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INTRODUCTION  

    We consider the Schrödinger operator VL  , where V  is a nonnegative 

potential belonging to the reverse Hölder class 
q

RH  for 3,
2

 n
n

q .  

     Let 1n
S be the unit sphere on 

n
 2n  equipped with the normalized Lebesgue 

measure  xdd   . Suppose that   satisfies the following conditions. 

   i    is a homogeneous function of degree zero on 
n
, that is  

   xx   ,                                            (1.1) 

for all 0  and x 
n
.                          

 

 ii    has mean zero on 1n
S , that is  

    0
1

 
xdx

n
S

 ,                                                               
     

(1.2) 

where 
x

x
x   for any 0x . 

     As in [1], for a given potential 
q

RHV   with 
2

n
q  , we define the auxiliary function as 

   
 









  rxBn
dyyV

r
rx

,2
1

1
:0sup , x 

n
. 

Obviously,    x0  for any x 
n
.       

     Let 0 and 10   . The new Campanato class  



 consists of the locally integrable functions b  such that 

 
 

   




 















 x

r
Cdybyb

rxB
rxB

B

n

1

,

1

,1
,                                                         (1.3) 

for all x 
n 
and 0r . A seminorm of  




b , denoted by  




b , is given by the infimum of the constants in (1.3) . 

Note that if 0 ,  



  is the classical Campanato space; if 0 ,  




  is exactly the space  


BMO  introduced in 

[2]. 

    The Marcinkiewicz integrals with rough kernel associated with the Schrödinger operator L is defined by  

        
2

1

0 3

2

,
,














  






t

dt
dyyfyxKyxxf

tyx

L

j

L

j
 , 

where     yxyxKyxK
L

j

L

j
 ,

~
, and  yxK

L

j
,

~
 is the kernel of 2

1



















 L

x
R

j

j
, nj ,,1  . Let b  be a locally integrable 

function and m  be a positive integer. The m -order commutator generated by L

j ,
  and b  is defined by 
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t

dt
dyyfybxbyxKyxxfb

tyx

mL

j

L

j

m
 . 

    The Marcinkiewicz integral associated with the Schrödinger operator has been extensively studied by many authors. 

For example, GAO and Tang [3] showed that Marcinkiewicz integral L

j
  are bounded on p

L (
n
) for  p1  and from 

1
L (

n
) to weak 1

L (
n
) . Meanwhile they also proved that L

j
  are bounded on B M O (

n
), and from 1

L
H (

n
) to 1

L (
n
). When

b belongs to  


BMO , Chen and Zou [4] proved that the commutator ,
L

j
b  
 

 is bounded on p
L (

n
) for  p1 . Sun 

and Zhao [5] obtained the boundedness of Marcinkiewicz integrals with rough kernel associated with Schrödinger 

operators L

j ,


 
and its commutator L

bj ,,
  on weighted Morrey spaces. Wang and Ren [6] established the boundedness of 

the m -order commutators ,
m L

j
b  
 

 from p
L (

n
) to q

L (
n
), where 

n

m

pq


 11  and 

m

n
p 1  , as well as, on the 

generalized Morrey spaces related to certain nonnegative potentials. Therefore, it will be interesting to study the 

boundedness of the high order commutator 
,

,


 
 

m L

j
b  on Lebesgue spaces. The main result of this paper is as follows. 

Theorem Let 
n

RHV   ,  1


nd
SL . Then for any  




b , 10   ,the commutator 

,
,


 
 

m L

j
b   is bounded from p

L (
n
) 

to q
L (

n
), where 1 1

 
m

q p n

 , 1  
n

m
p


. Moreover, 

 
    ,

,


  
  p n

q n

m
m L

j L
L

b f C b f



 . 

PRELIMINARIES 

Lemma 2.1 [1] There exist constants C  and 1
0
k  such that 

 

 

   

0

0
0

1

1
11

k

k
k

x

yx
C

x

y

x

yx
C


















 














 







 

for all yx , 
n
.  

    In particular, assume that   
00

, xxBQ  , for Qx  , Lemma 2.1 tells us that    yx   , if  xCyx  . 

Lemma 2.2 [7] There exist a sequence of points  


1kk
x  in 

n
, so that, for any ball    1,,  kxxBB

kkk
 , satisfies: 

   i  
k

k
B 

n
; 

   ii  There exist  NN  such that for every k , card   NBBj
kj

 44:  . 

Lemma 2.3 [8] Let k . Then  

       10

0

22 1

1

1

1








k

N
kk

x
r

N

x
r

C



,  for  rxBx
k

,2
0

1
 \  rxB

k
,2

0
. 

