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INTRODUCTION

It is known that generalized open sets play a
very important role in general Topology and Indeed a
significant theme in General Topology and Real
analysis concerns the various modified forms of
continuity, separation axioms etc. In recent years a
number of generalizations of open sets have been
considered such as: Semi-open sets, a-open sets, pre-
open sets, semi-pre-open sets, b-open sets, b-6-open
sets, B-0-0p en sets, d-pre-open sets, J-B-open sets, E-
open sets, E-0-open and J-B-0-open sets play an
important role in generalization of continuity in
topological spaces.

A new classes of generalized open sets in a
topological space, called J-B-open sets or e"-open sets
was introduced and some of its properties were obtained
by E. Hatir and T. Noiri [1] and Erdal Ekici [2], in [3]
Hariwan Z. lbrahim presented a new class of b-open
sets called B.-open, this class of sets lies strictly
between the classes of 6-semi open and b-open sets,
moreover, Alias B. Khalaf, Zanyar A. Ameen, in [4]
introduced a new class of sets, called S.-open sets, and
investigate some properties of S¢-continuity and in [5]
Zanyar A. Ameen, introduced a new class of sets, called
P.-open sets, and investigate some properties of P.-
continuity. As well, Ayman Y. Mizyed, in [6] studied a
new class of generalized open sets called S.-Open Sets
which is contained in the class of g-open sets and
contains the class of B¢-open sets and he introduced f,-
continuous functions as a new class of generalized

continuous functions and gave some characterizations
of these functions.

In recent years, many researchers studied
deferent forms of continuous mappings utilize new
generalized of open sets. E. Hatir and T. Noiri [1] and
Erdal Ekici [2] introduced &-B-continuous and e'-
continuous mappings respectively, and they obtained
some new decompositions of continuity, J. H. Park [7]
introduced a new class of functions called strongly 6-b-
continuous functions which is a generalization of both
strongly 0-pre-continuous functions and strongly 6-
semi-continuous functions, some characterizations and
several properties concerning strongly 6-b-continuous
functions are obtained, as well in [8] Alaa. M. F, and
Xiao-Song Yang, defined a new class of mappings
called strong continuous functions called strongly 6-6-
R-continuous by using two new strong forms of J-i-
open sets.

The purpose of the present paper is to
introduce and study new classes of generalized open
sets called E.open and J-B.-open sets. Several
characterizations and basic properties concerning of
these kinds of generalized open sets are obtained, the
relationships among these kinds of generalized open
sets and other well-known types of generalized open
sets are also discussed. In addition several topological
properties concerning of E. (resp. J-R;)-Neighborhood,
E (resp. 0-B;)-Interior, E; (resp. J-B.)-Closure, E. (resp.
0-R.)-Derived and E. (resp. o-3;)-Frontier of a sets are
introduced.
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PRELIMINARIES

Throughout this paper, (X, T) and (Y, T") (or
simply X and Y) mean topological spaces on which no
Separation axioms are assumed unless explicitly stated.
For any subset A of X, The closure and interior of A are
denoted by CI(A) and Int(A), respectively. We recall the
following required definitions and results of generalized
open sets, which will be used often throughout this

paper.

Definition 2.1: Let (X, T) be a topological space. A

subset A of X is said to be:
a) Regular open (resp. regular closed) [9] if A =
Int(CI(A)) (resp. A = CI(Int(A))).
b) d-open [10] if for each x € A there exists a
regular open set V such that » e VS A. The J-
interior of A is the union of all regular open sets
contained in A and is denoted by Ints(A). The
subset A is called o-open [10] if A = Ints(A). A
point » € X is called a J-cluster points of A [10] if
A N Int(CI(V)) # ¢, for each open set V containing
x. The set of all 6-cluster points of A is called the o-
closure of A and is denoted by Cls(A). If A =
Cls(A)), then A is said to be o-closed [10]. The
complement of J-closed set is said to be J-open set.
A subset A of a Topological space X is called J-
open [10] if for each x € A there exists an open set
G such that, » € G < Int(CI(G)) € A. The family of
all 5-open sets in X is denoted by 6X(X, T).
¢) o-open [11] (resp. semi-open [12], pre-open
[13], R-open [14] or semi-pre-open [15], b-open
[16] or y-open [17], o-pre-open [18]) if AC
Int(CI(Int(A)))  (resp. AcCI(Int(A), Ac
Int(CI(A)), A c CI(Int(CI(A))), A< Int(CI(A)) U
Cl(Int(A)), A < Int(CI5(A)).

Remark 2.2: The complement of a semi-open (resp. a-
open, pre-open, 3-open, b-open, J-pre-open) set is said
to be semi-closed [19], (resp. a-closed [20], pre-closed
[21], B-closed [13], b-closed [17], J-pre-closed [18].
The intersection of all b-closed (resp. semi-closed, o-
closed, pre-closed, R-closed, o-pre-closed) sets of X
containing A is called the b-closure [17] (resp. s-closure
[19], a-closure [11], pre-closure [21], B-closure [14], J-
pre-closure [18]) of A and are denoted by bCI(A), (resp.
SCI(A), aCI(A), PCI(A), BCI(A), OPCI(A4)).

