, ay(a)ksin(k) =0,
a,(a@) #0,sin(k) =0=>k, =nn,n=12,..

are obtained. The eigenvalues are », = n “n”  with associated eigenfunctions
[yn (X)T =cos(nnx).
For (2,1) solution,
[Ty | +2[yw7] =0
Y (0),7(0)] = 0, |7, (D, ya(D)] =0,
Eigenvalues and eigenfunctions are same with (1,2) solution.

Example 3.5. If we take

y(0) +y'(0)=0, y(1)=0 (3.14)

as the boundary conditions of the fuzzy Sturm-Liouville problem (3.4), for (1,1) solution,
e 7e] + 2y 7] = 0
[72(0) + %4(0),7,(0) +7,(0] = 0, [y (1), 7, (1] =0
is solved. The solution of the fuzzy differential equation is (3.5)-(3.7). From the boundary conditions,

ci(a) + kcy(a) =0, ci(a)cos(k) + cy(a)sin(k) =0
cz(a) + kcy(@) =0, cs(a)cos(k) + c,(a)sin(k) =0

are obtained. If

1 k

cos(k) sim()| =%

there is the nontrival solution of the fuzzy differential equation in (3.4) with the boundary conditions (3.14).

= sin(k) — kcos(k) = 0= tan(k) = k

Available Online: http://saspjournals.com/sjpms 193



http://saspjournals.com/sjpms

Hulya Gultekin Citil.; Sch. J. Phys. Math. Stat., 2017; Vol-4; Issue-4 (Oct-Dec); pp-185-195

ky, = 2.63008 x 108, k, = 4.49341, k; = 7.72525, k, = 10.9041, ...
Ya(X) = ¢y (a)cos(kpx) + c;(@)sin(k,x), Y, (x) = cz(@)cos(kpx) + cu(a)sin(k,x)
[y = [ya(),5,60]

0 ya(x) y
For ¢;(a), cy(a), cs(a), ci(a) satisfying the inequality (Xaax) >0, a(ya":x)) < 0and Xa(x) <y,(x), the eigenvalues

are 1,, = k2, with associated eigenfunctions

@1 = [ye (), 7,60]

For (1,2) solution,

ya’X‘:’l] +4 [X“’ya] =0

[¥2(0) + y4(0),7,(0) + 7,(0)] = 0, [y(1),7,(1)] =0
is solved. The solution of the fuzzy differential equation is (3.8)-(3.10). From the boundary conditions, we have
az(a)+ka,(a) =0, 1+ k)a(@)+(1 —k)a,(a) =0,
az(a)cos(k)+a,(a)sin(k) =0, a,(a)e+a,(a)e™ =0.
Thus, it must be
sin(k) — kcos(k) = 0 or e?* = g
If sin(k) — kcos(k) = 0,

k, = 2.63008 x 108, k, = 4.49341, k; = 7.72525, k, = 10.9041, ...

. 1+k
and if e?k = ==
1-k

k, = 6.04989 x 107%, k, = 5.05302 x 1076, k5 = 7.73022 x 1075, ...

are obtained. So, if sin(k) — kcos(k) = 0,
Ya(x) =y, (x) = az(a)sin(k,x)+a,(a)cos(kyx),

. 1+k
and if e?k = =/
1-k

Ya(x) = —ay(@)e"r*—ay(@)e ™,y (x) = a;(@)e+a,(a)e™ .

1 = [7200,7,00)]
Consequently,
i) if sin(k) — kcos(k) = 0, the eigenvalues are A,, = k2, with associated
eigenfunctions
Yn(x) = az(a)sin(k,x)+a,(a)cos(kyx),

0| ya(x)
i) if 2k = g for a, (@), a,(a) satisfying the inequality % >0,
iy
(y;:x)) < 0and y,(x) <Y,(x), the eigenvalues are A, = k2, with associated eigenfunctions

Ya () = —as(@)e"r*—ay(@)e ™,y (x) = a,(a)e*r*+a,(a)e ™,

Y1 = [7200,7,60)]

For (2,2) solution,
e 7e] + 2y 7] = 0
[72(0) +7,,(0),7,(0) + ye (0] = 0, [y (1), 7, (1] =0
is solved. The solution of the fuzzy differential equation is (3.5)-(3.7). From the boundary conditions, we have
WQ (a) + kcos(k)c,(a) = 0, Sink(k) c3(a) + kcos(k)c,(a) = 0,

cos(k)c,(a) + sin(k)c,(@) =0, cos(k)cz(a) + sin(k)c,(a) =0
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So, from these equation systems, it must be
in2
O — keos? (k) = 0 = tan?(k) = k.
k, =3.51833 x 1078, k, = 2.02876, k; = 4.91318, ...

L . - 0(re®) _ 0(F) _
Thus, for ¢, (a), c,(a), c3(a), c,(a) satisfying the inequality rr—— 0, PP 0and Xna(x) < V. (%), the

eigenvalues are A,, = k2, with associated eigenfunctions
Yna (x) = ¢y (@)cos(kpx) + cx(@)sin(kpx), ¥y, ,(x) = cz(@)cos(kpx) + c4(@)sin(kyx)

[ 1% = [P (), 7 (0],

For (2,1) solution,

ya’X‘:’l] +4 [X“’ya] =0

[¥2(0) +7,(0),7,(0) + (0] = 0, [ye(1),7,(1)] =0
is solved. The solution of the fuzzy differential equation is (3.8)-(3.10). From the boundary conditions, we have
az(a)+ka,(a) =0, (1-k)a(@)+(1 + k)ay(a) =0,
as(a@)cos(k)+a,(a)sin(k) =0, a,(a)e*+a,(a)e ™ = 0.
Thus, it must be
1_

sin(k) — kcos(k) = 0 or 2k = =%,

1+k

If sin(k) — kcos(k) = 0,
k, = 2.63008 x 108, k, = 4.49341, ks = 7.72525, k, = 10.9041, ...
and if 2k = —
k; =3.98993 x 10717, k, = 2.5154 x 10717, k3 = 9.54151 x 10718, .,

are obtained. So, if sin(k) — kcos(k) = 0,

Yna(x) =y, (x) = az(a)sin(k,x)+a,(a)cos(kyx),
and if e2k = XX
1-k

Yna(¥) = —ay(@)e**—ay(@)e™ %,y (x) = a;(a)e*n* +ay(a)e ™ n*.

[ (01 = [Ya (), 7,0 ()],
Consequently,
i) if sin(k) — kcos(k) = 0, the eigenvalues are A,, = k2, with associated
eigenfunctions
V(%) = az(a)sin(k,x)+a,(a)cos(knx),
_ 9 yna(x)
i) if e2k = ﬁ for a, (a), a,(a) satisfying the inequality % =0,
s
M < 0and yn,(x) <Y,,(x), the eigenvalues are 4, = k2, with associated eigenfunctions

Yna(X) = —ay(@)e*r* —ay(@)e™™*, y,  (x) = ar(@)e ™  +ay (a)e™ ¥,

D (01% = [Yna®), ¥, ()],
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