    Let 0 , 1

loc
Lf  (

n
) and x 

n
. The maximal functions are defined as 

   
,

,

1
s u p

 

 
B

M
B

x B

f x f y d y
B

 

 
,    

,

#

,

1
s u p

 

 
B

M
B

B
x B

f x f y f d y
B

 

 

, 

Where     ,
, : ,R  B

n
B z r z r y

 
  . 

Lemma 2.4 [2] For  p1 , there exist  and  such that if  


1kk
B is a sequence of balls as in Lemma 2.2, then 

   
#

, ,
2

1

R R

 
   

 
 

  M M
n n

k

p

p p

k
B

k k

f x d x C f x d x B f d x
B

   

 

for all  
1 n

lo c
f L . 

Lemma 2.5 [9] Let  s1 ,  



b , and  rxBB , . Then 

     
 











































x

r
rbCdybyb

B

k

k

B

s

Bk

s

k

2
12

2

1

1

2

 

for all k  where   1
0
 k

 
and 

0
k

 
is the same constant as in Lemma2.1. 

Lemma 2.6 [1] Let  1 qRHV
q

.Then  

   i  for every N , there exists a constant C  such that 

 
  

1

1
,











n

N

x

zx

L

j

zx

C
zxK



. 
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   ii  If nq 
0

, for every N  and 
0

10
q

n
  , there exists a constant C  such that 

   
  

















1

1
,,

n

N

x

zx

L

j

L

j

zx

yxC
zyKzxK , 

where zxyx 
3

2 . 

Lemma 2.7 [10] Suppose that  satisfies (1.1), (1.2) and 
n

RHV  . If  1


nd
SL ,  d1  then the operators 

nj
L

j
,,1,

,



  are bounded on p

L (
n
) for  p1 . 

PROOF OF THEOREM 

    We first prove the following Lemmas. 

Lemma 3.1 Let 
n

RHV  ,  



b ,  1


nd

SL  and   
00

, xxBQ  . Then for any  s1 , 

               
1

, , ,,

0

1
, in f in f ,

 

 
 



    
    M M

mm m
m L L

j m s jm s
Q x Q x Q

b f d y C b f x b b f x
Q


  

   



 
 

holds for all s
Lf  (

n
), where 

     

1

,
1

1
s u p




 

 
 
 

M

s

s

m s m s
B

x B n

f x f y d y

B

 

. 

Proof: By Binomial Theorem, we get that 

             
mlml

m

l

ml

m

zbzbybCzbyb 




 
1

,
 

                                                                                        
mlml

m

l

ml
zbzbybybybC 





 
1

,
 

                                                                                      
mhlmhl

m

l

lm

h

hml
zbzbybybC 









  
1 0

,,
   

                                                                                      
mm

m

m
zbzbybybC 






 






1

0

,
. 

where 

 mm

h

lmhml

l

mml
CCCCCC 

 ,,,,
,,  is positive constant, ,,, hml are nonnegative integers. 

Then 

              
2

1

0 3

2

,
,,














  






t

dt
dzzfzbybzyKzyyfb

tzy

mL

j

L

j

m
  

                                                                            yfbyfbybC
mL

j

L

j

m
m

m









 




 ,,

1

0

,
, . 

Therefore,  

              











Q

mL

j
Q

m

L

j

m

m
Q

L

j

m
dyyfb

Q
dyyfbybC

Q
dyfb

Q






 ,

1

0

,,,

1
,

1
,

1

 
              

21
AA 

 Let 
Q

b
2

 . For 
1

A , by Hölder’s inequality and Lemma2.5, we have 

      dyyfbbyb
Q

CA
Q

L

j

m

Q

m

 







,2

1

0

1
,

1






 

                            
 

   

ss

Q

s
L

j

m

Q

sm

Q
dyyfb

Q
dybyb

Q
C

11

,

1

0

2
,

11





























   
















 

                                                           
     

s

Q

s
L

j

m

m
m

dyyfb
Q

xbC

1

,0

1

0

,
1















  

















  

                                                      
        

1

,,

0

in f ,

 






 
  M

m m
L

jm s
x Q

C b b f x


 

 




 

where  s1 , and 111 
ss

. 

    Let 
21

fff   with 
Q

ff
21

 ,  ss
~

1  and 
ss

ss
u ~

~


 . For 

2
A , then 

       dyyfbb
Q

dyyfbb
Q

A
Q

m

Q

L

j
Q

m

Q

L

j  
 22,12,2

11
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2221

AA 

 By Lemma2.7, Hölder’s inequality and Lemma2.5, we have that 

    dyyfbb
Q

CA

s

Q

s
m

Q

L

j

~
1

~

12,21

1















  
  

                                                                              

s

Q

s
m

Q
dyyfbyb

Q
C

~
1

2

~

2

1
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Q
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Q
Q

s

dybyb
Q
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Q

C

11

2
2

2

11






























   

                                                                              ,
in f


 M

m

m s
x Q

C b f x




. 

