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Abstract | Review Article

This paper mainly uses the classical method of qualitative theory of ordinary differential equations to qualitatively
analyze a class of planar fifth-order polynomial systems. The successor function method is used to analyze the
system's fine focus. The center of the system is judged by the principle of symmetry. The Hopf branch theory is used
to analyze the existence of the limit cycle under different parameters.
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INTRODUCTION

In recent decades, with the rapid development of science and technology, the theory of limit cycles has been
more widely applied. In the study of qualitative theory of ordinary differential equations, we mainly include two aspects
on the study of limit cycles. The first one is the existence, uniqueness, number and relative position of the limit cycle.
The second is the limit cycle. The problem of limit ring generation and disappearance as the relevant parameters change
[1-5]. The progress around Hilbert's 16th issue was limited before the 1950s. After the 1950s, Soviet mathematicians and
Chinese mathematicians made many contributions to the study of limit cycle theory. For the Hilbert question 16 of n =
2, the qualitative study of the planar quadratic system, the mathematicians in China have achieved fruitful results. For the
case of n > 3, the better result before 1980 was the work of the Soviet K.C.CHBUPCK. He proved that the cubic system
lacking the quadratic term can have five limit cycles in the field where the origin is sufficiently small. In 1975, Shi
Songling gave a concrete example of how the above distribution can be achieved. After the 1980s, the representative
work was that Li Jibin discovered that the cubic system has a much more complex limit cycle distribution than the
quadratic system, and found that (E5) has a compound eye branch with n limit cycles. In 1989, Li Jibin and Bai Jingxin
gave specific examples to illustrate a class of specific cubic polynomial systems [6-10]. In the small small neighborhood
of the center point, seven small amplitude limit cycles can be generated by the Unfolding branch [11, 12], etc. At present,
the research on the third-order polynomial systems has achieved good results. For fifth-order polynomial systems, only a
small number of studies were obtained. The main reason is that singularity calculation is complicated or difficult to
implement.

In the study of the differential equation plane system, the determination of the central focus is an important
research topic. The order of the focus quantity determines the number of limit cycles generated in the field of singularity
under a small disturbance [13-15]. This paper conducts qualitative analysis on the following fifth-order polynomial
systems

dx 5

oYt Ry, (1.1
dy 2 3 4 4
E=—x+6y+a1xy+a2xy +x* 4+ azx*y. (1.2)

Where § and a;(i = 1,2,3.) are arbitrary real numbers.
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Type of system balance point
When x =y = 0, Equation (1.1) and (1.2) are equal to 0, then A(0,0) is the equilibrium point of the system. The
linear approximation equation matrix of the system is
10 1
M) = -1 5]

The determinant of this matrix is
D=0-8—-1x(-1)=1

The trace of this matrix is
T,=04+6=96

We make
A=T,>—4D = 6% -4

Theorem 1:
(1) When —2 < 6 < 0, A(0,0) is a stable coarse focus.
(2) When 0 < 6 < 2, A(0,0) is an unstable coarse focus.
(3) When 6 = 2, A(0,0) is an unstable node.
(4) When 6 < —2, A(0,0) is a stable node.
(5) When 6 = 0, A(0,0) is the center-type equilibrium point.

Proof as follows:
The balance point type of the system is determined by determinant, trace, and discriminant. The symbol of the
determinant D is divided into three cases:
Case 1: When D > 0,

At this time, the symbols of the trace T;. are divided into three cases:
Case 1.1: When T, > 0, balance point is unable, if A= 0, blance point is a unable node; if A< 0, blance point is a
unable coarse focus.
Case 1.2 When T,. = 0, balance point is the center-type equilibrium point.
Case 1.3 When T, < 0, balance point is stable, if A> 0, blance point is a stable node; if A< 0, blance point is a
stable coarse focus.
Case 2: When D = 0,

At this time, blance point is degraded.
Case 3: When D < 0,

At this time, blance point is saddle point.

