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Abstract: The basic reproduction number [R, ] importantly summaries the dynamics
*Corresponding author of an infectious disease in human populations. This parameter is called a threshold

Confess Matete parameter. For an infection to invade a population [R, ] should be greater than 1. In
epidemiological studies, intervention seeks to lower the value of [R, ] to below 1 so
Article History that the disease dies out. However, simple modelling of malaria revealed that,
Received: 20.12.2017 theoretically it is possible for an infection to persist indefinitely even if an intervention
Accepted: 20.01.2018 has reduced [R,] below 1. If this happens, we call it bistable equilibrium. In this
Published: 30.03.2018 work, we focused mainly on the analysis of the Disease-Free Equilibrium Point
[DFEP] to see the circumstances surrounding the propagation of an infectious disease.
DOl: We found that the disease dies out if the reproduction number is less than 1.
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E "-IE INTRODUCTION
EE ﬁ The Human Immunodeficiency Virus [HIV] weakens the immune system so
4 [ that it cannot fight off foreign bodies such as germs, viruses and fungi. This virus
r& causes AIDS, [Acquired Immune Deficiency Syndrome]. People with HIV are very
E susceptible to certain uncommon diseases and illnesses. In U.S. about 1.2 million

people are living with HIV infection, this is with reference to the CDC, and there are
about 50,000 new HIV cases observed each year [12].

HIV attacks and destroys the T-cells which fight diseases in the body. HIV feeds on the proteins in the cell to
make a copy of it and then Kills the cell. The secondary stage of HIV infection is AIDS, which occur when CD4 count in
a blood test is less than 200. In most cases, people contract HIV from:

e Having unprotected sex with an infected person
e Sharing a needle to take drugs
e Dirty needles used for a tattoo or in body piercing

METHODOLOGY

Question 1: Identify a disease of your choice.

Answer: The disease of our choice is HIV epidemic.

Question 2: Describe the disease using the four phases of epidemiology.

Answer:

Phase I: Descriptive, what is the problem? Who is involved? Where and when?

The problem here is the infection of people by HIV, a virus that destroys the immune system of the body, rendering it
susceptible to any infection or disease. The virus enters the body through sexual contacts; it enters the leucocytes and
introduces its information in the cell. The process will lead to cell budding, a process where a cell develops pimples on
its surface. Thereafter, the viruses from the destroyed cell leave and each attacks a new cell until all the cells are
destroyed if there is no treatment. The problem involves all people in a community if they interact in a random manner.
The infection occurs all the time since if treatment is not included, more and more people get infected.

Phase 11: Analytical, analyze the cause or determinants; how the disease is caused and why is it continuing. The
infection is caused, in most cases by sexual contacts. It is a sexually transmitted infection (STI). If infected by the virus,
the virus enters the leucocytes, stays in the cell and introduces its information in the nucleus. After some time, the
destroyed cell releases new viruses which each attacks a new cell if there is no intervention or treatment. In the absence
of treatment, the process continues till all the white blood cells are finished. The body becomes susceptible to any type of
infection or disease which eventually leads to AIDS and death.
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Phase I11: Intervention, these are clinical and community trials that are used to ask questions about the effectiveness of
the new methods for controlling the disease or for improving underlying conditions. Intervention for this epidemic
encompasses administering of antiretroviral drugs which boost the immune system; in this case the differential equations
describing the disease dynamics include treatment. Members of the community will be oriented about the cause and
effects of the disease. These include teaching people in schools, at health centers and carrying out workshops and
programs that orient people. Also, people should be taught to stick to one partner and using condoms.

Phase IV: Evaluation, this will attempt to measure the effectiveness of health service programs.

Question 3: Write down questions which need to be asked about the disease in the form of a questionnaire.
Answer:

Q1: How many cases have you recorded so far with HIV?

Q2: Have these cases received treatment?

Q3: What is the prevalence rate so far?

Q4: Of those cases you recorded, are there any who got full blown AIDS?

Q5: Are the drugs readily available?

Q6: How is the Government responding to this epidemic? Does it include it on the national budget?

Q7: Did you orient people about the ways of reducing the risk of contraction?

Q8: Since you started your intervention, is the rate of new cases increasing or decreasing?

Question 4: Identify the main variables, parameters, and assumptions of the disease.
Answer:
Main variables: P(t)= population of the uninfected people.

P*(t)= population of the infected people.

V(t)= population of the free virus particles.

