
Available Online:  http://saspjournals.com/sjpms    247 

 

 

Scholars Journal of Physics, Mathematics and Statistics                ISSN 2393-8056 (Print) 

Abbreviated Key Title: Sch. J. Phys. Math. Stat.           ISSN 2393-8064 (Online) 
©Scholars Academic and Scientific Publishers (SAS Publishers)       

(An International Publisher for Academic and Scientific Resources) 

 

Some Aspects of the Geometry for Conharmonic Curvature Tensor of the Locally 

Conformal Kahler Manifold 
Dr. Ali A Shihab

1*
, Maath Abdullah Mohammed

2
 

1
Lecturer Mathematics college of Education for Women IRAQ SALAHADEEIN-TIKRIT, University of Tikrit, P.O. Box 

42, Tikrit, Iraq 
2
Student Master degree, Department of Mathematics, College of Education Pure Sciences, Tikrit University, Iraq 

 

 

*Corresponding author 

Dr. Ali A Shihab 

 

Article History 

Received: 24.07.2018 

Accepted: 03.08.2018 

Published: 30.08.2018 

 

DOI: 

10.21276/sjpms.2018.5.4.5 

 

 
 

Abstract: In this research, calculated components conharmonic curvature tensor in some 

aspects Hermitian manifold in particular of the   Locally Conformal Kahler manifold. 

And proved that this tensor possesses the classical symmetry properties of the 

Riemannian curvature. Also, establish relationships between the components of the 

tensor in this manifold.  
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INTRODUCTION 

 Conformal transformations of Riemannian structures are the important object 

of differential geometry, where this "transformations which keeping the property of 

smooth harmonic function". It is known, that such transformations have tensor in variant 

so-called conharmonic curvature tensor, in this paper we investigated the "conharmonic 

curvature tensor of locally conformal Kahler manifold". 

 

Preliminaries 

Let M –"smooth manifold of dimension 2n", and let     and   ̃   be two 

Riemannian metrics on smooth manifold  M ,  we say that on   M given a conformal 

transformation metric if there is a smooth function           such that   ̃      . 

 

  Let  {         }  be an  AH-manifold , if there exists a conformal transformation of the metric     into the 

metric  ̃  then  {     ̃       } will be     manifold  , In this case we say that on smooth manifold M given conformal 

transformation of AH-structure, denoted by    ̃     
 

Definition1.1 [2] 

    An     -manifold  is called a locally conformal Kahler manifold , if for each point      there exist an 

open neighborhood  U  of this point and there exists           such that   ̃    is Kahler manifold . We will denoted to 

the locally conformal Kahler manifold by  L.C.K. 

 

Definition 1.2 [2] 

Let M be an AH-manifold, the form which is given by the relation  

  
  

   
       is called a Lie form, where    represents the coderivative. If Ω  is        . then its coderivative is  

            and its dual is a vector  

which is called a Lie vector. 

 

Remark 1.3 [3] 
By the Banaru’s classification of AH-manifold, the  L.C.K- manifold satisfies the following conditions: 

           
        

  
 

 

Theorem 1.4 [4] 

The structure equations of L.C.K- manifold in the adjoint            space is given by the following forms: 

1.      
       

        

2.       
        

       

3.   
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Theorem 1.5 [4] 

       In the adjoint  structure spaace, the component of Riemannian curvature tensor of  L.C.K- manifold are 

given by the following forms : 

1.     
         

   

 
        

  

2.   ̂ ̂ ̂
 ̂         

  
  

 
       

  
 

3.  
 ̂  
       

  
   

  
 

4.  
  ̂ ̂
 ̂      

  
   

  
 

5.  
   ̂
     

        
  

      
  

6.   ̂ ̂ 
 ̂      

        
  

      
  

7.    ̂ 
     

        
  

      
  

8.   ̂  ̂
 ̂      

        
  

      
  

9.    ̂ ̂
        

  
  

 
       

  
 

10.  
 ̂ ̂ 
 ̂          

   

 
        

  

11.   ̂ ̂ 
           

  
      

  
     

  
 

12.  
   ̂
 ̂           

        
       

  

13.   ̂  ̂
           

  
      

  
     

  
 

14.    ̂ 
 ̂           

        
       

  

15.   ̂ ̂ ̂
    

16.     
 ̂    

 

We need the components of Ricci tensor of L.C.K- manifold, so we compute it as the following. 