Remark 2.3: The family of all b-open (resp. 3-open, a-
open, semi-open, pre-open, &-pre-open and regular
open) subsets of X containing a point € X is denoted
by BX(X, ») (resp. BX(X, »), aX(X, x), SX(X, 2), PX(X,
%), OPX(X, ») and RZ(X, ) ), The family of all b-open
(resp. B-open, a-open, semi-open, pre-open, 3-pre-open
and regular open) sets in X are denoted by BX(X, T)
(resp. RX(X, T), aX(X, T), SX(X, T), PX(X, T), SPX(X, T)
and RX(X, T)).

Definition 2.4: Let (X, T) be a Topological space. Then:
a) A subset A of a space X is called E-open [22] if
A € Cl(o-Int(A)) U Int(6-CI(A)). The complement

of an E-open set is called E-closed. The
intersection of all E-closed sets containing A is
called the E-closure of A [22] and is denoted by E-
CI(A). The union of all E-open sets of X contained
in A is called the E-interior [22] of A and is
denoted by E-Int(A).

b) A subset A of a space X is called 5-B-open [1] or
e-open [2], if ACCI(Int(s-CI(A))), the
complement of a J-R-open set is called J-B8-closed.
The intersection of all §-B-closed sets containing
A is called the J-R-closure of A [1] and is denoted
by 5-B-CI(A). The union of all -B-open sets of X
contained in A is called the J-R-interior [1] of A
and is denoted by J-B-Int(A).

Remark 2.5: The family of all E-open (resp. E-closed,
0-R-open, J-R-closed) subsets of X containing a point »
€ X is denoted by EX(X, ) (resp. EC(X, x), 0-BX(X, ),
0-BC(X, »)). The family of all E-open (resp. E-closed,
o-R-open, o-B-closed) sets in X is denoted by EX(X, T)
(resp. EC(X, T), 0-B2(X, T), 0-RC(X, T)).

Definition 2.6: Let (X, T) be a Topological space, then:

a) A subset A of X is said to be #-open [10] if for
each » € A 3 an open set G such that, x eG <
CI(G) = A. (i. ) A point x €X is called a 6-
cluster point of A if CI(V) N A # ¢ for every open
subset V of X containing ». The set of all 6-cluster
points of A is called the #-closure of A and is
denoted by Clg(A). If A = Cly(A), then A is said to
be 6-closed [10]. The complement of a #-closed
set is said to be 6-open. The family of all #-open
sets in X is denoted by 6X(X, T).

b) A subset A of X is said to be #-Semi-open [23] if
for each x € A there exists a Semi-open set G such
that, » € G < CI(G) € A. The family of all 6-
Semi-open sets in X is denoted by 6SX(X, T).

Remark 2.7: The collection of @-open sets in a
Topological space X forms a Topology T, which is
coarser than T. as well, the family of d-open sets in a
Topological space X forms a Topology T; such that T,
cT.

Proposition 2.8: [24] A Topological space (X, T) is
Regular ifand only if T, =T.

Definitions 2.9: A Topological space (X, 7) is said to
be:
a) An extremally disconnected (resp. A locally
indiscrete) [25] if the closure of every open set of
X is open in X (resp. if and only if every open set
is closed).
b) A -regular space [26] if for each » € X and for each
open set G containing s, there exist an open set K
such that, » € K € CI(K) < G.
c) Alexandroff space [27] if any arbitrary
intersection of open sets is open.
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Remark 2.10: A space X is Alexandroff-Space <
arbitrary union of closed sets is closed.

Proposition 2.11: [22, 28] the following properties
hold for a space X:
a) The Arbitrary union of any family of E-(resp. ¢-
R)-open sets in X, is an E-(resp. 6-R)-open set.

b) The Arbitrary intersection of any family of E-
(resp. o-B)-closed sets in X, is an E-(resp. 6-8)-
closed set.

Remark 2.12: We have the following diagram in which
the converses of implications need not be true, see the
examples in [28, 22, 2].

—>| openset |—»| o-open |—»| Preopen [—»| b-open

Regular
open

A J

! v

J-Preopen f-open

v

oJ-open |—p

o-semiopen »| E-open

o-ff-open

v

Fig-1: The relationships among some well-known generalized open sets in Topological Spaces

Lemma 2.13: [29] Let X be a space and 4,B < X.if
Ae 0X(X) andB € EX(X)(resp.B € 6§ —RX (X))
then, AN B € EX(X)(resp. AN B € § — RX(X)).

Lemma 2.14: [30, 18] FAC X* C X & X" € EX(X, T)
(resp. X* € 0-RX(X, T)). Then A € EX(X, T) (resp. A €
0-RX(X, T)) & A€ EX(X*, T) (resp. A € 0-B2(X*, T)).

