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INTRODUCTION 

        Many researhers study fuzzy differential equations. Fuzzy differential equations 

can be solved with several approach. The first approach is using the Hukuhara 

differentiability. For this, mainly the existence and uniqueness of the solution of a 

fuzzy differential equation is studied [13, 19]. The existence and uniqueness of 

solutions of two-point fuzzy boundary value problems for second-order fuzzy 

differential equations under the approach of Hukuhara differentiability have been 

investigated by Gültekin and Altınışık [10]. Also, Gültekin Çitil and Altınışık [11] 

have defined the fuzzy Sturm-Liouville equation under the approach of the Hukuhara 

differentiability. The second approach is using the generalized differentiability. New 

solutions for some fuzzy boundary value problems using the generalized 

differentiability have been found by Khastan and Nieto [16]. 

 

Also, Khastan at al. [15] present a generalized concept of higher-order differentiability to solve nth-order fuzzy 

differential equations. The third approach generate the fuzzy solution from the crips solution [5, 6, 12, 8]. But, many 

fuzzy initial and boundary value problems can not be solved analyitically . Some numeric methods are introduced in [1,2, 

4, 7, 14] . Adomian decomposition method was introduced by Adomian [3]. Guo at al. [9] have found the approximate 

solution of a class of second-order linear differential equation with fuzzy boundary value conditions by the undetermined 

fuzzy coefficients method. 

 

In this paper we investigate the exact solutions and the approximate solutions by Adomian decomposition 

method of the second-order linear fuzzy initial value problems with positive and negative constant coefficients using the 

generalized differentiability . Thus, we give comparisons results. 

 

Preliminaries 

 

Definition 1 [17] A fuzzy number is a function  : 0 ,1u   satisfying the following properties:  

u is normal, u is convex fuzzy set, u is upper semi-continuous on ,   | > 0cl x u x  is compact where cl  

denotes the closure of a subset. 

Let 
F

 denote the space of fuzzy numbers. 
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Definition-2 [16] Let 
F

u  . The  -level set of u , denoted,  


u , 1,<0   is     = | 0 .u x u x


   If 

0,= the support of u  is defined     
0

= | > 0 .u cl x u x  The notation, denotes explicitly the  -level set of 

u . The notation,   = ,u u u



 
 

 denotes explicitly the  -level set of u .We refer to u  and u  as the lower and 

upper branches of ,u  respectively.  

 

The following remark shows when ,u u 
 
 

 is a valid  -level set. 

 

Remark-1 [16] The sufficient and necessary conditions for ,u u 
 
 

to define the parametric form of a fuzzy number 

as follows:  


u  is bounded monotonic increasing (nondecreasing) left-continuous function on (0,1]  and right-continuous 

for 0= , 

u  is bounded monotonic decreasing (nonincreasing) left-continuous function on (0,1]  and right-continuous 

for 0= , 

,
uu   10   . 

 

Definition-3 [17] If A is a symmetric triangular numbers with supports ],[ aa , the  level sets of  


A  is 

  .
2

,
2

=





























 














 
 

 aa
a

aa
aA   

 

Definition-4 [18, 9, 16] Let , .
F

u v   If there exists 
F

w   such that ,= wvu   then w  is called the Hukuhara 

difference of fuzzy numbers u  and ,v and it is denoted by = .
H

w u v  

 

Definition 5 [16] Let  : ,
F

f a b   and  .,
0

bat   We say that f is (1)-differentiable at ,
0

t  if there exists an 

element  0

'

F
f t   such that for all 0>h  sufficiently small near to 0, exist    0 0

,f t h f t   

   0 0
f t f t h   and the limits 

 
       

 
0 0 0 0

0
0 0

lim = lim = ,
'

h h

f t h f t f t f t h
f t

h h 

   
 

 

and f is (2)-differentiable if for all 0>h  sufficiently small near to 0, exist    0 0
,f t f t h      0 0

f t h f t   

and the limits 

 
       

 
0 0 0 0

0
0 0

lim = lim = ,
'

h h

f t f t h f t h f t
f t

h h 

   

 
 

 

Theorem-1 [15] Let  : ,
F

f a b   be fuzzy function, where        ,,= tftftf



 for each  .0,1  

 i  If f is (1)-differentiable then 


f  and 


f  are differentiable functions and        ,,=









tftftf

'''
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 ii  If f is (2)-differentiable then 


f  and 


f  are differentiable functions and        .,=









tftftf

''
'





  

 

Theorem-2 [15] Let  : ,
'

F
f a b   be fuzzy function, where        ,,= tftftf




 for each  ,0,1  f is 

(1)-differentiable or (2)-differentiable. 