For the balance point A of the system, D =1 > 0.
(1)When T,. > 0,which is § > 0, if 0 < 8§ < 2, then A< 0, then A is a unstable coarse focus; if § = 2, then A> 0,
then A is a unstable node.
(2) When T, < 0,whichis 6 < 0, if =2 < 6§ < 0, then A< 0, then A is a stable coarse focus; if § < —2, then A= 0,
then A is a stable node.

(3) When T,. = 0, which is 6 = 0, then A is the center-type equilibrium point.

Center and focus discrimination

When 6 = 0, A(0,0) is the center of the linear system corresponding to the system. The following need to
determine whether the original system balance point A(0,0) is the center or the focus.This paper uses the successor
function to study the properties of the equilibrium point A.

Theorem 2 For this system, when 6 = 0, the following conclusions
(1)When a, > 0, A(0,0) is the first-order unstable fine focus.
(2)When a, < 0, A(0,0) is the first-order stable fine focus.
(3)When a; = 0,a; > 0, A(0,0) is the second-order unstable fine focus.
(4) When a; = 0,a; < 0, A(0,0) is the second-order stable fine focus.
(5)When a; = a; = 0,a, > 0, A(0,0) is the third-order unstable fine focus.
(6) When a; = a; = 0,a, < 0, A(0,0) is the third-order stable fine focus.
(YWhen a; = a, = a; = 0, A(0,0) is the center of the system.
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Proof as follows:
When & = 0, the original system is

X vt o (3.1)
ac - YTITEY '

d

d_}t] = —x+aix’y + ayxy® +x* + azx’y. (3-2)

Homeomorphic transformation
Make x; = —x,y; =y, then the expression (3.1) and (3.2) are transformed into the following form
dx;

PTERERL +x1y1 — %1y, (3.3)
ﬁzx + a1 %,%y; — axy Y, + xt + azxt (3.4)
dt 1 1X1" V1 2X1)1 1 3%X1 Y1- :

Polar Coordinate Transformation
Letting x; = r - cos@,y; = r - sin6 in equation (3.3) and (3.4), then

dr

i r?cos?0sind + r3(a,cos?0sin?0 — cos30sind) + r*(cos*0sind — a,cosOsin*6) + a;r>cos*Hsin?0,
de 1202 2 3 ; 2 P2 3 5 2 ia3 4 5 ;
i 1 —r cosBsin“6 + r*(a,cos>*0sind + cos“0sin*0) + r>(cos>0 — a,cos“0sin>0) + azr*cos>Osinb.

Eliminate t and expand into a power series of r, we get the following formula
dr  1%co0s%0sin8 + r3(a,cos?0sin?0 — cos30sinB) + r*(cos*Osind — a,cosfOsin*8) + a;r°cos*Osin?6
d6 1 —rcosOsin?0 + r2(a,cos30sind + cos20sin20) + r3(cos50 — a,cos20sin30) + azr*cosSOsind

Letting the above formula be Taylor expansion at r = 0, we can get
dr . . . )
8= c0s%0sinfr? + (a,cos20sin?0 — cos30sinh + cos30sin30)r3 + etc

= R,(8)r? + R;(8)r3 + etc. 3.7

Letting r(8,c) = r,(8)c + 1,(8)c? + 13(8)c® + 1,(8)c* + r5(8)c® + etc. (3.8) become a solution to equation (3.7).
And here by the initial conditions r(0,c) = ¢, |c|] <« 1.