Lemma 2.15: [28, 22] If U € EX(X) (resp. 0-RX(X)) &
V € EX(Y) (resp. -R2(Y)), then UxV € EX(XxY) (resp.
0-BX(XxY)).

Theorem 2.16: Let (Y, Ty) be a subspace of a space (X,
T). If Ais a closed subset in Y and Y € X, then A is
closed in X [31].

CHARACTERIZATIONS OF (E.) AND (9-R.)-OPEN
SETS

In this section, we consider a new classes of
generalized open sets called E.-open and d-R.-open sets
and several characterizations concerning of these forms
of generalized open sets are obtained. Furthermore, the
relations among E.(resp. o-B;)-open sets and other
forms of generalized open sets are discussed.

Definition 3.1: Ler (X, T) be a Topological space. A
subset A of X is said to be:
a) Bg-open [3]if V % € A €BO(X, T), 3 a closed
set F such that, x e F € A.
b) Sc-open [4] if V % € A €SO(X, T), 3 a closed
set F such that, x € F € A.
c) Pcopen [5]if Vx € A €ePO(X, T), 3 aclosed
set F such that, x € F € A.
d) Rc-open [6] if V % € A € BO(X, T), 3 a closed
set F such that, x € F € A.
e) The family of all B.-open (resp. Sc-open, Pe-
open, Rc-open) sets in X are denoted by
BCX(X) (resp. SCX(X), PCX(X), RBCX(X)).

Definition 3.2: Let (X, T) be a Topological space. A
subset A of X is said to be:

l. E.-open set if for each » € A € EX(X, T), there
exists a closed set F such that, x € F € A. The
family of all E.-open subsets of (X, 7) is
denoted by ECX(X, T) OR ECX(X).

Il. 0-Re-open set if for each x € A€ d-pX(X, T),
there exists a closed set F such that, 2 € F € A.
The family of all 5-R; -open subsets of (X, T) is
denoted by 6-fC2(X, T) OR 5-SCZ(X).

Il A subset F of a space (X, 7) is said to be E,
(resp. o-R)-closed set when, X\ F € ECX(X, T)
(resp. 0-fCX(X, T)).

Remark 3.3: The family of all E; (resp. J-R;)-closed
subsets of (X, T) is denoted by ECC(X, T) OR ECC(X)
(resp. 0-CC(X, T) OR 5-3CC(X)).

Theorem 3.4: Let (X, T) be a Topological space. A
subset A of space X is E. (resp. o-B)-open set iff A is E-
(resp. 0-R)-open set and it is a union of closed sets. That
is A = UF, where A is E. (resp. o-R)-open set and Fj
closed sets v A.

Proof: Ler (X, T) be a Topological space and A be a E;
(resp. 0-R)-open set. Then, A is E- (resp. 6-R)-open and
VA €ATaclosedF; in X (. t) AeEF,€A =
UreaFr € A S U qFy. Hence, A = U F; where Fy
closed sets vV A € A. The converse follows directly from
the definitions of E. (resp. J-B)-open sets.

Remark 3.5: From the respective definitions, the
relationships among E. (resp. 6-B.)-open sets and other
well-known forms of generalized open sets are shown
in the following figure:
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Fig-2: The relationships among E (resp. -R.)-open sets and other well-known types of generalized open sets

However none of these implications is reversible as
shown via examples of [7,8,9,10,11, 27] and the
following examples:

Example 3.6: Let X = {», y, w, z} and let T = {¢, {5},
{w}, L, v} oo, w}, {5, y, w}, {o¢, w, 2}, X}. Then the
family of all closed subsets is: T° = {X, {y, w, z}, {s, ¥,
2} {w, 2}, {y, 2}, {2z}, {y}, ¢}.Thus:
i. The set {y, w} is E-open but it is not E.-open
set.

ii.  Theset {y, w, z} is Ec-open set but it is not S-
open and not P.-open, also it is neither b.-open
nor R.-open set.

iili.  The set {y, z} is 5-Be-open set but it is not E-
open and not Sc-open. Also it is not P.-open
and neither be-open nor R.-open set.

iv. Let X={x », w, 2z s}and let T = {p, {x, v},
{w, z}, {>¢, y, w, z}, X}. Then the family of all
closed subsets is: T = {X, {w, z s}, {», y, s},
{s}, @}.Then, the subset {x, s} is J-B-open but
it is not J-B.-open set.

Remark 3.7: The following example explains that a £
(resp. o-R)-open sets not necessary to be closed set.

Examples 3.8: Let (R, T,) be the usual Topological
space, and let A be set of all rational numbers, obvious
that A is E (resp. 6-B)-open set and since Vx € A,x €

{n} € A, thus A is E_ (resp. 5-B.)-open set, but it is not
closed.

Remark 3.9: Every E(resp. 0-R.)-0pen is E(resp. 5-13)-
open but the converse need not be true in general, the
following Theorem shows that the family of EX(X)
(resp. 5-2(X)) is identical to the family of ECX(X)
(resp. 0-RCZ(X)).