Parameters: n=rate at which the population grows.
P=rate of infection.
p=rate at which uninfected people die.
a=rate at which infected people succumb to the disease.
e=rate of virus particle multiplication.
o=natural death rate of virus particles.

Assumptions:
(a) The parameters are constants.
(b) The disease does not kill people instantly.
(c) Demographic parameters do not change with time.
(d) Males and females mix in a random manner.
(e) The rate of infection is proportional to the product of the number of uninfected and infected.
(f) Transmission occurs as a result of sexual contact.

Question 5: Draw a flow chart of your model.
Answer:

" P(t)

-+ ¥

TONOIIE iy VO
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Question 6: Write down the equations of the system.

Answer:

dz_if) =1 — POV (t) — uP*(t) (1)
O~ BPOVO - a @
) _

prae eP*(t) —aV(t) (3)

Question 7: Carry-out a mathematical analysis of the model.

Answer: Mathematical Analysis of the Model

The equilibrium states occur when
ap _dpt _ dv _
dt ~ dt  dt

Thus, the disease-free equilibrium point occurs when
V=0 - P*=0 and Pzg.

Therefore, the Disease-Free Equilibrium Point (DFEP) becomes:

T
DFEP = [—,0,0J.
y7;

—pV*—pu 0 —BP
Thus, the General Jacobian of the system is: J = ( BP —-a PP >
0 & -0
Analysis of the Disease-Free Equilibrium (DFEP) Point
- 0o £
()
Jorery = | B2 _, BT |
Y
0 & -0
The eigenvalues are obtained from the characteristic polynomial of:
b - a1|=0,
-—u—-Aa 0 - ﬂi
u
that is, det| pr B | =0.
JR— —a — /1 JU—
0 £ -o -4
is qi . —— —a — —6— _ EBr| _ Bm(EBTY _
This gives us: (u ﬂ)[(a /1)(0 /1) H] H(H) 0.
Simplifying this equation we obtain:
3 2 £pm Eﬁz 2 _
-2 —(u+a+o)a —(,ua+,ua+a6—7)/l—(ocuc—$[3n+ 7 )—0,
or

3 2 Efm EB? m?
A +@utat+o)a +(ua+ua+aa—7>l+ auc — EPm + e =0.

3 2
where a, =u+a+o,

a2=ua+u0+a0—£‘%,

Auvailable Online: http://saspjournals.com/sjpms

94


http://saspjournals.com/sjpms

Confess Matete & Justin Chirima.; Sch. J. Phys. Math. Stat., 2018; Vol-5; Issue-2 (Mar-Apr); pp-92-97
EB? m?
uz

a; = apo — ERm +

We now apply the Routh-Hurwitz criterion to determine the stability of the disease-free equilibrium point. The disease-
free equilibrium point is stable if a; a, — a; > 0, that is, it is stable if

2.2

(u+a+o’)(ya+ua+aa—£’%)—(auc—SBn+£B a

12

)>o.

Now we look at the Epidemic Equilibrium Point (EEP). This point is obtained from the set of equations:

m—BPV —uP =0 4)

BPV* —aP* =0 (5)

EP"—0oV* =0 (6)
From equation (6)

Pt =2V ©)

Substituting equation (7) into equation (5) we obtain:
BPV' =2V =0 - V=0 or P =

aoc

E.

From equation (4), when P = Z—Z then
aoc % aoc\ _
m=p(5)ve-u(5) =0

Simplifying this gives:

* g *
v =-_E and hence, P* =X - £,
ac f a &f

Thus, the Endemic Equilibrium Point (EEP) becomes:
(PP V)= (W T Ko Er K
EEP_(P'P'V)_(BS'a B’ ac B)'

Analysis of the Endemic Equilibrium Point (EEP)

Mathematical models were developed to describe the dynamics of infectious diseases in human populations, and
were applied to specific diseases [13]. There are threshold theorems that involve the basic reproduction number [R,],
the contact numbery, and the replacement number R. These theorems were reviewed for the classic SIR epidemic and
endemic models. In much the same way, some results with new expressions for R, were obtained for endemic models
such as MSEIR and SEIR, with either continuous age or age groups.

In the system of equations (1-3), the value of the reproduction number, R, is given byR, = %, which

determines the stability of the EEP if R, > 1. we now need to show that this is so. The endemic equilibrium point is
stable if:
P*>0
LT _ Ko
a B
SET 150

auc

- Ry—1>0 - Ry>1,

>0

where R, = 2.