Comparison coefficient
Substituting it into equation (3.8)
r(0,c) = r;(0)c + 1,(0)c? + r3(0)c® + 1,(0)c* + r5(0)c® + hot = ¢

Comparing the coefficients on both sides of the equation, we can get
r1(0) = 1,1,(0) = r3(0) = - = 0. (3.9)

Substituting the power series of equation (3.8) into equation (3.7), the following identity is obtained
1(8)c +13(0)c? + 13(0)c + -+
= R,(0) (1, (B)c + 15(0)c? + 13(0)c® + -+ )2 + R3(0) (1,(8) c + 1,(0)c? + r5(B)c3 + -+-)3
= cos?0sinf(r(0)c + 1, (0)c? + r5(0)c3 + -++)?
+ (a,c0s?8sin?0 — cos30sinf + cos30sin®0) (1 (0)c + 1,(8)c? + r5(8)c3 + ---)3

Comparing the coefficients of the powers of ¢ to obtain a series of differential equations as follows
r(0) =0
75(8) = R,(8)1,(8)? = cos?0sinBr,(0)?
13(0) = R3(0)11(6)° + 2R,(8)1,(0)1,(6)
= (a,c05%0sin?0 — cos30sinf + cos30sin30)r,(0)3+2c0s20sinbr, (6)r,(0)

Then contact the initial conditional equation (3.9), we can find their solutions one by one
(0 =1
[

r(0) = f Ry(c) de
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_fe 2 i d _1 1 39
= 0COS ¢Sing C—3 3COS

‘]
7(0) = f (Rs(¢) + 2Ry () ()}

0
= f {(a,cos?gsin?¢ — cos3gsing + cos3¢sin3¢) + 2cos?¢singr, (¢)} dg
0
1

_ L 39'9+1 9'9+5 50 2 39+1 0
= 4-(IICOS Sin 8a1COS Sin 18 coSs 9COS 8a1 18

1 6o 7 s 1 s 1 3 1 . 2 .
1,(0) = Ealcos Osinf — %alcos Osinf — gazcos Osinf — Zalcos Osinf — Ealcos Osinf + gazcos Osinb
1

+1 Osind 2 ing ind 8 99+5 g ! ] 39+1 6+
8 a,cosfsin a5 a,sin 5 a,sin 27 cos 18 cos 12 a,0cos 8 a, 51

Because R, (0) is a continuous differentiable function with a period of 2, here is
72(0) = 9,0 + ¢,(0)

1 21
g2 = EJO Ry(g)d¢
©2(0) = @,(0 + 2m)

If g, = 0, then ,(8) = @,(0) ,r,(0) is also a continuous differentiable function with a period of 2. Calculate in turn, if
gs = 0,1,(0) is a function of 2 cycles. Through the calculation of the above method, we can get

g2=0
1
93=Za17'f
1
94=Ea1”
1 3 s 2 1
g5=§a3n+3—2a1 T +1—6a1T[
1 4 7 2,2 4 1
Jo = gBT T g MM T1gg Ml
1633 7333 17 11221 ) 236
g7=—6144a1 7T+%a1 T +aa2n+ma3n+ma1 T +§a1a3n +—13824a17t

Use a successor function to balance point types
Define the successor function V as follows
V=r2mc)—r(0,c)
= 2mg;cd + 2mg,ct + 2mgsc® + 2mgec® + 2mg,c’ + -

The following are discussed in four situations
(1)When a, # 0, then g5 # 0, s0 V # 0, and the sign of the successor function V is determined by g5, at this time
3 {al >0,V >0,

1
V=2ame g, <o,V <o0.

2

So, When a; > 0, A(0,0) is the first-order unstable fine focus; when a; < 0, A(0,0) is the first-order stable fine
focus.

(2) When a; = 0,a; # 0, then g; = g, = 0,95 # 0,50V # 0, and the sign of the successor function V is determined by
Js, at this time
1 as;>0,V>0
— 3 3 ’ ’
V_4%m{%<av<0
So when a, = 0,a; > 0, A(0,0) is the second-order unstable fine focus; when a; = 0,a; < 0, A(0,0) is the
second-order stable fine focus.

(3) Whena; =a3; =0,a, #0,then g; = g, = gs = g6 = 0,9, # 0,50 V # 0, and the sign of the successor function V
is determined by g, at this time
[ © 2019 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India [ 148 |
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3 a,>0,V>0
— 7 2 ) ]
V= “ﬁcﬂh<av<a

So when a, = a; = 0,a, > 0, A(0,0) is the third-order unstable fine focus; when a;, = a; = 0,a, < 0, A(0,0)
is the third-order stable fine focus.