 

Theorem 1.6 [5] 

In the adjoint   structure space, the component of Ricci of L.C.K- manifold are given by the following forms: 

1            
   

 
        

           
        

       
  

2   ̂ ̂         
  

  

 
       

  
         

  
      

  
     

  
 

3    ̂      
  

   
  

    
        

  
      

  

4   ̂       
  

   
  

    
        

  
      

  

 

Remark 1.7 [6]  

The value of Riemannian metric     is define by the form 

1     =  ̂ ̂    

2   ̂    
  

3    ̂    
  

 

Definition 1.8 

       Suppose         is a   -manifol, the conharmonic curvature of the  

        difine as tensor    {    
 }of type (3,1) by the form:  

    
      

  
 

      
                              

Where    Riemannian curvature tensor is    is Ricci tensor and g is Riemannian metric. 

 

Theorem1.9 

   In the adjoint  -structure space, the components of the conharmonic tensor of the       manifold are given by 

the following forms: 

1)    
      

  

2) 
 ̂  
   

 ̂  
  

3)   ̂ 
     ̂ 

  

4) 
   ̂
   

   ̂
  

5)   ̂ ̂
     ̂ ̂

  

6)  ̂ ̂ ̂
    ̂ ̂ ̂
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7)  
 ̂  ̂
   

 ̂  ̂
  

 

     
      

  
    

  
  

8)  ̂ ̂ 
    ̂ ̂ 

  
 

     
      

  
    

  
  

And the other are conjugate of them . 

Proof:- 

1) put                     

    
      

  
 

      
                              

    
      

  
 

      
                              

    
      

  

   put         ̂           

  ̂  
    ̂  

  
 

      
      ̂    ̂       ̂          ̂   

  ̂  
    ̂  

  
 

      
      ̂    ̂       ̂          ̂   

If        then 

  ̂  
    ̂  

  
 

      
      ̂       ̂   

  ̂  
    ̂  

  

   put                       ̂     

   ̂ 
     ̂ 

  
 

      
       ̂     ̂          ̂     ̂     

   ̂ 
     ̂ 

  
 

      
       ̂     ̂          ̂     ̂     

   ̂ 
     ̂ 

  
 

      
       ̂        ̂  

If       then  

   ̂ 
     ̂ 

  
 

      
       ̂        ̂  

   ̂ 
     ̂ 

  

   put                        ̂  

    ̂
      ̂

  
 

      
    ̂          ̂     ̂          ̂  

    ̂
      ̂

  
 

      
    ̂          ̂     ̂          ̂  

 
   ̂
   

   ̂
  

 

      
       ̂        ̂  

If       then  

 
   ̂
   

   ̂
  

 

      
       ̂        ̂  

 
   ̂
   

   ̂
  

   put                        ̂       ̂  

   ̂ ̂
     ̂ ̂

  
 

      
    ̂   ̂     ̂   ̂     ̂   ̂     ̂   ̂  

If       then  

   ̂ ̂
     ̂ ̂

  
 

      
    ̂   ̂     ̂   ̂     ̂   ̂     ̂   ̂  

   ̂ ̂
     ̂ ̂

  

   put             ̂       ̂       ̂  

 
 ̂ ̂ ̂
   

 ̂ ̂ ̂
  

 

      
    ̂  ̂ ̂    ̂ ̂   ̂    ̂ ̂   ̂     ̂  ̂ ̂  

 
 ̂ ̂ ̂
   

 ̂ ̂ ̂
  

 

      
    ̂      ̂ ̂   ̂    ̂ ̂   ̂     ̂     
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  ̂ ̂ ̂
    ̂ ̂ ̂

  
 