Theorem 3.10: If a space (X, T) is T;-Space, then the
families EX(X) (resp. J-$2(X)) are identical to the
families ECX(X) (resp. 5-8CX(X)) (i. €) EX(X) (resp. o-
BE(X)) = ECZ(X) (resp. 0-BCX(X)).

Proof: Let (X, T) be a Topological space and A be any
subset of a space X (s. t) A € EX(X) (resp. 0-$2(X)),
there are two cases, if A = ¢, so A € ECX(X) (resp. o-
BCX(X)), if A # ¢, Since a space X is Ty, then every
singleton is closed set and hence V x € A,we get x €
{x} € A. thus, A € ECX(X) (resp. 6-8CX(X)), so EX(X)
(resp. 0-BX(X)) < ECX(X) (resp. oJ-8C2(X)), but
generally, ECX(X) (resp. 0-8CX(X)) S EX(X) (resp. o-
B2(X)), therefore:

EX(X) (resp. 0-BX(X)) = ECX(X) (resp. 6-SCX(X)).

Now we show that in any Topological space (X, T) the
arbitrary unions of E; (resp. J-3;)-open sets is E. (resp.
0-3¢)-open.
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Theorem 3.11: Ler (X, T) be a Topological space
and {A;: 1 € A} be a family of E (resp. 5-B.)-open sets
ina space X. Then U{A;: A € A} is E, (resp. J-R)-open.

Proof: suppose that {4;: 1 € A} be a collection of E;
(resp. o-3;)-open setsV 1 € A, then A, is E (resp. 6-R)-
open setsV A and so via (Proposition 2.11), U{4,: 1 €
A} is E (resp. 5-B)-open. If x € U{A;: A €4}, 31€ 4>
n € Aj. Since A, is E. (resp. o-B.)-openV A€ 4, 3 a
closed set FOax€e€FCA;CUjpdy=x€EFC
Ujzena4;.50 U{A;: A € A} is E, (resp. -B)-open Set.

Theorem 3.12: Let (X, 7) be a Topological space
and {4,: 1 € A} be a family of E, (resp. 6-3)-closed sets
in a space X. Then N{A;: 1 € 4} is E; (resp. o-B;)-
closed.

Proof: The proof is obvious it is follows from
(Theorem 3.11) and using De Morgan's Law.

Remark 3.13: The intersection of two E. (resp. o-¢)-
open Sets not necessary to be E. (resp. o-3;)-open. (See
the following example)

Examples 3.14: conceder X = {x, y, w, z} with the
Topology T = {¢, {»}, {¥}, {». ¥}, {. y. w}, X}. Then
the family of all closed subsets is: T° = {X, {y, w, z}, {»,
w, z}, {w, z}, {z},@}. Thus: A subsets A = {», w, z} and
B ={y, w, z} € ECX(X) (resp. 0-8C2(X)) but

ANB = {w, z} &€ ECX(X) (resp. J-BCZ(X)).

Remark 3.15: It clears that from (example 3.14) the
collection of all ECX(X) (resp. J-8CX(X)) is a supra-
Topology and not necessary to be a Topology in
general.

The following Theorem explains the sufficient
condition which makes the collection of all ECX(X)
(resp. 6-BC2(X)) is Topology on X.

Theorem 3.16: If EX(X)-(resp. J-82(X)) of a space X is
a Topology on X, then ECX(X) (resp. J-fC2(X)) is also
a Topology on X

Proof: obvious ¢ & X € ECX(X) (resp. 0-8C2 (X)), and
via (Theorem 3.11), the union of any collection of
ECX(X) (resp. 0-fC2(X)) is E. (resp. 6-B;)-open. Now
we explain that the finite intersection of E. (resp. 5-B.)-
open sets is also E; (resp. J-R;)-open. Suppose that A &
B be two E, (resp. J-R)-open sets = A & B are E-(resp.
o-R)-open sets. Since EX(X) (resp. 0-f2X(X)) is a
Topology on X, hence ANB € EX(X) (resp. 0-52(X)).
Suppose that x € ANB = x € A&x € B, thus 3
closed sets F&E (s.t) xe FSAand® € ECB =
n € FNE € ANB = ANB is E. (resp. J-B)-open sets.

Theorem 3.17: A subset A of a space (X, 7) is E. (resp.
o0-Bc)-open set iff Vi € A3 a E, (resp. 0-R)-open set B
(s.t)yx e B CA.

Proof: The proof is obvious it’s follows from the
definition (3.2) and (Theorem 3.12).

Remark 3.18: If a space (X, T) is T;-Space, then T <
ECX(X) (resp. 6-RCX(X)), since every open set is E.
(resp. o-R)-open.

Theorem 3.19: Let A be a sub set of a space X. if Aisa
6-semi-open set. Then A is 6-B.-open set.

