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Abstract: In this paper, using the Holder inequality, by the properties of the fractional
maximal operators and BMO functions, together with the definition of Herz-Morrey
spaces with variable exponent, based on the boundedness of the commutators of the

fractional maximal operator on I”" | the boundedness of the commutators of the
fractional maximal operators on variable exponent Herz-Morrey spaces is proved. This
result generalized the classical situation for non-variable exponent.

Keywords: variable exponent; fractional maximal operator; commutator; Herz-Morrey
space.

INTRODUCTION
Let T be the singular integral operator. The commutator [7',b] generated by
T and a suitable function b is defined by
[T,6]=T(bf)-bT(f).
In 1965, Calder6n[1] put forward the theory of commutator of singular integral
operators. Milman and Schonbek[2] proved the boundedness of the commutators

[M,b] generated by BMO function and Hardy-Littlewood maximal functions on
Lebesgue spaces. Zhang Pu and Wu Jianglong [3] introduced the commutator [ M ﬂ,b]

generated by BMO function and the fractional maximal function, and, they discussed
some characterizations of b for which [M ,;,b] is bounded from L"(R") into

L'(R") . Whereafter, they extended to the situation of variable exponent Lebesgue
spaces[4].

Wang Lijuan and Shu Lisheng[5] obtained the boundedness of the commutators generated by BMO function
and the fractional maximal function on Herz-Morrey spaces.

In this paper, we focus on the boundedness of commutators of fractional Hardy-Littlewood maximal operators
on Herz-Morrey spaces associate to variable exponent.

PRELIMINARIES

We recall several usefull lemmas and definitions.

o 1
Definition 2.1 For f € Lloc

(R"), the fractional Hardy-Littlewood maximal function M , is defined by

M (F)00) =sup————

| B(x,0)[

SOy, 0< B <n,

B(x,t)

where B(x,t)={y e R":|x—y|<t} denotes the ball with the center X and radius ?.

The commutator generated by the fractional maximal function M 5 and function b is defined by

Mﬂ,h :bMﬂ(f)_Mﬂ(bf)'

As usual, let € be a bounded domain in R” . Suppose . is the characteristic function of a measurable set.S , | S |

is the Lebesgue measure of S , B, =(0,2")={xe Q:|x|<2"}, 4, =B \B,_,, 7, =X, » k€Z . We always
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use the letter C to denote a absolute positive constant, which may change from one to another, and only depends on
main parameters.

Definition 2.2 Let p(-) be a measurable function on 2, p(-):Q —>[1,0). The variable exponent Lebesgue space,
[P(Q) , is defined by

p(x)
Q=4 measurable:j (' S(x) |j dx <0, 77> 0} .
o n

The locally variable exponent Lebesgue space Lf;(c') (Q) is defined by
L7 (Q) ={ f measurable: for all compact subsets K — Q, f eI’ (K)},

loc

where

p(x)
1/ Wl =07 >0 M@J de <1} .

Denote by $(£2) the set of all measurable function p(x) on Q such that
I<p <p(x)<p, <o,

where

p_=essinf{p(x):xeQ}, p, =esssup{p(x):xe},
and by $B(CQ) the set of all p(-) € P(Q) such that the Hardy-Littlewood maximal operator M is bounded on
770 (Q) )
Definition 2.3 Let € R, 0<g<oo, p()e P(Q), 0< A <o . The variable exponent Herz-Morrey space is
defined by

MRS (0 =1 € LD @VOD | £ 0 <0}

The norm in MKZ’;(_) (Q) is defined as

ko 1

— —kog kag q q

||f||MK;1'::()(Q)_§u22 (22 ||ka||Ll()(Q)) .
koe p—

Definition 2.4 We say that a function p:R" —(0,00) is locally log-Holder continuous, if there exists a constant

C >0, such that

C
x)— < , forall x,yeR".
| p(x)=p(3)] logler1/]x—yp  or Y

If

C
x)—p(0) | —————, forall xe R",
| p(x) = p(0) | logler1/1x) "

then we say that p is log-Holder continuous at the origin(or has a log decay at the origin).
If, for p, = plqlg;lo p(x) and C >0, there holds
| p(x) =P, I< Toger | )
forall x € R", then we say that p is log-Holder continuous at infinity(or has a log decay at infinity).
We denote the class of all exponents p € $(Q) which have a log decay at the origin and at infinity by £,°*(Q)
and P(Q), respectively.
Lemma 2.1(see[6]). Suppose p(-) € P(R"). Then for any f € I’”(R") and g € I’ V(R"),
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[ 1 /g dx<C,|f

Lﬂ(')(R") ||g LP'(')(RH) s

1 1
where C, =1+—-—.

p P
Lemma 2.2(see[7]). Let p(-) € B(LL) . Then there exists a constant C > 0, such that for all balls B in { and for all

measurable subsets S — B,

125l 1B e
||ZS ||L””(Q) |S

6
MSC[EJ , (2)
125 oy \I Bl

where the constant O satisfies 0 < <1.

