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We consider the Schrddinger operator L =-a+v , Where v is a nonnegative

DO otential belonging to the reverse Holder class rH forg > =
. >—,nx=3.
10.21276/sjpms.2018.5.2.6 | P ging o fora=—n

Let s"* be the unit sphere on P"(n > 2) equipped with the normalized Lebesgue

Elﬂqm measure do = do(x') . Suppose that o satisfies the following conditions.
ﬁ (i) @ isahomogeneous function of degree zero on P", that is
o Q(ax)=Q(x), (1.1)

forall >0 and x < P".

(i) @ has meanzeroon s, thatis

J.a(do(x)=0 (1.2)

i

As in [1], for a given potential v < rRH | With g > 2 we define the auxiliary function as
2

where x'= — forany x=o0.

n-2 Jp(x,r)

p(x):sup{r>0:L Vv (y)dy sl}, xeP".
r

Obviously, o0 < p(x)<« forany x e P".
Leto >0 ando < g <1. The new Campanato class A’,(») consists of the locally integrable functions b such that

0

| (L3)

1

a J‘B(“)lb(Y)_ bB

|B(x,r)}”

for all x < P"and r > 0 . A seminorm of b e A’ (o), denoted by [o]

dy < C{l+ p(x)

0
p 1

is given by the infimum of the constants in (1.3) .
Note that if o =0, A%, (p) is the classical Campanato space; if s =0, A% (o) is exactly the space gwo () introduced in

[2].
The Marcinkiewicz integrals with rough kernel associated with the Schrédinger operator L is defined by

(10 = [f;

I\H\alﬂ(x -k ay)f (y)dyrf—z]

where K “(x,y)= K (x.y)lx- y| and K ‘(x,y) is the kernel of g, {i}ﬁ, j=1--,n . Let b be a locally integrable
6xj

function and m be a positive integer. The m -order commutator generated by »', and b is defined by

j.Q
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bt 1) R

The Marcinkiewicz integral associated with the Schrédinger operator has been extensively studied by many authors.
For example, GAO and Tang [3] showed that Marcinkiewicz integral »: are bounded on " (P") for 1< p <« and from

ol = K Gy )0 = b)) (y)ay

L* (P") to weak L' (P") . Meanwhile they also proved that ' are bounded on gmo (P") and from H{ (P") to L' (P"). When
b belongs toBmo ,(»), Chen and Zou [4] proved that the commutator [b.ut] is bounded on L* (P") for 1< p <. Sun

and Zhao [5] obtained the boundedness of Marcinkiewicz integrals with rough kernel associated with Schrodinger
operators »‘_. and its commutator »‘_ . on weighted Morrey spaces. Wang and Ren [6] established the boundedness of

j.Q j.Q.b

the m -order commutators (6" ut] from * (P") to L* (P"), where +-+_2 and 1<p<= , as well as, on the
generalized Morrey spaces related to certain nonnegative potentials. Therefore, it will be interesting to study the

boundedness of the high order commutator [b" ut, 0N Lebesgue spaces. The main result of this paper is as follows.

j.Q

Theorem Letv erH , , @ eL(s"?). Thenforany be A’ (p),0 < g <1,the commutator [bm,,,;ﬂ] is bounded from L* (P")

to L° (P"), where L-1_22 1< p<t. Moreover,

K

c(ﬂ")gc([b]Z) Il

PRELIMINARIES
Lemma 2.1 [1] There exist constants ¢ and k, > 1 such that

k) LMQ[H_IW
p(x) p(x)

forall x,y < P".
In particular, assume thatQ = B(x,. »(x,)), for x< q , Lemma 2.1 tells us that »(x)~ p(y), if [x - y|<cp(x).
Lemma 2.2 [7] There exist a sequence of points {x,}”, in P", so that, for any ball B, = B(x,, p(x,)).k > 1, satisfies:

(i) Us, =P%
(i) There exist N = N (p)such that for everyk e N, card {j: 4B, N 4B, = ¢f< N .
Lemma 2.3 [8] Letk « N. Then
1 1
- —<C - 7
(1+ 2%(”) (1+ 2%(x0)) (ko +1)

Lete >0, fel' (PMand x e P". The maximal functions are defined as

loc

, for xe 2'B(x,,r)\2“B(x,,r) .