Proof: suppose that A is a #-semi-open in X, then
V x € A 3 asemi-open set G, (s. t):

u € G, S CI(G,) € A soU,ea{n} € U,esG, S
UeaCl(G,) € A = A = U,,c4G,,,which means A is a
union of semi-open sets and therefore A is semi-open,
thus A is -B-open, as well A = U,,¢4Cl(G,,) which is a
union of closed sets, hence via Theorem (3.4) we get A
is J-R.-open set.

The following example explains that the converse of
Theorem (3.19) need not be true in general.

Example 3.20: because any space X with the co-finite
topology is Ty, in this case the family of -RX(X) is
identical to the family of d-RCX(X), thus any open set G
is 6-B.-open but not 6-semi- open set since G = X, for
each open subset G of X.

Theorem 3.21: Let A be a sub set of a space X. if Aisa
6-open set. Then A is E. (resp. 0-R.)-open set.

Proof: suppose that A is #-open set in X, then Vx € A3
an open set G, (s. t):

# € G, S CI(G,) S A s0U,ca{x1} € Uy,euG, S
U,eaCl(G,) € A = A = U,,c,G,,, which means A is a
union of open sets and therefore A is open set, thus A is
E- (resp. 0-R)-open, as well A = U,,,CI(G,,) which is a
union of closed sets, hence via Theorem (3.4) we get A
is E. (resp. o-3;)-open set.

The following example explains that the converse of
Theorem (3.21) need not be true in general.

Examples 3.22: because any space X with the co-finite
topology is Ty, so the families of EX(X) (resp. 6-82(X))
are identical to the families of ECX(X) (resp. o-
BCX(X)), therefore any open set G is E; (resp. o-B¢)-

open but not f-open set since G =X, For all open
subset G of X.

Theorem 3.23: Every regular closed subset in a space
(X, T) is o-B.-open set.

Proof: suppose that A is regular closed subset in X, thus
A = CI(Int(A)), but CI(Int(A)) < CI(Int(5-CI(A))) = A'is
J-B-open. Now, since A is closed, then via Definition
(3.2), A is 9-B¢-open set.

Theorem 3.24: If X is locally indiscrete space, then
every semi-open set is 5-B.-open set.
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Proof: Assume that A is semi-open subset in X, thus A
c Cl(Int(A)) € CI(Int(CI(A))) < CI(Int(6-CI(A))) = A
is 0-R-open set. Since X is locally indiscrete = Int(A) is
closed and A c CI(Int(A)) = Int(A) = A is open set and
Vx €A = x € Int(A) < A. Thus, via Definition (3.2-
part-ii), we get A is 5-B.-open set.

Theorem 3.25: Ler X be a Topological space, if X is
Regular space, then every open set is a E; (resp. o-8;)-
open set.

Proof: suppose that A is any open subset of X, so A is
E- (resp. 5-B)-open. There are two cases, if A =¢, thus
A € ECX(X) (resp. 0-BCX(X)), if A # ¢, since X is
regular, then via definition (2.9), V¥ € Ac X3 An
openset G (s. t), x € G € CI(G) € A. So, x € CI(G) <
A. Therefore via definition (3.2), we have T € ECX(X)
(resp. 0-pCX(X)).

We state in the next Theorem that the family of 8-semi-
open sets and the family of 5-.-open sets are identical.

Theorem 3.26: Let (X, T) be a finite topological space,
then every 6SX(X) = 0-SCX(X).

Proof: we must prove that SX(X) € 0-fCX(X) & o-
SCX(X) € 0SX(X), we already proved that SX(X) < o-
SCX(X) in Theorem (3.19), now we prove the other
part, let A € 6-pCX(X), thus, A is 5-R-open set, and via
Theorem (3.4), A = UF, where F, closed set Vv 1 € A.
Since X is finite = 3 a closed set FEX (s. t) F =
UF, = A =F = A is both J-B-open set and closed.
Thus A € 65X(X)

Corollary 3.27: Let (X, T) be an Alexandroff
Topological space, then every 0SX(X) = 5-SCX(X).

Proof: The proof is obvious it is follows from Theorem
(3.26).

Theorem 3.28: Let (X, T) be a finite topological space,
then every E; (resp. o-B;)-open set is clopen set.

Proof: suppose A € ECX(X) (resp. 0-8C2(X)), thus, E.
(resp. o6-R)-open set, and via Theorem (3.4), A = UF;
where F; closed setV A € A. Since X is finite = 3 a
closedset F e X (s.t) F = UF, = A =F = Aisbhoth
E-(resp. o-R)-open set and closed sets. Therefore:

A C Cl(o-Int(A) U Int(5-CI(A))(resp. A < Cl(Int(6-
CI(A))). Thus A is clopen.

Corollary 3.29: Let (X, 7) be an Alexandroff
Topological space, then every E. (resp. o-;)-open set is
clopen set.

Proof: The proof is clear it is follows directly from
Theorem (3.28).

