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Received: 14.10.2017 INTRODUCTION
Accepted: 25.10.2017 Many of the present days research in any discipline involves Mathematics
Published: 30.10.2017 and Statistics. These two are potentially applicable in every discipline. Training
received by students and researchers in the areas of Mathematics and Statistics vary
DOIl: greatly from discipline to discipline , but one common aspect appears to be that all of
10.21276/sjpms.2017.4.4.4 | them acquire some default beliefs which are accepted without asking for proofs, one
such being, “0!=1”. In this article we look into a deeper understanding of the
L ip conventional definition of factorial and present various alternate proofs of “0!=1"
E "'IE from different perspectives.

Eﬁ' ﬁ The use of factorials can be seen in every field of science. According to
I".:I: N.L.Biggs [5] and Dukta Jacques [15], the concept of factorial was known as early as
E the 12th century to Indian scholars. Daniel Bernoulli in the year 1729 gave an
interpolating function of factorials as an infinite product. Christian Kramp initially
called it by the name 'faculty', which was substituted by the name ‘factorial’
(factorielle in French) by Louis Francois Antoine Arbogast (1759-1803) which
conveys what it really is. Later in 1768 Euler defined factorial in terms of Gamma
function. Research on the interpolation of factorials started with correspondence
among Leonhard Euler, Daniel Bernoulli and Christian Goldbach in the year 1729 [2,
26].

Factorials are very easy to understand as they just involve multiplication of positive numbers. Since factorials
have a unique property of recursion they are frequently used in computer programs involving recursions. Factorials
were initially denoted using “ ~ ” as suggested by Rev. Thomas Jarrett but Christian Kramp introduced the notation “!”
to represent factorial because it makes typing easy [12, 14]. There is been a lot of research using factorials which
resulted in the development of concepts like Multifactorials, Hyperfactorials, Superfactorials, etc.

Our interest started when our students started asking us where to find the proof for “0!”. One way to answer
this question is to say that it is by definition, or one may say an extraction from combinatorics, or so on. In this article
we focus in proving 0! = 1 for every level of students ranging from school to research. There are so many sources
available for these proofs but are mostly incomplete or scattered and are very hard to find. This article aims to bring all
the possible proofs for “0!” together and make it easy to understand. We will first start by defining factorials along with
some examples, properties, and applications and then proceed with proofs for “0!”

Definitions
There are several definitions of factorial in literature. Without loss of generality, we wish to define factorial as
follows. However, there are several definitions in literature mentioned below.
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(1, if n=0
n!:Jn, if n=1,2
[2><3><4><...><(n—2)><(n—l)><n, if n=34,5,. (1)
Following the recurrence relation, the factorials of positive integers are defined as,
n'=nx(n-1)! for n=1,2,3,..
(n+1)!=(n+1)xn! for n=0,1,2,. (2)

In 1730 Euler introduced an integral function [2] that gives the factorial of n. He called it as a “Pi function”, 11(n) which

also follows the recursive relation of factorial for all positive real numbers.
1

H(n)=J‘(—In x)" dx =Ix"e’xdx =n!, n>0
0 0

recursivel vy, (3)
MM(n+1)=(n+1)I(n), n>0

In 1768, Euler extended the concept of factorials to all real negative numbers, except zero and negative
integers by introducing gamma function. Gamma function I'(x), also known as Euler’s integral of second kind is an
extension of the Pi function. More information about Euler work on Gamma function can be found elsewhere [2,3,11].

r(x)= I y e Vdy
0
IIT(n)=T(n+1)=n!

(4)

Some of the definitions of factorial from different sources are:
= According to Wikipedia [6], the factorial of a non-negative integer n, denoted by n!, is the product of all
positive integers less than or equal to n. The value of 0! is 1, according to the convention for an empty product.

= The factorials n! for n=1, 2, 3, ... are 1, 2, 6, 24, 120, 720,... [22]

= Stapel [24] says factorials are very simple things. They're just products, indicated by an exclamation mark. 0!
is defined to be equal to 1, not 0. Memorize this now: 0! = 1.

= Weisstein [27] defines that the factorial of a positive integer n denoted by n! as n!=n(n-1)...2-1. The special
case 0! is defined to have value 0!=1, consistent with the combinatorial interpretation of there being exactly
one way to arrange zero objects.

Few properties of factorials
1.(n+1)!'=(n+1)xn!

2.(nxm)l#n!xm!
3.(ntm)l=nttm!
4.1=1

5.2=2!

6. 145 = 11+41+5!

7. 40585 = 41+0!+5!+8!+5!

The last four properties above are true only those four integers satisfying this property. They are called as
Factorions. Pickover [17] in his article titled "The Loneliness of the Factorions” defined ‘factorion’ as an integer which
is equal to the sum of factorials of its digits. These are exactly four such numbers satisfying this property.

Proofs for 0! =1
0! (Zero factorial) is defined as 1. This definition is useful in expressing many mathematical identities in
simple form. Here in this section we will provide all the possible proofs in increasing order of complexities.
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Level 1
Using Convention:
Accept that 0!'=1 in good faith. There is no proof.

Level 2
Using Logic:
We can rewrite the recursive definition of factorial of n from Equation (2) as, (n -1)= 2 Forn= ...,4,3,2, 1 we have
n

the following results respectively.

41
For n=4:(4-1)!=3!=—=6

4

]

3!
For n=3:3-1)=2!=—=2
3

2!
For n=2:(2-1)!=1=—=
2
n
For n=1:(1-1)!=0!=—=
1

Hence the proof, 0! = 1.