 i  If f and f
'

 are (1)-differentiable then 
'

f


 and 

'

f


 are differentiable functions and 

       ,,=









tftftf

''''''





 

 ii  If f is (1)-differentiable and f
'

is (2)-differentiable then 
'

f


 and 

'

f


 are differentiable functions and 

      ,,=


























tftftf

''
''

''





 

 iii  If f is (2)-differentiable and f
'

 is (1)-differentiable then 
'

f


 and 

'

f


 are differentiable functions and 

      ,,=


























tftftf

''
''

''





 

 iv  If f and f
'

 are (2)-differentiable then 
'

f


 and 

'

f


 are differentiable functions and 

       ,,=









tftftf

''''''





  

  

 

Second-order fuzzy linear initial value problems 

 

The case of positive constant coefficient 

 

Consider the fuzzy boundary value problem 

 

                   ,=)(,=)(),(=)(
00

BtyAtytyty
'

''
     (3.1) 

where 0> ,    




























 














 






























 














 
 



2
,

2
=,

2
,

2
=

bb
b

bb
bB

aa
a

aa
aA  are symmetric 

triangular fuzzy numbers. Here, (i,j) solution means that y is (i) differentiable and y
'

 is (j) differentiable, i,j=1,2. 

 

The Exact Solution By Generalized Differentiability 

 

From the fuzzy differential equation in (3.1), for the (1,1) solution and (2,2) solution we have differential equations 

 )(=)(),(=)( tYtYtYtY

''''


  

 

by using the generalized differentiability. Then, the lower solution and the upper solution of the fuzzy differential 

equation in (3.1 ) are obtained as 
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 .)()(=)(,)()(=)( 2121

tttt
ecectYecectY










  

 

Using the initial conditions, coefficients ),(
1
c  ),(

2
c  ),(1 c  )(2 c  are solved as 

 

,

2

22
=)(,

2

22
=)(

0
2

0
1 tt

e

bb
b

aa
a

c

e

bb
b

aa
a

c
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e
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Similarly, for the (1,2) solution and (2,1) solution we have differential equations 

 

 )(=)(),(=)( tYtYtYtY

''''


  

 

by using the generalized differentiability. Then, the lower solution and the upper solution of the fuzzy differential 

equation in (3.1) are obtained as 

 

    ,cos)(sin)()()(=)(
4321

tctcecectY
tt








 

 

    .cos)(sin)()()(=)(
4321

tctcecectY
tt




 


 

 

Using the initial conditions, coefficients ),(
1
c  ),(

2
c  ),(

3
c  )(

4
c  are solved as 

 

 
       

,

4

=)(,

4

=)(
0

2
0

1 tt

e

bbaa
c

e

bbaa
c














 

 

 
          

,
2

cossin1
=)(

00

3






tbbtaa
c


 

 

 
          

.
2

sincos1
=)(

00

4






tbbtaa
c


 

 

For the (1,1) solution and (2,2) solution, the equation (3.1) is written as 

 

    tytytyty

''''


 =),(=)(  (3.2) 
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by using the generalized differentiability.In the operator form, the first equation in (3.2) becomes ,=


 yyL where 

the differential operator L is given by 
2

2

=
dx

d
L . Operating with 

1
L  on both sides of the above equation and using the 

initial conditions we obtain 

 

  ,)()(=)(
1

00 
 yLtyttyty

'


  

 

  .
22

=)(
1


 yLt

bb
b

aa
aty






























 




























 
  

Let take 

 
0

( ) = ( ).
n

n

y t y t
 





  

Then 

 
1

0 0

( ) = ( )
2 2n n

n n

a a b b
y t a b t L y t

 
  

 



 

         
              

       

   

is obtained. From this, 

 

 t
bb

b
aa

aty


























 




























 
 

 22
=)(

0
 

 

   ,
6222

=)()(=)(

32

10

1
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 tbb
b

taa
atytyLty 


 

 

   ,...
24262

=)()(=)(

43

21

1
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 tbb
b

taa
atytyLty 


 

are obtained. Then, the lower approximate solution by the Adomian decomposition method of the problem (3.1) for the 

(1,1) solution and (2,2) solution becomes 
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Similarly, upper approximate solution by the Adomian decomposition method of the problem (3.1) for the (1,1) solution 

and (2,2) solution becomes 
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24262

43












































 




























 


tbb
b

taa
a   

 

For the (1,2) solution and (2,1) solution, the equation (3.1) is written as 

 

    tytytyty

''''


 =),(=)(  (3.3) 