Theorem 3.30: The following statements hold for
subsets A and B of an extremally disconnected
Topological space (X, 7):

1. If Ae ECX(X) and B a regular open. Then
AN B isaE;-open set.
Il. If A€ 6-5C2(X) and B a regular open. Then
A N B is a J-Bc-open set.
1l. If A € 6X(X). Then Aisa E.-open Set.
V. If A is a regular open subset of X. Then A is a

E.-open set.
V. If A € 62(X). Then A is a 6-R.-open set.
VI. If A is a regular open subset of X. Then A is a

J-Rc-open set.

Proof: (i) - suppose that X is an extremally
disconnected topological space and 4, B € X. Since A is
E. -open and B is a regular open then, A is E -open and
B is open set, so we have:

ANBC (Cl(6§—Int(A)UInt(d —Cl(A))NB =
(Cl (6 —Int(A) N B) U (Int(6§ — CI(A)) N B) €
(Cl(6—Int(A) NB))U (Unt(sd —CI(A) N B)) <
(Cl(6 —Int(ANB))) U (Unt(sd —CI(AN B))). Thus
ANB is E-open set. Now let » € AN B, implies
x € Aand x € B s0, since A is E; -open = 3 a closed
set F(s.t) x e F< Aand hence, xe FNB < ANB.
since B is regular open an extremally disconnected
space, thus B is closed and hence F N B is closed set.
Consequently A N B is a E; -open set.

Proof: (ii)- Since A is 5-B.-open and B is a regular open
then, A is 6-B-open and B is open set, so we have:
ANBc Cl(Int(d — Cl(A))) N B < Cl(Int(d —
Cl(A)NB) c

Cl(Int(6 — CL(A)N B)) < Cl(Int(5 — CI(A N B))).
Thus AN B is o-R-open set. Now let » € AN B,
implies » € A and »x € B so, since A is J-B.-open = 3
a closed set F (s. t) x€ FS A thus, xe FNB <
ANB. since B is regular open an extremally
disconnected space, hence B is closed and so F N B is
closed set. Therefore A N B is a d-B.-open set.

Proof: (iii)- suppose that X is an extremally
disconnected topological space and A € 62(X). Then
VrneA3 an open set G, (s. t):
% € G, € Int(CI(G,)) S A = Uyea G, = A is an open
set, so A is a E-open. Since X is extremally
disconnected space, hence Int(Cl(G,)) = CIU(G,)
and x € CI(G,,) < A.thus Ais a E.-open Set.

Proof: (iv)- The proof follows immediately from
Theorem (3.30-part(iii)) and the fact that RX(X) <
02(X).

Proof: (v)- suppose that X is an extremally
disconnected topological space and A € 62(X). Then
VxeA3 an open set G, (s. t):
% € G, S Int(CU(G,)) SA= U,ea G, =A is an
open set, so A is a J-R-open. Since X is extremally
disconnected, consequently Int(Cl(G,)) = CLl(G,)
and » € CI(G,) < A. Thus A is a J-R.-open set.
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Proof: (vi) - This proof follows directly from Theorem
(3.30-part (v)) and the fact that RX(X) SoX(X).

Theorem 3.31: Let (X, T) be a Topological space and
A,B c X.if A e ECX(X) (resp. A € 6-5CX(X)), and B
is o-clopen, then, AN B € ECX(X)(resp.ANB € 6 —
RCX(X)).

Proof: suppose A € ECX(X) (resp. A € 0-$C2(X)), and
B is d-clopen, thus A is E-(resp. 6-B)-open and B is o-
open, so via Lemma (2.13) we get ANBE
EX(X)(resp. ANB€&—RX(X)). Now let x€
A N B, implies % € A and » € B s0, since A is E. (resp.
0-B.)-open = 3 a closed set F (s. t) » € F < A thus,
x € FN B < AN B. since B is d-clopen, hence B is 4-
closed and consequently B is closed set = FN B is
closed set. Therefore AN B € ECY(X)(resp.ANB €
& —RCX(X)).

Theorem 3.32: Let (X, T) be a Topological space and
A,B c X.if A€ ECX(X) (resp. A € §-5C2(X)), and B
is 6-open and closed, then,
ANBEECY(X)(resp. AN B € d—RCE(X)).

Proof: The proof is similar to that of Theorem (3.31).

Remarks 3.33 For a subset A of a space X, we have the

following results:

i) Since semi-open set = b-open set = [R-open set
= J-R-open set, then:
Sc-open set = B-open set = R.-open set = J-R-
open set.

i) Since pre-open set = b-open set = R-open set =
o-R-open set, then:
P.-open set = B -open set = [3.-open set = J--
open Set.

iii) Since pre-open = E-open = J-R-open set, then:
P.-open = E.-open set = §-B.-open Set.
Remarks (3.33) imply the following results:

Theorem 3.34: Let (X, T) be a Topological space, then
SCX(X) U PCX(X) € BCX(X) € RCX(X) S J-SCX(X).

Theorem 3.35: Let (X, 7) be an Alexandroff
Topological space, SCX(X) = BCX(X) = BCX(X) = ¢-
BCE(X).