M f(x)= sup ij (v w2 e (0= sup ] [ (v)- by
r |B| B o stsB‘_alBl 8 ¢

xeBeB
pa

WhereBM :{B(z,r):ze R",rSap(y)}.

Lemma 2.4 [2] Fori< p < » , there exists and g such that if {8, }”  is a sequence of balls as in Lemma 2.2, then

[

P

p M p (1 \
Mo f (x)| dx < CJ’RH|M st (x)| dx+zk: |Bk|LmLBk|f|de
foraIIfEle(m").

Lemma25([9] Let 1<s<ow, bea’(p),and B =8(x,r). Then

(Lfk b(y)- bslsdy) <chlr) |1+ 2r
|k|2kB| 2B )| p(X)
for all k e N where o' = (k,+1)e and k, is the same constant as in Lemma2.1.
Lemma 2.6 [1] Let v e rRH (g >1).Then

(i) forevery n , there exists a constant ¢ such that
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(i) If gq,>n, forevery N and o< <1- =, there exists a constant ¢ such that

Sc|><— | ()

-1+0

KIL(X,Z)— KJL(y,z)|

o]
where |>< - y|< %lx - z| .

Lemma 2.7 [10] Suppose that o satisfies (1.1), (1.2) and vern . If oe’(s""), 1<d < then the operators
uba.i=1--.n arebounded on L* (P") for 1< p <.

PROOF OF THEOREM

We first prove the following Lemmas.
Lemma3.lLletv erd ,bea’(p), @el’(s") and Q = B(x,, p(x,)). Thenforany 1<s<w,

m-1 m—

ot thysc (i) intm L, (003 (1)) inem (67 ] 1))

r=0

holds for all < L* (P"), where

= Z Ca(bly)=2) (2 =b(y)+b(y)-b(2)"" + (2 -b(2))

Z La0(y)=2)"(b(y)-b(2)) +(2-b(2))".

where ¢, =c!.c, . =c’ c  =c’ ispositive constant, i,m h,, are nonnegative integers.

Then
b aalt(v)= {yj ot = 2Ky 2)(y) - b(2)) f (2)ee f—tJ
SRR 1O B i SV (8 0 PP PR R (D
Therefore,
|Q b ut, ] |ay_| LEe 5 (b(y)ﬁ)“”[b*,u:‘gz](f)(y)dy+|§Qﬂr,gz(<m)”%>|ay

=A +A,

Let 2 =b,,.For a , by Holder’s inequality and Lemma2.5, we have

St 0. )7 Iy
< 'H(i (m-y)s’ Ti(i , . . f
_CEOL Q|IQ|b(y) bZQ| dyJ L|Q|J°|[b ,ym]f(y)| dy}

e |t (y)rdy}

where 1<s<w,and t+L-1.
Let f=f+f, With f,=fz,.,1<5<s<e and u=2=.For a,, then

oo — )" 1)y oy

L m 1
Hia ((bzq - b) f1)(y)|dy + |F Q2

1
P
[of
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= A21 + Azz
By Lemma2.7, Holder’s inequality and Lemma2.5, we have that

ﬂJLn ((bzo - b)m fl)(y)r} dy

o[ L
[o]*
[|Q|fw

<ef gt | [

2Q
9 .
<C ([b]ﬁ) inf M, f(x):

ot zruqu

b(y)- bm| dy]