 

by using the generalized differentiability and    


yyyy  ,=,  .In the operator form, the first equation in (3.3) 

becomes ,=


 yyL  where the differential operator L is given by 
2

2

=
dx

d
L . Operating with 

1
L  on both sides of 

the above equations and using the initial conditions we obtain 

    ,)()(=)(,)()(=)(
1

00

1
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 yLttytytyyLttytyty
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y t y t y t y t
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is obtained. From this, 
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are obtained. Then, the lower approximate solution by the Adomian decomposition method of the problem (3.1) for the 

(1,2) solution and (2,1) solution becomes 
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Similarly, upper approximate solution by the Adomian decomposition method of the problem (3.1) for the (1,2) solution 

and (2,1) solution becomes 
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Example-1 Consider the fuzzy boundary value problem 

  

 0,>),(=)( ttyty
''

 (3.4) 

 

    .,31=(0),,11=(0)  
'

yy  (3.5) 

  

For the (1,1) solution and (2,2) solution using the generalized differentiability, the lower exact solution and the upper 

exact solution of the fuzzy initial value problem (3.4 )-  3.5  are obtained 

 

   .2=)(,=)(
tttt

eetYeetY


  
 (3.6) 

 

For the (1,1) solution and (2,2) solution by the Adomian decomposition method, we obtain the solution of  3.4 -  3.5   

         ,
6

1
2

111=)(

32
tt

tty 


  

 

         .
6

3
2

131=)(

32
tt

tty 


  

 

The exact lower and upper solution and the approximate lower and upper solution for 0.01=t  are 

 

,7081.010050160421,03005050=)(,7081.010050163740.99004983=)(  
 tYtY  

 

 .6671,010050161,0300505=)(,6671,010050163340,99004983=)( 


 tyty  

 

 

 

Comparison results of the lower exact and approximate solutions for (1,1) solution and (2,2) solution 
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12

11

11

10

10

10

10

10

10

10

10

109.99999743330.020000333340.020000331

103.00000023330.081004683360.081004680.9

107.00000060.18200970070.182009700.8

101.10000016670.283014716780.283014710.7

101.60000013330.384019733490.384019730.6

102.00000020.48502475020.485024750.5

102.30000026670.58602976690.586029760.4

102.80000023330.687034783610.687034780.3

103.20000030.78803980320.788039800.2

103.60000036670.889044817030.889044810.1

104.00000033340.990049833740.990049830

)()(













































ErrortytY





 

 

 

Comparison results of the upper exact and approximate solutions for (1,1) solution and (2,2) solution 
 

 

12

11

11

10

10

10

10

10

10

10

10

109.99999743330.020000333340.020000331

105.00000049990.121005340040.121005350.9

108.9999986660.222010366750.222010360.8

101.30000013330.323015383460.323015380.7

101.79999969990.424020390170.424020400.6

102.20000026660.525025416880.525025410.5

102.50000023330.626030433580.626030430.4

103.00000029990.727035440290.727035450.3

103.40000036660.8280404670.828040460.2

103.79999923330.929045483710.929045480.1

104.20000031.03005050421.030050500

)()(













































ErrortytY




 

  

For the (1,2) solution and (2,1) solution using the differentiability, the lower exact solution and the upper exact solution 

of the fuzzy initial value problem (3.4 )-  3.5  are obtained as 

        ,cos1sin1=)( tteetY
tt







 

 

        .cos1sin1=)( tteetY
tt

 


 

 

For the (1,2) solution and (2,1) solution by the Adomian decomposition method, we obtain the solution of  3.4 -  3.5  

as  

         ,
6

3
2

111=)(

32
tt

tty 
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         .
6

1
2

131=)(

32
tt

tty 


  

 

The exact lower and upper solution and the approximate lower and upper solution for 0.01=t  are 

 

,7691,000174511031,02017485=)(,7691,000174514350,98017418=)(  
 tYtY  

 

 .3341,009949836671,02995016=)(,3341,009949830,9899495=)( 


 tyty  

 

 

Comparison results of the lower exact and approximate solutions for (1,2) solution and (2,1) solution 
 

 

03340.020000333340.020000331

1570.000977539990.080994648420.080017110.9

3130.001955063320.181989630190.180034570.8

470.002932596660.282984611960.280052020.7

6260.003910129990.383979593730.380069470.6

7830.004887653330.48497458550.480086920.5

9390.005865186660.585969567270.580104370.4

0950.006842729990.686964549040.680121820.3

2520.007820253330.787959530810.780139280.2

4080.008797786660.888954512580.880156730.1

5650.009775310.98994954350.980174180

)()(





















ErrortytY





 