Proof: Via Theorem (3.34), we have SCX(X)c
BCX(X) € RCX(X) € 5-BCX(X). If A € -CX(X), then A
is a union of closed sets in an Alexandroff space = A is
closed. Thus we get Ac Cl(Int(o-CI(A))) <
Cl(Int(CI(A))) = CI(Int(A)) = A is semi-open set. So
A € SCX(X), therefore SCX(X) € BCX(X) € RCX(X) <
J0-BCX(X) € SC2(X) consequently SCZ(X) = BCX(X) =
BCX(X) = 5-8CZ(X).

Theorem 3.36: Let (X, T) be a topological space and
A C X. If Ais a clopen set, then A € ECX(X) (resp. A €
0-RCZ(X)).

Proof: suppose that X is a topological space and A € X
where A is a clopen set. Then A is open so it is E-(resp.
o-R)-open and A is closed so it is a union of closed sets
and hence, it is E. (resp. o-R;)-open. Therefore, A €
ECX(X) (resp. A € 0-CZ(X)).

Theorem 3.37: The following statements are equivalent
for a subset A of a space (X, T):
l. Ais clopen set.
Il.  Ais E. (resp. 5-B;)-open set and closed.
Il. A is E-(resp. -R)-open set and closed.

Proof: The proofs are obvious thus omitted.

Remarks 3.38: From Figure (2) we can notice the
following facts in any space (X, T)
l. T-open sets is incomparable with ECX(X)
(resp. 0-fCX(X)).
Il. oZ(X, T) is incomparable with ECX(X) (resp.
SBCI(X)).
I1. 02(X, T) is incomparable with ECZ(X) (resp.
SBCI(X)).
V. oPXZ(X, T) is incomparable with ECX(X) (resp.
S-BCI(X)).
V. PX(X, T) is incomparable with ECX(X) (resp.
0-pCZ(X)).
VI. RX(X, T) is incomparable with ECX(X) (resp.
0-pCZ(X)).
VII. OS2 (X, T) is incomparable with ECX(X).
VIII. SXZ(X, T) is incomparable with ECX(X).
IX. B2(X) is incomparable with ECX(X).
X.  B2(X) is incomparable with ECX(X).

Theorem 3.39: let (Y, Ty) be a subspace of a space X, if
A €EECX(X) (resp. A€ §-fCXZ(X)) and AS Y (s. ) Y is
E-(resp. o-R)-open, then A € ECX(Y) (resp. A € o-
BCX(Y))

Proof: Let A € ECX(X) (resp. 0-fCX(X)) = A € EX(X)
(resp. 0-B2(X)). Since A< Y and Y is E-(resp. o-R3)-
open, thus via Lemma (2.14) A is E-(resp. J-R)-open in
subspace Y, as well:

VxeAT aclosed set FEX (s. t) x € F € A. Since
A CY = Fisclosed in subspace Y. Hence A € ECX(Y)
(resp. A € 6-CZ(Y))

Theorem 3.40: let (Y, Ty) be a subspace of a space X, if
A EECX(Y) (resp. A € 6-CX(Y)) and A Y and Y is
clopen, then A € ECX(X) (resp. A € 5-CZ(X))

Proof: Let A € ECX(Y) (resp. 0-3CX(Y)) = A € EX(Y)
(resp. 0-52(Y)), andVx € A3 aclosed set F €Y (s. t)
x € F € A. Since Y is clopen = Y is EX(X) (resp. o-
BZ(X)) and since A € EX(Y) (resp. d-$2(Y)), then via
Lemma (2.14), A € EX(X) (resp. 5-$2(X)). Moreover
since Y is clopen =Y is closed in X and since F is
closed in Y, hence via Theorem (2.16) F is closed set in
X. S0 A € ECX(X) (resp. A € 5-3CX(X))
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Corollary 3.41: Let A and Y be any subsets of a space
X(s.t)AcY S X and Y is clopen. Then A € ECX(Y)
(resp. A €0-BC2(Y)) iff A € ECX(X) (resp. A €0-
BCI(X))

Proof: The proof follows from Theorems (3.39) and
(3.40).

Corollary 3.42: Let A and Y be any subsets of a space
X. if A € ECX(X) (resp. A €0-CX(X)) and Y is o-
clopen subset of X. Then
ANY EECE(Y)(resp. ANY €8 —RCE(Y)).

Proof: Let A € ECX(X) (resp. o-RCZ(X)) and Y is o-
clopen of X = A € EX(X) (resp. 6-BX(X)) and Y is o-
open and d-closed of X, so via Lemma (2.13), ANY €
EX(X)(resp.ANY € § — BRI (X)).

Since A € ECX(X) (resp. o-RCX(X))=>VxeAT a
closed set Fin X (s.t) xe FS Athus, xeFNY C
ANY = ANY € ECE(X)(resp.ANY €6 —
BCE(X))(s. 1), ANY €Y. Hence via Theorem (3.39)
ANY eEECE(Y)(resp. ANY € 6§ —RCE(Y)).