If p'(:) € B(Q), by (2.1) and (2.2), we can take constant 0 < r < %p,)
27+

||ZS ||LPQ()(Q) SC[m]r’
%5 | | B

for all balls B in €2 and all measurable subsets S < B .

so that

P20 Q)

Lemma 2.3(see[8]). Let p(-) € B(L2) . Then there exists a constant C > 0, such that

_ 1
C 1 Sm” ZB ||Lp(')(Q)|| ZB ||LP'(')(Q)S C s

for all balls B in Q.

Lemma 2.4(see[9]). Let b € BMO(Q) . Then we have that for all balls B < € and all j,i € Z with j>1,

_ 1
c’ 1Kz ||BMO(Q)S sup——[[(D—by) 1,
B || ZB ||LP('>(Q)

||(b_bt)ZBj HLP()(Q)SC(j_i)Hb”BMO(Q)HXBl ||LP()(Q)

L’I(')(Q)S C || b ||BMO(Q) s

Lemma 2.5(see[4]). Let p()eP(QY), 0<p< 4 , M e B(Q) and L = L—ﬁ L If
p n q() p() n
0<b(x) e BMO, then M ,, is bounded from L'O(R") to L'O(R").

Lemma 2.6(see[10]). Let p(-) € P(Q). If p(-) € B,°*(Q) N P*(Q) , then p(-) € B(Q) .

THE MAIN RESULT
The following theorem is the main result of this paper.

Theorem 3.1 Let aeR , 0<g <g,<o , pl(-),p2 () e P(Q) , satisfy the log-Holder condition, and
1 1

_:__ﬁ .Set 0<A<a,O<a<nr=pf,0<r<1/(p,), .1f be BMO, then M, is bounded

) p() n

oLl oA
from Mqu,m(q (Q) to MK (Q).

42:P2(.)

Proof: Since 0 < g, < g, < and b € BMO forall f(x)e MEK“* (Q), we write

q1>D1(.)
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F@ =3 F@1@E Y f() where j 7.

Jj=—0© J=—w

Then, applying the Jensen inequality, we have

1M Wiz, = €327 Z 2N My f) )"

:—OO j——OO
<C§urz>2‘k°l"‘ 22"“%(ZII(M sl D) 2l o )"
€ k=—00 j=—o
i ‘ k+2
+Csup2” °"122“%(Z||(Mﬁbf> Zll o)
0€ = J=k=2
+Coup27 3 Z 2SN yof ) 2] )"
0E = J=k+3
2D, +D,+D,.

We first estimate D), . By the boundedness of M ;, from LO(Q) to 17V (Q), we have

D2 Scsupzik()lql z 2]‘0“/1 ||flk| e Q) C'H-]leK(“1 .

kyeZ kg =—o0
Now we turn to estimate D, . Noting that j <k—3, x€ 4, and y € 4;, by the Holder inequality, we obtain

(M, f,(0) 2 (x)]<C 2" o [ 16 =B 11 £, 1y 2,(2)

<C28[ 1b(x)=by || £,(0) | dv 2(x)
+C 2 [ by —b() 1,0 dy- 2 ()
< C 2 D) by 1S, gy 1 2 oy 260
+C 2 by, =D 2, i gy 1S Wy 26 0) -

By Lemma 2.4, we have

I Mﬁ,bf_/ (xX) (%) ||Lpz(-)(Q)

<C 2B = by ) 2 ) s ) NS5 ooy 1 25 i o
+C-2 by BN 7, sy 1) iy 1 24

<C 2" (k= NG ooy I s, oy 1S5 Moy 11 2, i
+C 2" b oy I X, ysior ey 15 oy 11 2, pmon ey

= C'2k(ﬁin)(k_j) || b ||BMO(Q) || Xs, ||Lp2(-)(Q) || fj “L”“"(Q) || 7(3/. ||Lpi<->(9)-

Lemma 2.2 and Lemma 2.3 tell us

A || ZBk HL”Z“(Q) || ZB, HL/’“‘)(Q) <C-2¥ || ng ||Z:’z<->(9) || Zgj HL/’“‘)(Q)
1 25, 1l 0
k j 2T (Q)
<C 2 ﬂ ||ZE HLP]()(Q)H ZB ‘LPZ()(Q) —_—
H B, HLP'z(')(Q)
nr(j-k)

Sc'zkﬂ’H){B,

LI’i(')(Q)H ZB/ ||2p'2(-)(9)