 

Comparison results of the upper exact and approximate solutions for (1,2) solution and (2,1) solution 
 

 

12
109.99999743330.020000333340.020000331

1560.000977536660.12099531510.120017780.9

3120.001955069990.221990296870.220035230.8

4690.002932593330.322985288640.320052680.7

6250.003910126660.423980260410.420070140.6

7820.004887650.524975252180.520087590.5

9380.005865183330.625970233950.620105040.4

0940.006842726660.726965215720.720122490.3

2510.007820250.82796027490.820139940.2

4070.008797783330.928955189260.920157390.1

5640.009775316671.029950161031.020174850

)()(




ErrortytY
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The case of negative constant coefficient 

 

Consider the fuzzy boundary value problem 

 

 ,=)(,=)(),(=)(
00

BtyAtytyty
'

''
  (3.7) 

 

where 0> ,    
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aa
aA  are symmetric 

triangular fuzzy numbers. Here, (i,j) solution means that y is (i) differentiable and y
'

 is (j) differentiable, i,j=1,2. 

 

The Exact Solution By Generalized Differentiability 

 

For (1,1) solution and (2,2) solution from the fuzzy differential equation in (3.7 ), we have differential equations 

 )(=)(),(=)( tYtYtYtY

''''


   

 

by using the generalized differentiability and    .,=,


yyyy   Then, the lower solution and the upper 

solution of the fuzzy differential equation in (3.7) for (1,1) solution and (2,2) solution are 

    ,cos)(sin)()()(=)(
4321

tctcecectY
tt








 

 

    .cos)(sin)()()(=)(
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tctcecectY
tt




 


 

 

Using the initial conditions, the coefficient ),(
1
c  ),(

2
c  ),(

3
c  )(

4
c  are obtained as 
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00
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. 

 

For (1,2) solution and (2,1) solution from the fuzzy differential equation in (3.7 ), we have differential equations 

 )(=)(),(=)( tYtYtYtY

''''


   

 

by using the generalized differentiability and    .,=,


yyyy   Then, the lower solution and the upper 

solution of the fuzzy differential equation in (3.7) for (1,2) solution and (2,1) solution are 

 

    ,sin)(cos)(=)(
21

tatatY 


  

 

    ,sin)(cos)(=)( 21 tatatY    
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Using the initial conditions, the coefficient ),(
1
a  ),(

2
a  ),(1 a  )(2 a  are obtained as 
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The Approximate Solution By The Adomian Decomposition Method 

 

For (1,1) solution and (2,2) solution, the equation in (3.7) is written as 

 

    tytytyty

''''


  =),(=)(  (3.8) 

 

by using the generalized differentiability and    


yyyy  ,=, . In the operator form, the first equation in (3.8) 

becomes ,=


 yyL  where the differential operator L is given by 
2
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=
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d
L . Operating with 

1
L  on both sides of 

the above equations and using the initial conditions we obtain 
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is obtained. From this, 
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are obtained. Then, the lower approximate solution by the Adomian decomposition method of the problem (3.7) for (1,1) 

solution and (2,2) solution becomes 
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Similarly, upper approximate solution by the Adomian decomposition method of the problem (3.7) for (1,1) solution and 

(2,2) solution becomes 
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For (1,2) solution and (2,1) solution, the equation in (3.7) is written as 

 

     )(=,=)( tytytyty

''''


   (3.9) 

 

by using the generalized differentiability and    


yyyy  ,=,  .In the operator form, the first equation in (3.9) 

becomes ,=


 yyL  where the differential operator L is given by 
2

2

=
dx

d
L . Operating with 

1
L  on both sides of 

the above equations and using the initial conditions we obtain 
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is obtained. From this, 
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are obtained. Then, the lower approximate solution by the Adomian decomposition method of the problem (3.7) for (1,2) 

solution and (2,1) solution becomes 
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Similarly, the upper approximate solution by the Adomian decomposition method of the problem (3.7) for (1,2) solution 

and (2,1) solution becomes 
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Example-2 Consider the fuzzy boundary value problem  

 

 0,>),(=)( ttyty
''

  (3.10) 

 

    .,31=(0),,11=(0)  
'

yy  (3.11) 

  

For (1,1) solution and (2,2) solution, using the generalized differentiability and using    


yyyy  ,=,   the 

lower exact solution and the upper exact solution of the fuzzy initial value problem (3.10 )-(3.11) are obtained as 

 

    ,sin21=)( tetY
t
 


 

 

    .sin21=)( tetY
t
   

 

