Scholars Journal of Physics, Mathematics and Statistics 3 OPEN ACCESS

Abbreviated Key Title: Sch J Phys Math Stat
ISSN 2393-8056 (Print) | ISSN 2393-8064 (Online)
Journal homepage: http://saspjournals.com/sjpms

The Summation Problem of Linear Recursive Series
Zhang Hengyu”, Deng Tingyong, Song Qianhong

College of Science, Heilongjiang Bayi Agricultural University, Daqing163319 China

DOI: 10.36347/SJPMS.2019.v06i10.001 | Received: 21.10.2019 | Accepted: 28.10.2019 | Published: 30.10.2019

*Corresponding author: Zhang Hengyu

Abstract | Review Article

In this paper, the summation of the first and second order linear recursive sequences is discussed. The general methods
of summation of these two sequences and some applications in summation are given.
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INTRODUCTION

Linear recursive sequence is a kind of sequence whose general term is given by recurrence formula. The key to
solve the problem of summation of linear recursive sequence is to obtain the general term formula of the sequence and
convert it into the summation of equal difference or equal ratio sequence. This paper mainly discusses the summation
method of first and second order linear recursive sequence.

Summation of first order linear recursive sequence

Definition 1: From recurrence formula
a,,=pa,+d (p,d isConstantand p # 0,a,isknown, ne N,), (1)

The defined sequence{a, }is called first order linear recursive sequence.

When p =1ord =0,{a,}is equal difference or equal ratio sequence, the sum of {a,} can be obtained from
the summation formula of equal difference and equal ratio sequence.

When p =1, let f = 1L , we can change (1) intoa, ,, — B = p(a, — ) and {a, — F} is an equal ratio
- P

sequence with P as the common ratio, we can obtain

a,=p+(@-p)p"" o

Thus the sum can be obtained.

S PR
n+1 4 n 2n+1

Example 1: Known @, = E, a

(n>2), find ) a, .
n=1

Solution: Transform recurrence formula to

2n+1an+1 = %(Znan) +1l
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1
signb, =2"a,, know {b,} is a first-order linear recursive sequence, from p = > d =1, obtaining

p= 1L = 2, according to formula (2), having
-p
n-1 1 1
o 1 1 1 1 1 o B
Solutionisa, = ——+ - -——,When I = — or I = —is noted, we all have | |< 1, lim r" = 0, obtaining
2" 2 4 2 4 am
1., 1.,
. o _ 1—(5) . 1—(Z L 11 g
> a,=lim> a =lim ey _ L _8
T o0 £ N0 1_1 2 _E 1_1 2 1_1 3
4 2 4

Summation of second order linear recursive sequence

Definition 2: From recurrence formula
A, = Piad,; P, + Pg
(Pys Py, Psis Constantand p, = 0,a,,a,isknown,ne N,) @)

The defined sequence{a, } is called second order linear recursive sequence.

In particular, when p, =0, {&, }is also called second order linear homogeneous recursive sequence?

Before discussing the summation of the second order linear homogeneous recursive sequence, a general term
formula of the sequence is proved.

General term formula: If the general term of second order linear homogeneous recursive sequence {a,, } is

determined by a,,,, = p,a,,, + P,a,, then

(1) When A*> — p,A—p, =0 has two different (real or complex) roots A, and 4, there is a general term
formula
a, =c A4+, A4 (4)

Where C,, C, is uniquely determined by the two equations €, + C, =&, and ¢4, +C,A, =4, .
(2) When 4> — p,A— p, =0 has double root A , there is a general term formula
a =(c +nc,)A"" 6)
Where C,, C, is uniquely determined by the two equations C, +C, =, and C;4, +C,4, =a,.
Prove (1) Proving by mathematical induction.
C+C=a CA+CA, =8, 4 4

Whenn = 3, by 2 satisfing

2> —p,A—p, =0, having
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a; = P, + P& = Py(C, 4 +C,4;) + p,(c, +C,)
=C1(p1/11 + p2)+cz(p1ﬂvz + pz) :Cl/lf +Czﬂ'f,

When you know n = 3, the conclusion is true.

Suppose when n =k , having @, =C, A" +C,A5 ", thenwhenn =k +1, having
Qi = P + P& =Py (Clﬂfl + Czﬂgil) + P (Clﬂ'll(iz + Czﬂgiz)

= PCAT + PCA PG A+ P,y

= Cl/ﬂfZ (P4 +P,) + Czl‘;z (P4, + P2)

=72 4+ C, A A =C A +C, A,

That is to say, when n = Kk +1, the conclusion is also true. Therefore, according to mathematical induction,
conclusion (1) is proved.

(2) The same method can prove the conclusion.

According to the above general formula, the summation of the second order linear homogeneous recursive
sequence can be reduced to the summation of the equal ratio sequence or{nl”’l}.

1
Example 2 Let two adjacent terms of{a,, } isa,, a,,,, , which is two roots of equation x> — C X+ —= 0,and

a, =1, finding Y c, .

n=1

1 1
Solution: Whenn=1anda,a, =—,a, = = — isobtained, by a,a,,;, =—-and a,,,a

%9a, 9 9 w2 T gni

O

obtaining a,,, = § a,,so {a,} is a second-order linear homogeneous recursive sequence.

1 1
A = 5 , Ay = _5 are obtained by A2 - 5 =0, to solve the system of equations
c,+¢C, =1 C, = 2
C,+C, =q o - 3
whichis 1 1 1, obtaining ,
Clﬂ,1+02ﬂ,2 =a, —C, ——C, =— 1
3 3 9 C, = 3

So by formula (4), having

2 = 1 1 2
> a, =Y (A +c,A"7) =c +C ==
2.2, nzl(lfll A7) o4 TR, T3

o0

- 5 3
FromC, =a, +a,,, obtaining ch = ZZan -, = ZXZ_:L: -
n=1 n=1

1 n
Example 3: Knowna, ., =a,; — Z a,anda, =a, =1, finding Z a, .
k=1
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1 1 C,+C, =a
Solving Equation A% — A += =0 has double roots 1 = =, Solving equations{ = 2. , Which is
4 2 cA+2c,1=a,

c,+c, =1
L ¢, =0 .
, by formula (5), having

5 =

1 , obtaining
—Cc, +¢, =1
2

a, =(c, +nc,)A"* =nA"" signingS, =a, +a, +---+a,, so
S,—AS, =(+24+-+n) = (A+22 +---+n") =1+ A+ + 2" —nA"

_1=4 —nA",
1-4
1 1
o 1= o e Mo 1. n
Solution is Sn:zki"lz 5~ = - =41-—)——,
k=1 -4 1-1 (1_1)2 1_1 2 2
2 2

In formula (3), when p, # 0, if p, + p, =1, formula (3) can be changed to

A — A =P, (an+1 - an) + P; ,

So {a”+1 B a“} is a first-order linear recursive sequence. According to the discussion in the first part, we can get the

general term formula n+1 ~ & = f(n) &nown f(n), Sum the two ends of the above formula to get the general

n-1
formula of{a,}, thatis a, = a, + Z f(k), From this we can find the sum of series{a, } ;If p, + p, =1, let
k=1
_ Ps
 =————— change formula (3) to

1- P, — P,

a,., —f=p@. —B)+p,(a, —B), Itisknown that {a, — S} is a second-order linear homogeneous
recursive sequence. According to (4) or (5), the general term and its sum of {a,, } can also be obtained.

So far, we have obtained the general method of finding the sum of the first and second order linear recursive
sequences. It is worth noting that the general term formula of the first and second order linear recursive sequence is also
helpful to discuss other properties of the sequence.
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