      
   ̂ ̂   ̂    ̂ ̂   ̂  

If   ̂   ̂  then  

  ̂ ̂ ̂
    ̂ ̂ ̂

  
 

      
   ̂ ̂   ̂    ̂ ̂   ̂  

 
 ̂ ̂ ̂
   

 ̂ ̂ ̂
  

7  put               ̂                   ̂  

  ̂  ̂
    ̂  ̂

  
 

      
    ̂  ̂    ̂    ̂    ̂ ̂         ̂ ̂  

  ̂  ̂
    ̂  ̂

  
 

      
    ̂  ̂    ̂    ̂    ̂ ̂            

  ̂  ̂
    ̂  ̂

  
 

      
    ̂  ̂    ̂    ̂  

  ̂  ̂
    ̂  ̂

  
 

      
   

   
    

   
   

  ̂  ̂
    ̂  ̂

  
 

     
    

  
   

  
  

   put             ̂        ̂      

  ̂ ̂ 
    ̂ ̂ 

  
 

      
      ̂ ̂    ̂ ̂      ̂    ̂     ̂  ̂   

  ̂ ̂ 
    ̂ ̂ 

  
 

      
          ̂ ̂      ̂    ̂     ̂  ̂   

  ̂ ̂ 
    ̂ ̂ 

  
 

      
    

   
    

   
   

  ̂ ̂ 
    ̂ ̂ 

  
 

     
    

  
   

  
  

 

Proposition 1.10 

The conharmonic curvature of (     ) manifold satisfies all the properties the algebraic: 

                               (1 

2)                               

3)                                                

4)                               

Where                   

Prove: we shall prove just (1) 

1)                               
 

      
                                                    

                  

                 
 

      
                                                                     

                 

Properties are similarly proved: 

2)                                

3)                                                

4)                                

                  

(1),(2),(3) and (4) is called an algebra curvature tensor of (       manifolds, 

The conharmonic  curvature of (       manifolds looks like  

                      
 

      
                                              

Where     

By definition of a spectrum tensor 

                                                                   

                                        

Tensor              nonzero – the component have only components  

Of the form:        
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Tensor                        {       
       ̂ ̂ ̂

 ̂ }       
    ̂ ̂ ̂

 ̂   

Tensor                        { 
        ̂
   

    ̂ ̂ 
 ̂ }    

    ̂
   

 ̂ ̂ 
 ̂   

Tensor                        {      ̂ 
       ̂  ̂

 ̂ }      ̂ 
    ̂  ̂

 ̂   

Tensor                        {      ̂  
        ̂ ̂

 ̂ }     ̂  
     ̂ ̂

 ̂   

Tensor                        { 
      ̂ ̂
   

    ̂  
 ̂ }    

   ̂ ̂
   

 ̂  
 ̂   

Tensor                        {      ̂  ̂
        ̂ 

 ̂ }     ̂  ̂
      ̂ 

 ̂   

 Tensor                        { 
     ̂ ̂ 
   

      ̂
 ̂ }    

 ̂ ̂ 
   

    ̂
 ̂   

Tensor                        {      ̂ ̂ ̂
         

 ̂ }     ̂ ̂ ̂
       

 ̂   

 Tensors                                                 
The basic invariants conharmonic        manifold will be named. 

 

Definition 1.11 

L.C.K- manifold for which       is LCK- manifold of class                 
     The manifold of class    characterized by a condition         

   0 , or  

    
  0, [K          

      As  - a projector on    
√    that  

                     

i,e(   √   ){ (  √       √    )(  √    )}    

Removing the brackets can be received: 

                                                                                          

               

 √                                                                   

                                               
i,e, 

1)                                                                                          
                               
        Thus LCK- manifold of class    characterized by identity   

2)                                                                                         
                               

               
These equalities are equivalent; the second equality turns out from the first  

Replacement   on      
                                                                                                     

                   
               

Similarly considering L.C.K- manifold of classes        can be receved the following theorem. 