For a,, , notethat p(y)~ p(x,)foranyy < q , by Lemmaz2.6, the Minkowski inequality, and Lemma2.5, we obtain
'y (b, —b)" 1, ‘[ ‘[‘ “lﬁ 2Ky, 2)b(z) - b, )" 1, (2)dz f—i]
e g L IEER N
_LO ly-2fst |y_Z|” 1+\/(y) t}‘
2 (v - 2)[|1. (2)]]p (2) - b, o)t
“I ‘y,z‘"fl (L U\v )
<c (xo)NJ(ZQ) Ut “b | dz
v
N Zk 0 " m
<Cp(x,) ) %me . (y-z || ||b Q| dz
- kN 1
SC;Z |2k+1 Jzk Q y—z " ||b d .
Note that

q

|Bx t)l .

o) = ([ et oo <c el

o= Moo= o J2 )
By choosing N = me’, we obtain

e |ZK+QLK,,Q|Q(y o) @)plz)-b

d m 1
scLz (| o el “"%z ol } { o w}
sckzillz’kN "L fsn (| | ; Q|b(z)7bZQ me dzj {|2:1Q|L 71Q|f(z)| dz}

ng 2%r " 1 s W
<C||Q|| b]);lz kN(Z“r) [lJr j | T J'zmglf(z)l dz‘

<cle HL“(SH)([b]:)m T2 e, (1) (x)
k=1

c ([b];)m infM , f(x)
Where+ 2411,
This finishes the proof of Lemma 3.1.
Lemma 3.2 Letv e rH ,be A’ (p),and o e L*(s""), then forany s >1 and , =1, there exists a constant ¢ such that
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m

<c([p])) inf M, f(x)

Hia((0=b)" £,)(u)= sy ((b=by)" f,)(2)
holds for all <t (P"), u,zeB=8(x,r) With r < (x,) and f, = fz
Proof: We write

(28) "

Jsz( -b ) f)(u JSI( _bs)m fz)(z)|

) [I:‘I\u yletele-y] Q(u
(5
(5

Pt )2
t_a
=l +1,+1,

Let Q =B(x,.0(x,) . Since u,zeq , obviously that ,(u)=~ p(x,) and |u-y|=|z-y| .By Minkowski’s inequality and
Lemma2.6, we have that

=YK (uy)f,(y)b(y) - bzs)m|dy f:_‘]

2t )2
t3

()=, )" oy

Q(z-y)K(z,y)f,(y)b(y)-b,,)"

dy

(W-y)K (uy)-az-y)K;(zy)

1
2

O TR O X S e K
T T
< j(m N dy
Ju-v]
SCY;IQ\JQ(My)||f(y)||nb+£y)*bzs o e p(XO)NIQ[| (u-y)|f( ||b "
o[ o™
=0, +1,.

Let j, be the least integer such that 2" > M. Splitting into annuli, we obtain
r

1

b, [ dy .

sﬁzf au-y)f(y)bly)

j=2 |ZJB

J.Z'B

By Holder’s inequality, Lemma2.5, and noting that 2'r < s (x,) for j< j,, then

1
Iz‘s Q

|2,—B (w-y)t()b(y)-b

o I e T

<c HQHU(SM)([[}]Z)” nfM ()

Therefore,

m jO i
|11 < "Q”L“(S" ‘) ([b]i) 2 27; ixrlg M m/f,sf (X)
j=2
<c ([b]Z)m infM _ f(x)-
Note that for j > j,, there is
1

(- y)f(y)p(y)-b

Iz‘s Q

|ZiB

< "Q (s

m(
cclol (03) |
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Then, by choosing N > me’ , we have that

+ |Q(u7y)"f(y)”b(y)szelmdy

L <rip(x,)" [ T
o= y[™

Q
.[23

sr’Np(xo)NiZ”(‘;nN u—y)"f(y)"b(y) b

[2'e]
. p( Sl
sC HQ Hﬂ(s“*i]([b] ) ;J Y J 'x':g M s F(X)
<c ([b]‘;)m infM , f(x)"
Due to the estimates for 1, , similarly, we obtain the same estimates for 1,. For 1, note that o (u)=~ p(x,), Ju - y|= |z - ¥/,
and |u - z| < #|u - y|, then by Minkowski’s inequality and Lemma2.6, similar to the estimates for 1, and 1, , we have