(4)When a, = a, = a3 = 0, at this time, the original system is

dx

i y +xy +x%y = P(x,y),
d
d_i/ =—x = Q(x,y).

At this time, the vector field P(x,y) and Q(x,y) defined by the function on the right side of the system are
symmetric about the x-axis, that is
P(x,—y) =P(x,y)
Q(x' —}’) = Q(x'y)

Sowhen a; = a, = a; = 0, A(0,0) is the center of the system.

4. The existence and number of limit cycles
Theorem 3:
Case 1: If a; # 0, then a first-order hopf bifurcation occurs at § = 0, and the parameter region in which the system
has a unique limit cycle in the vicinity is
4,6 <0,0< |6 K |ayl K1

Case 2: If a; # 0, then a second-order hopf bifurcation occurs at a; = 0, § = 0, and the parameter region where the
system has two limit cycles near the original is
a;a; <0,a;6 > 0,0 < |§]| < |a;| K |as| K1

Case 3: If a, # 0, then a third-order hopf bifurcation occurs at a; = 0,a, = 0,6 = 0, and the parameter region where
the system has three limit cycles in the vicinity of the original is
a,a; <0, aa3 >0, 0,6 <0,0<|6| K |aq|l K|aszl K |a,| K1

Proof As Follows:

(1) When a; > 0,6 = 0, known by theorem 2, A(0,0) is the first-order unstable fine focus, when & decreases
from zero, at this time, A(0,0) changes from the first-order unstable fine focus to the stable coarse focus, the singularity
is caused by the absorption of energy to the release of energy. In this process, equal amplitude oscillations must occur,
according to the hopf branch theory, an unstable limit cycle is generated at this time. When a, < 0,6 = 0, known by
theorem 2, A(0,0) is the first-order stable fine focus, when & increases from zero, at this time, A(0,0) changes from the
first-order stable fine focus to the unstable coarse focus, the singularity from releasing energy to absorbing energy. In this
process, equal amplitude oscillations must occur, according to the hopf branch theory, an unstable limit cycle is
generated at this time. And the parameter area where the system has a unique limit cycle near the origin is

2,6 <0,0< |6 < |aq| «1

(2) When a; > 0,a, = § = 0, known by theorem 2, A(0,0) is the second-order unstable fine focus, when a,
decreases from zero, A(0,0) is changed from a second-order unstable fine focus to a first-order stable fine focus, from the
hopf branch theory, a limit cycle is generated at this time; when & increases from zero, at this time, A(0,0) changes from
the first-order stable fine focus to the unstable coarse focus, at this point, a limit cycle is generated. The entire process
produces two limit cycles. When a; < 0,a, = § = 0, known by theorem 2, A(0,0) is the second-order stable fine focus,
when a, decreases from zero, A(0,0) is changed from a second-order stable fine focus to a first-order unstable fine focus,
from the hopf branch theory, a limit cycle is generated at this time; when & decreases from zero, at this time, A(0,0)
changes from the first-order unstable fine focus to the stable coarse focus, at this point, a limit cycle is generated. The
entire process produces two limit cycles. And the parameter region where the system has two limit cycles near the
original is

aa; <0,a36 > 0,0 < |6] K |a;| K |az] K1

(3) This situation can be discussed similarly.
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Numerical Simulation :

sl
%

.........

() @ =05,6 =—0.07 (b) ag = —0.1,a; = 0.5,,8 = 0.01 (© @ =01, a, =06, ag=—03,6 = —0.01

CONCLUSIONS

In this paper, we use the classical method of conventional differential equation qualitative theory to qualitatively
analyze a class of planar fifth-order polynomial systems, and use the successor function method to analyze the fine focus
of the system. The principle of symmetry is used to determine the center of the system and uses the Hopf branch theory.
The existence and number of limit cycles under different parameters are analyzed, and the parameter regions with one,
two and three limit cycles are obtained.
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