For (1,1) solution and (2,2) solution, by the Adomian decomposition method, we obtain the approximate solution of 

 3.10 -  3.11  as 
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131=)(

32
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tty 


 

 

The exact lower and upper solution and the approximate lower and upper solution for 0.01=t  are 

 

,7081,010050162921,01039923=)(,7081,010050161241,00970110=)(  
 tYtY  

 

 .6661,010050166661,03005016=)(,6661,010050160,9900505=)( 


 tyty  

 

Comparison results of the lower exact and approximate solutions for (1,1) solution and (2,2) solution 
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0820.019650606660.019999665840.000349061

0860.019650600.081005350860.100655950.9

090.019650606670.182010367570.201660960.8

0950.019650603330.283015384280.302665980.7

0990.019650600.38402040990.403671000.6

1030.019650606670.48502541770.504676010.5

1070.019650603330.58603043440.605681030.4

1110.019650600.687035451110.706686050.3

1160.019650606660.788040467820.807691060.2

120.019650603330.889045484530.908696080.1

1240.019650600.99005051241.009701100

)()(





















ErrortytY





 

 

Comparison results of the upper exact and approximate solutions for (1,1) solution and (2,2) solution 

 

4160.019650930.025840.000349061

4120.019650936660.121005012540.101354080.9

4080.019650933330.222010039250.202359090.8

4030.019650939990.323015045960.303364110.7

3990.019650936660.424020062670.404369130.6

3950.019650933330.525025089380.505374140.5

3910.019650939990.626030096080.606379160.4

3870.019650936660.727035112790.707384180.3

3820.019650933320.82804013950.808389190.2

3780.019650939990.929045146210.909394210.1

3740.019650936661.030050162921.010399230

)()( ErrortytY




 

  

For (1,2) solution and (2,1) solution, the lower exact solution and the upper exact solution of the fuzzy initial value 

problem (3.10 )-(3.11) are obtained as 

  

        ,sin1cos1=)( tttY 


  

 

        ,sin3cos1=)( tttY    

 

For the (1,2) solution and (2,1) solution by the Adomian decomposition method, we obtain the solution of (3.10 )-(3.11) 

as 
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The exact lower and upper solution and the approximate lower and upper solution for 0.01=t  are 

 

.7691.000174513531.00052358=)(,7691.000174511840.99982545=)(  
 tYtY  

 

 


3341,009949831,0299495=)(,3341,009949836670,98995016=)(  tyty  

 

 

Comparison results of the lower exact and approximate solutions for (1,2) solution and (2,1) solution 
 

 

0820.019650606670.019999665850.000349061

9250.018673066660.080995315910.099668380.9

7690.017695539990.181990297680.199685830.8

6120.016718003330.282985289450.299703280.7

4560.015740476660.383980261220.399720740.6

2990.014762940.484975252990.499738190.5

1430.013785413330.585970234760.599755640.4

9870.012807876660.686965216530.699773090.3

830.011830340.7879602830.799790540.2

6740.010852813330.888955180070.899808000.1

5170.009875286670.989950161840.999825450

)()(





















ErrortytY





 

 

 Comparison results of the upper exact and approximate solutions for (1,2) solution and (2,1) solution 
 

 

0820.019650606660.019999665840.000349061

2390.020628139990.12099464760.100366510.9

3950.021605663320.221989639370.200383960.8

5520.022583196660.322984611140.300401420.7

7080.023560729990.423979592910.400418870.6

8650.024538253330.524974584680.500436320.5

0210.025515796660.625969566450.600453770.4

1770.026493329990.726964548220.700471220.3

3340.027470853330.827959539990.800488670.2

490.028448386660.928954511760.900506130.1

6470.029425911.02994953531.000523580

)()( ErrortytY
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4-Conclusions 

 

In this paper investigates  the exact solutions and the approximate solutions by Adomian decomposition method of the 

second-order linear fuzzy initial value problems with positive and negative constant coefficients using the generalized 

differentiability. The values of the exact solutions and the approximate solutions for each 0,=  0.1,  0.2,  0,3,  

0.4,  0.5,  0.6,  0.7,  0.8,  0.9,  1   are computed. Consequently, the errors of lower and upper solutions are reduced 

for (1,1), (2,2), (1,2) and (2,1) solutions in the case of positive constant coefficient. But while the error of lower solution 

is reduced, the error of upper solution increases for (1,1) and (2,2) solutions in the case of negative constant coefficient. 

Also, while the error of lower solution increases, the error of upper solution is reduced for (1,2) and (2,1) solutions in the 

case of negative constant coefficient.  
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