(u-y)K (uy)-az-y)K:(z, y|h‘ Sl d_tw dy

I < j(mclf(y)llb(v)fb )

o - vt ()G

(wy)- K (zy)]

sc'[[mﬁ |u— yl dy

la(u-y)f(y)ply)-b

n+é
Ju-v]

la(u-y)f(y)bly)-b

Ju -]

2l gy + r"p()(D)NJ'c

<cr’f
Q\2B Q

<c ([b];)m infM,, f(x)

Thus, the proof of Lemma3.2 is completed.
Lemma3.3 Lets>1, bea’(p),and o e L*(s"*). Set B = B(x,,r) With r < 5 (x,),and xe 8. Then

Proof: We write

Then h
bl 1) ()
cz% (b(y)= b, )b s )= () =0, ) 7 s I 1)), fay
a0, O H) = (o (00 0,07 1) oy
<0 X et -n.) b sl +|;—|;B|ﬂ;ﬂ(<bf V)~ et (60,07 1), oy
0,43,

Thus, Holder’s inequality and Lemma?2.5 tell us

m-1

jscy

7=0

T CICORNN R "XOPPH8 €3¢

B

m-y)s’ ' 1
( ) dy} [?J‘B
S(:Z“([b]ﬁ) ﬁ)M('“*r)ﬂ&([by”u;-ﬂ:l(f))(x).

For 5, ,wesplit f = f, + f, with f = t,, . Then

1

Je]
=J, +J,

As the proof in Lemma3.1 we obtain

[byy/lf,g](f)(Y)rdyJ

b(y)-b,,

J, <

a0, )~ (a0 0,00 ) oy

utollo b,y 1Ny fay + |§
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Ia=c([b])) M, f(x)

For 5, the Lemma3.2 tells us

2

1
Jzzﬁc?kk

lulL.sz ((b - bs )’“ fz)(u )7 H :gz ((b - be )'" fz)(y)|dUdy

PN

<C([b],) M. f(x)
The proof of Theorem
Let t satisfy = +- 4, , —o01-.,m-1.Then - - ==~ We only need to prove the inequality

. g ma . mt g (m=7)a . q . 3.1
H[b "UJQ] f ]S C ([b]ﬂ) Hf “L"(R")+yzzo([b]ﬂ) I:b’ '#J“]( f) L"‘(R") ( )

Once (3.1) holds, by the mathematical induction, then Theorem will be proved. In fact, when m =1 ,we have , - o and
p=t . Note that [ , by Lemma2.7, thus [boat] is bounded from L (P") to L* (P"). Suppose that the

a

(R

b’ uio = kg
L* — L boundedness of [b:g,,;ﬂ] holds for +=+- 2 thatis

H[b’,ﬂfq](f)

where 5 —1.2,....m —1. Then by (3.1) we obtain Theorem.
In the following, we show (3.1).
Leti<s<p<w, felL”(P"). By Lemma2.4, we have

a
LR W

0 v
o8 Tl

qa

dx

Mo ([07 ki ] 1))

[b“,ﬂjn] f (x)‘dx} '

<fo Mo ([0 ] )00

ey folf
X + —
% B o

Using Lemma 3.3, there is

St ] ) e (0])) Mo, (D)X (1) M, ([0 st ()0

Since +=+- 22 and t = p, where , - o, we obtain

n

M

mq

qusc([b];) [

g (m-7)a

M (000 ax 3 (1) |w

M ([ ke ] ) ()

g (Mm-7)a

<c (o) Il + X (1)

Therefore, Lemma2.2 and Lemma3.1 can tell us

q

[w,/::g]fm\dx} se (i) T,

(b7 s JOD)]

M tm—mf‘s([by’”;ﬂ} f) dx

sl vz (o)
- ot AR

mq

<c(el,) [,

(m-7)a

ooy (o)

M s () (%)

M ,v)ﬂ.s([by"’;ﬂ] f)(x)

q

Ue)

o (m-7)a

<o fiof ) el 2 (1)

(7 i ](1)
The proof of (3.1) is finished.
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