 

For 
22

A , note that    
0

xy   for any Qy  , by Lemma2.6, the Minkowski inequality, and Lemma2.5, we obtain 

            
2

1

0 3

2

2222,
,














  






t
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tzy

m
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L

j

m
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L

j
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1
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2 2
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Nn y z ty z

y
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bzbzfzy

xC
c

Q Nn
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2

2

0
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k
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x
xC

2\2
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1
1

0

0 1

2

2 
  

                                                                               










Q
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k
dzbzbzfzy

Q

C
1

2
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1 2

1
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Note that 

 
  

 
 

 q

q
tB

q

txBL
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1

0 ,0,       q

n
S
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n

ydydrr

1

1
''

0

1

 





 
  q

nq
txBC

SL

1

1
,

00 
 . 

By choosing   mN , we obtain 

                                       









Q

m

Q

k
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1

2
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1
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   1 ,

1

2 in f


 




   Md n

m
k N m

m sL S x Q
k

C b f x
 



 

                                           
    ,

in f


 M

m

m s
x Q

C b f x


  
Where 1111 

scd
.
 This finishes the proof of Lemma 3.1. 

Lemma 3.2 Let
n

RHV  ,  



b , and  1


nd

SL , then for any 1s  and 1 , there exists a constant C  such that 
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m
m mL L

j B j B m s
x B

b b f u b b f z C b f x



 

 

holds for all s

loc
Lf  (

n
 ),  rxBBzu ,,

0
  with  

0
xr   and 

 cB
ff

22
 . 

Proof: We write 

       zfbbufbb
m

B

L

j

m

B

L

j 2,2,



  

                                                                 

        
2
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2
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L
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                                                                 321
III    

Let   
00

, xxBQ  . Since Qzu , , obviously that    
0

xu    and yzyu  .By Minkowski’s inequality and 

Lemma2.6, we have that 
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 Let 
0

j  be the least integer such that 
 

r

xj 002


 . Splitting into annuli, we obtain 
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By Hölder’s inequality, Lemma2.5, and noting that  
0

2 xr
j
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0

jj  , then 

      
B

m

Bj
j

dybybyfyu

B
2

2

2

1
 

                                                                      
    

 
 

s

B

s

j

m
j

mj
m

SL
jnd

dyyf

Bx

r
rbC

1

2

0 2

12
12

1






























 












 

                                                                     
 

    1 ,
in f



  Md n

m

m sL S x B

C b f x




. 

Therefore, 

 
    

0

2

11 1 ,

2

2 in f






   M
j

d n

j
m

m sL S x B
j

I b f x




 

                                                                        ,
in f


 M

m

m s
x B

C b f x




. 

Note that for
0

jj  , there is 

      
B

m

Bj
j

dybybyfyu

B
2

2

2

1
 

                                                                      
    

 
 

s

B

s

j

m
j

mj
m

SL
jnd

dyyf

Bx

r
rb

1

2

0 2

12
12

1






























 












 

                                  
  

 
 1 ,

0

2
in f





 
   

 
 

Md n

m
jm

m sL S x B

r
C b f x

x








. 

http://saspjournals.com/sjpms


 

 

Luna Tong & Kai Zhao.; Sch. J. Phys. Math. Stat., 2018; Vol-5; Issue-2 (Mar-Apr); pp-137-144 

Available Online:  http://saspjournals.com/sjpms   142 

 

 

Then, by choosing   mN , we have that 
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    Due to the estimates for 
1

I , similarly, we obtain the same estimates for 
2

I . For
3

I , note that    
0

xu   , yzyu  , 

and yuzu 
3

2 , then by Minkowski’s inequality and Lemma2.6, similar to the estimates for 
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Thus, the proof of Lemma3.2 is completed. 
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As the proof in Lemma3.1 we obtain 
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J , the Lemma3.2 tells us 
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The proof of Theorem 
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Once (3.1) holds, by the mathematical induction, then Theorem will be proved. In fact, when 1m ,we have 0  and 
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where 1,,2,1  m . Then by (3.1) we obtain Theorem. 
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Using Lemma 3.3, there is 
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Therefore, Lemma2.2 and Lemma3.1 can tell us 
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The proof of (3.1) is finished. 
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