Available Online: http://saspjournals.com/sjpms 227



http://saspjournals.com/sjpms

Shi Hui & Zhao Kai.; Sch. J. Phys. Math. Stat., 2018; Vol-5; Issue-4 (Jul-Aug); pp-224-230

By the definition of M 5+ We obtain

My )0 2 Mg (23)(3) 25, (¥) =—— [ |2, | v 2, ()
B[
| B, | £ ,
= jl_ﬁ Xs, =| Bj K Xs, = 21/3;(3[ .
B,
|| ZB Lpz()(Q)— <C-2™" || /’{Bj ||Lpz<~)(Q)S c.2.2 " || M (ZBj) 20(Q)

<C-277 27| 2y o< €27 M 225

y A8 (Q) L”l( (Q)

Hence,

D, <Csup2” koA z 2kaq1(22kﬂ 2 =iB (= k)”f |

el B v o Gk = 1)

koeZ =—c0 Jj=—o0
2
<Cllb ki N (N ke 7).0 b=pmnrsa) 5 aiya
| ||BMO(Q) sup Z(an ||Lm)(g)( J) )
k=—0 j=—0

In the case of 1< g, <00, noting that # —nr+ o < 0, by the Hélder inequality, we obtain

D, <C[blgvoe - Sup2 o Z ( 22“”‘ 1S 510 )2

(k—j)(ﬂ—ma)%

k=—o0 j=—0
- ot A=) T
><(Z(k—J)q"2 2 )
j:—oo
ko - @
) (k I B-nr+a)—
SC’Hb” BMO(Q) Sup2 o Z(Zzal({l ||f | L[’l()(Q) )
k=—0 j=—00
—kg A
< C||b|BMO(Q) sup 2~ Z 20 ||f 19 10(Q)
kyeZ Jj=—x

< ClIb ol f Hges o

In the case of 0 < g, <1, we have

W e
—ko A . — r T
Dy £C B lfoe sup2 ™ S LA g (k= )28 X8 g

k=—00 j=—0

k2
<C||b|BMO(Q) sup2 v z 20 ||f ’me(Q)
koeZ

]_*OO

< ClIblavollf g

Finally, we estimate D3 . Noting that j > k + 3, by Lemma 2.5, we have

D, <Csup 2 3 250 3 16 faocall )

kyeZ k=—o0 Jj=k+3
—ky A k-
<C||b||BMO(Q) sup2 - z( z 2/ 2a( j)Hf | L"l“(Q))ql :
k=-0 j=k+3

And note that 0 < A < &, choose & > 1 such that 2.—0:/5<0.
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If 1 < g, <00, by the H6lder inequality, there is

ko C ki /6
Dy < C | |[gyo(q) sup2 ™ Z( D, 2 2 T E o)

koeZ =—0 j=k+3

><( Z 2a(k—j)q{(5—l)/5)q1/q{

j:k+3

l) 0
ko ki Yy 16
< ClIbEmow Supz ey Z 29 25N i

k=—0 j=k+3

+C1b oy SUP2 ™ Z > g0t ek
0 €

L”l”(Q)
k=—c0 j=k,
ZE+E,.
Foraa >0,

j-3

—koA k—j)g 15
E, <C 155w Sup2 v z 290 £ ey D2t
J=—o fe=—o0

—kg A
< CI1b o Sup2 " S 2w £

j=—
< C I Mo /s
Noting that A —ax /6 <0,

—ky A k- /8 j A
E, <C|bllgmow) Sup2 v z 22“( nae 2k f e o
kyeZ :

k_—ool ko
ko kqy /5 A-als
S C15 Bvow sup2 ”1(2 2% )(22( ||, ||MKM
J=ko .
) ko /5~ (A=t /8 )k
< Cl1blfo sup2 24 T2
<Cllb]f; MO(Q)HfHMKaA A
If 0 < g, <1, similarly, we easily obtain that
ky o k-l
kg k
D; <C b |[guoca) SUP2 DI I ARy A | [ @
k—*OOj k+3
ko2 e —
#C 1B o D2 i 3 3 gem g e
k=—w j=k,

ZE+E,.

—koA
E; <C b lzwoco Sup2 v 22% [a | s <C||b|BMO(Q)||f||MKai _

Jj==o0

koA k- A
E4SC||b| MO sup2 oA Z Zza( Da  yria ||f |MK“_

k=—c0 j=k,

< C b ffvoq sup2 -2 20t || £
kyeZ

<C H b HBMO(Q)H f HZ/{K;”} ,(Q)
1.1 ()

Thus, we complete the proof of Theorem 3.1.

ai
Mqu Pl ()(Q)
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