Level 3
Using Combinations:

n!

The number of ways of selecting r objects out of n objects regardless of order, r <n, is given by nc , -

rt(n-r)

. Now given n objects, in how many ways one can choose 0 objects is just one way, i.e., one way is just no way
{recollect from set theory, “null set is a subset of every set”’}.
i.e., we have , for r =0,
nC,=1=nC :n—!:l: i:l: ol=1
0!'(n —0)! o!

Philosophically, we would like to say something here. “‘No way’ is also a ‘way’.”

The same argument is also true for how many ways one can choose all n objects when given with n objects, is
also one way.
i.e., we hawe , for r =n,

n!

1
=l=>nC  =——=1= —=1= 0!=1
n'(n-n)! 0!

nC

n

Level 4
Using recursive definition:
The recursive definition of factorial from Equation (2) above, we have ni=nx (n -1y

For n=1,we get 11=1x (1-1)!

- 1= o (5)
Also we can also write the n! as

nt=[(n-1)+1]'=nx(n-1)!

ie.5l=[4+1]1=5x41=120

41=[3+1]'= 4x31= 24

A=[2+1!=3x21=6

20=[1+1]'=2x1=2

Finally, 1= [o+11=1x01=1 (6)
From the Equation (5) and Equation (6) we have o1=1

Level 5
Using Gamma function:
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As mentioned above, Gamma function for any x > 0 is defined as,

©

r(x)=fy“e’ydy
0

Using integration by parts we can compute r(x+1) , which gives the result as r(x+1) = xr(x)
integration recursively, we get,

T(x+1)=xI(x)=x(x-1)T(x-1) = ..

or

T(x+1)=xx(x-1)x(x—-2)x..3x2x1=x!

or

F(x)=(X-1)x(X-2)x..3x2x1=(x-1)!

Substituting x=1 in the Equation (8) above, we get r(x)=r@) = (@-1)!= 0!

Now from Equation (7) above, for x=1 we get, r(x) = I y*teVdy = r@) = J‘ y e Vay
0 0

o

rQ) = J‘efydy = —[e
0

Comparing Equation (9) and Equation (10) we get r@) = o1=1. Hence the proof.

" 60121

Variations on factorials

(7)

. Performing this

(8)
(9)

(10)

Now we will extend our discussion on factorials by defining few variations on factorials and their examples.
Given below are the few of several other integer sequences similar to that of a factorial and are frequently used in

various applications.

Multifactorials

By using multiple exclamation points (!) one can define a ‘Multifactorial’ [1,22] as the product of integers in
steps of two, three, or more. For suppose, “n!!” denotes the ‘double factorial’ of n, and so on. One should not
misinterpret n!! as factorial of n!, i.e., nu= (n1) . Also by definition of double factorial [20], -1!! = 0!l = 1.

\/;(Zn—l)!!

Arfken [1] has expressed the double factorial using Gamma function as r(n + i) -
2 2

(1, for n=0

n!!:Jn,

[n(n—z)!! for n>1

for n=1

1 for n=0
n=1,2

(1,
n!!!=ln, for
[n(n—3)!!! for n>2

1, for n=0

(
. . |
This can be generalized as nt™ _ o, for 0<n<m
‘Ln(n—m)!(m) for n>(m-1)

ANl=4(4-2)=28

511=5(5 - 2)(5 - 4) =15
Example:

5111=5(5 - 3) =10

7I=7(7-3)(7-6)=28

Hyperfactorials

The ‘Hyperfactorial’ function [8,23] is similar to the factorial, but produces larger numbers. The hyperfactorial

written as H(n) is the function defined as follows.
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H(m=n"x(n-1""x.x3” 2" =TT »°

3 2 1
H(3)=3 2 1" =108
Example: " &)= %2~

H(4) = 4" x3%x 22 x1" = 27648

Superfactorials
The ‘Superfactorial’ of n, written as n$ (looks like a dollar sign which actually is a factorial sign (1) written
over S) is a factorial-based function with differing definitions.

Clifford Pickover [16] defined it asns = n LE Using this definition, the first two values forn=1andn=2are 1 and 4
respectively, but from n = 3 the value will grow larger very rapidly.
N.J.A. Sloane and Simon Plouffe [19] defined ns as the product of the first n factorials, i.e.,
n$:H kl1=11x21x..x(n-1)'xn!
k=1
Example: 4% = 41x3Ix 21x 11= 288
5% = 5Ix4Ix 3Ix 2Ix 11 = 34560
Primorial
The ‘Primorial’ [4, 7, 18, 21] is similar to the factorial, but with the product taken only over the prime
numbers. For the nth prime number the primordial, prime (n)# is defined as the product of the first n primes.
prime (3)# =2x3x5=30
Example: prime (4)# = 2x3x5x7 = 210
prime (7} = 2x3x5x7x11x13 x17 = 510510

CONCLUSION

Factorials have their place in every discipline. Factorials are important in combinatorics because there are n!
different ways of arranging n distinct objects in a sequence. Factorials also play an important role in formulas such as in
expansions of trigonometric functions, exponential functions, hyperbolic functions, etc., in calculus. Consider for

example, the n' derivative of the function x" is n1. Also when n happens to be large, n! can be estimated using Stirling's
approximation. Due to their recursive nature, factorials play a major role in computer programming. In this article we
have provided all the different ways of proving 0! =1 and also presented various research results in developments of
factorials with some examples.
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