 

Theorem 1.12 

1) L.C.K- manifold of class    characterized by identity  

                                                                                                  

                   
               

2) L.C.K- manifold of class    characterized by identity  

                                                                                                  

                   
               

3)                                                         
                                                                                        

                                
               

4)                                                        
                                                                                        

                                
               

5) L.C.K- manifold of class    characterized by identity  
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6) L.C.K- manifold of class    characterized by identity  

                                                                                         

                   
               

7)                                                         
                                                                                     

                                
               

8)                                                        
                                                                                     

                                
               

 

Theorem 1.13 

The following inclusion relation has been found: 

 )                                                   

Prove: - We shall prove ( ) 
                                                                                     
                                            (1)                                                      

               (    √     )( √  )      ( √        )( √  )     ( √        √     )  

 ( √  )         ( √  )    ( √  )  (    √     )   ( √  )  ( √        )   

   √     ( √       √     )  √       

                                                                                      
                                              (2)                                                 

From (1) and (2) we get 

                                                                       

                                                                                    
                                                                                            (4) 

               (    √     )  √        ( √        )  √        ( √        √     )  

   √               √         √     (    √     )     √     ( √        )  

   √     ( √       √     )  √       

   
                                                                                           
                                        (5) 

From (4) and (5) we get  

                                                                               

From (3) and (6) we get          

 

Now we shall prove (  ) 
   
                                                                                            
                                     (7)                                            

               (    √     )  √        ( √        )  √        ( √        √     )  

     √              √         √     (    √     )     √     ( √        )  

   √     ( √       √     )  √       

   
                                                                                            
                                     (8)                                              

 

From (7) and (8) we get  
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                                                 (10) 

                (    √     )  √        ( √       √    )  √      

  ( √        √     )     √               √         √     (    √     )  

   √     ( √        )     √     ( √       √     )  √       

                                                                                     
                                                    (11)                              

From (10) and (11) we get  

                                                                   

From (9) and (12) we get          

 

Now we shall prove (   ) 
                                                                                   
                                                    (13)                       

               (    √     )  √        ( √        )  √        ( √        √     )  

   √              √         √     (    √     )     √     ( √        )  

   √     ( √       √     )  √       

   
                                                                                            
                                        (14)                              

From (13) and (14) we get  

                                                                     

                                                                                    
                                                   (16)                                

               (    √     )  √        ( √        )  √        ( √        √     )  

   √              √         √     (    √     )     √     ( √        )  

   √     ( √       √     )  √       

                                                                                    
                                                    (17)                               

From (16) and (17) we get  

                                                                        

From (15) and (18) we get          

Now we shall prove (    ) 
   
                                                                                           
                                       (19)                              

               (    √     )  √        ( √        )  √        ( √        √     )  

   √              √         √     (    √     )     √     ( √        )  

   √    ( √       √     )  √       

   
                                                                                           
                                       (20)                        

From (19) and (20) we get  

                                                                      

                                                                                    
                                                  (22)                                 

               (    √     )  √        ( √        )  √        ( √        √     )  

   √               √         √     (    √     )     √     ( √        )  

   √     ( √       √     )  √       

                                                                                    
                                                  (23)                              

From (22) and (23) we get  

                                                                    

From (21) and (24) we get          
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Definition 1.14 

       The manifold        refers to as manifold of class: 

1) ̅ if                                      

2)  ̅ if                                                                          

3)  ̅ if                                        

Theorem 1.15 

Let             is       then the following statement are equivalent: 

1)   structure of class  ̅ . 

        . 
3) On space of the adjoint  structure identities   ̂ ̂ ̂

     are fair . 

Prove  

       Let   structure of class  ̅ . Obviously it is equivalent to identity  

                                             By definition of a spectrum tensor  

                                                                                              

                            

                                                                                              

                                                

                                                                        

                         

The identity                              is equivalent to that  

                                                  

And this identity is equivalent to      

By virtue of materiality tensor   and its properties (1.10;4) received relation which are equivalent to relations   ̂ ̂ ̂
    ; 

i.e. identity              . 

The opposite, according to                              obviously. 
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