- auoc
CONCLUSION
Since the reproduction numberR, > 1, we therefore conclude that the endemic equilibrium point is stable.
Question 8: Include the likely intervention in the model and carry-out a mathematical analysis.

Answer: The likely intervention is to introduce treatment of the infected individuals. System of differential equations
describing the dynamics of the infection with treatment becomes:
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‘“;_Ef) =m—BP()V(t) — uP(t) (8)

Q= ppeVEO —aP'@®) (O
4O = 5p*(6) — TP (1) (10)
av(e)

w = YPr@®) — oV (11)

Finding Equilibrium Points
Similar to the system without treatment, we realise that the equilibrium points occur when
ar(t) _ dP*(t) _ dPF(t) _av() _ 0.
dt dt dt dt

The only equilibrium point that exists is the Disease-Free Equilibrium Point (DFEP), that is
DFEP = (E 0,0,0).

Analysis of the DFEP
The general Jacobian Matrix is given by

v —a 0 pBP |
= 5 |
T 0
{ 0 0 /4 —(oJ
Therefore
(—# 0 0 —ﬁiW
| Mo
| Br |
Jorer) = | 0 -a 0 — |
| "o
0 ) T 0
LO 0 14 (pJ

The eigenvalues are obtained from the characteristic polynomial of:

b - a1|=0,
(Cu-z o o
| Ho
) | T |
that is, det| 0 -a - A 0 —_— |:
| o
0 o T - A 0
k 0 0 14 —(p—le

Simplifying the determinant gives characteristic polynomial

4 3 2
A +a4/1 +a3/1 +azﬂ, +a1=0,
where

_ Béym
1=,

a2=au(‘t¢ +T+(p),
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a;=ou+utp +utT+Uup +ap T+art+ae,

a=a+pu+te +T+ 0.

CONCLUSION

We now apply the Routh-Hurwitz criterion to determine the stability of the disease-free equilibrium point. The

disease-free equilibrium point is stable if

a1a2 - a3a4 > 0.

Observation

We observed from this research that, calculations to reduce the basic reproduction number can be achieved. This

necessitates the disease to die out instead of continuing indefinitely. The reduction in R, is achieved through
interventions.

REFERENCES

1.

2.

3.
4.
5

10.

11.

12.
13.

Cohen JE, Girtler RE. Modeling household transmission of American trypanosomiasis. Science. 2001 Jul
27;293(5530):694-8.

Diekmann O, Heesterbeek JA. Mathematical epidemiology of infectious diseases: model building, analysis and
interpretation. John Wiley & Sons; 2000 Apr 7.

Frank SA. Models of parasite virulence. The Quarterly review of biology. 1996 Mar 1;71(1):37-78.

Heesterbeek JA. A brief history of R 0 and a recipe for its calculation. Acta biotheoretica. 2002 Sep 1;50(3):189-204.
Heffernan JM, Smith RJ, Wahl LM. Perspectives on the basic reproductive ratio. Journal of the Royal Society
Interface. 2005 Sep 22;2(4):281-93.

Holt RD, Dobson AP, Begon M, Bowers RG, Schauber EM. Parasite establishment in host communities. Ecology
Letters. 2003 Sep 1;6(9):837-42.

Lenski RE, May RM. The evolution of virulence in parasites and pathogens: reconciliation between two competing
hypotheses. Journal of theoretical biology. 1994 Aug 7;169(3):253-65.

LoGiudice K, Ostfeld RS, Schmidt KA, Keesing F. The ecology of infectious disease: effects of host diversity and
community composition on Lyme disease risk. Proceedings of the National Academy of Sciences. 2003 Jan
21;100(2):567-71.

Smith DL, Dushoff J, Snow RW, Hay Sl. The entomological inoculation rate and Plasmodium falciparum infection
in African children. Nature. 2005 Nov;438(7067):492.

Smith DL, McKenzie FE. Statics and dynamics of malaria infection in Anopheles mosquitoes. Malaria journal. 2004
Dec;3(1):13.

Smith DL, McKenzie FE, Snow RW, Hay SI. Reuvisiting the basic reproductive number for malaria and its
implications for malaria control. PLoS biology. 2007 Feb 20;5(3):e42.

Tilman D. Resource competition and community structure. Princeton university press; 1982.

Van Baalen M, Sabelis MW. The dynamics of multiple infections and the evolution of virulence. The American
Naturalist. 1995 Dec 1;146(6):881-910.

Auvailable Online: http://saspjournals.com/sjpms 97



http://saspjournals.com/sjpms