Theorem 3.43: Let (X,Ty) and (Y, Ty) be Topological
spaces and X XY be the product Topology, if A €
ECX(X) (resp. A € 6-fCX(X)) and B € ECX(Y) (resp. A
€ J-fC2(Y)) then, AX B € ECX(X XY) (resp. AX B €
0-BCI(X X Y)).

Proof: suppose that (3,y) EAXB =x€ A&y € B.
Since A € ECX(X) (resp. J-fCX(X)) = A€ EX(X)
(resp. 0-52(X)) = Vx € A3 a closed set F in X (s. t)
n €F C A

Since B € ECX(Y) (resp. o-pCX(Y)) = B € EX(Y)
(resp. 0-82(Y)) = Vy € B3 aclosed set EinY (s. t)
yEECB. So(x,y) EFXECAxB, and via
Lemma (2.15)AX B € EX(X xY) (resp. AX B € ¢~
SZ(X x Y)).Since F & E are closed in spaces X and Y
respectively, we get F X E is closed in X xY. Thus
AXB €EECXXXY)(resp. AX B € 0-fCX(X X Y)).

SOME FUNDAMENTAL PROPERTIES OF E; (0-
R.)-OPEN SETS

In this part, several topological properties concerning of
E. (resp. o-;)-Neighborhood, E. (resp. J-R¢)-Interior,
E. (resp. 6-B;)-Closure, E. (resp. o-R)-Derived and E.
(resp. 0-B)-Frontier of a sets via the notions of E.-open
and o-R¢-open sets that are similar to those of open sets
are given.

Remark 4.1: The topological properties of E. (resp. J-
R.)-Neighborhood, E. (resp. J-R.)-Interior, E. (resp. J-
Bc)-Closure, E. (resp. 0-R)-Derived and E; (resp. 5-R;)-
Frontier are the same as in the supra-Topology,
therefore the proofs of the following properties are
obvious and they are follow from their respective
definitions thus omitted.

Definition 4.2: Let (X, T) be a Topological space. A
subset U, of X is said to be E. (resp. d-B.)-
Neighborhood of a point » € X if 3 E, (resp. J-R)-
opensetVinXsuchthatx €V € U,.

Remarks 4.3: Every E(resp. d-B;)-Neighborhood of
x € X is E(resp. 6-B)-Neighborhood, it follows from the
fact every E (resp. 6-3;)-open set is E(resp. 6-)-open.

Theorem 4.4: For every two subsets A, B of a space X
and A € B, if Ais a E. (resp. 6-B;)-Neighborhood of a
point » € X, then B is E; (resp. J-B)-Neighborhood of a
point » € X.

Definition 4.5: Ler (X, T) be a Topological space. A
point » € X is said to be E. (resp. 5-B.)-Interior point of
aset Ac Xif 3 E, (resp. 0-R)-open set V in X such
that x € V <€ A. The set of all E; (resp. J-R;)-Interior
points of A is called E, (resp. J-B.)-Interior of A and is
denoted by E¢Int(A) (resp. o-B.Int(A)).

Several properties concerning of the E. (resp. J-B)-
Interior of set are introduced in the following Theorem.

Theorem 4.6: Let (X, T) be a Topological space. For
subsets A and B of X the following are hold:
i E.Int(A) (resp. o-B:Int(A)) is the union of all
E(resp. 6-B;)-open sets which are contained in
A.
ii. E.Int(A) (resp. o-BcInt(A)) is E(resp. oJ-R.)-
open set in X.
iii. A is Ec(resp. -R¢)-open set & 4 = E Int(A)
(resp. o-B¢Int(A)).
iv. EcInt(E Int(A)) (resp. o-BcInt(o-B.Int (A)) =
EcInt(A) (resp. o-B.Int(A)).
V.  Ecnt(p) (resp. 6-BcInt(p)) = ¢ and EcInt(X)
(resp. 5-B.Int(X)) =X.
Vi. EcInt(A) (resp. o-B:Int(A)) < A.

Vii. If A < B,then E.Int(A) (resp. oJ-B.Int(A)) <
E.Int(B) (resp. o-BInt(B)).

viii. E.Int(A) (resp. 5-B.Int(A)) U E.Int(B) (resp. J-
BcInt(B)) & E.Int(AU B) (resp. o-BcInt(4 U
B)).

iX. If ANB = ¢ = E;Int(A) (resp. o-R¢Int(A)) N
E.Int(B) (resp. 0-B¢Int(B)) = ¢.

X. Ednt (AnB) (resp. J-RInt(ANB)Cc
E.nt(A) N E¢Int(B) (resp. oJ-BcInt(A) N o-
R.Int(B)).

Definition 4.7: Let (X, T) be a Topological space and
A € X. The E. (resp. 0-R)-Closure of A in X is the set,
E.CI(A) (resp. 5-B.CI(A))=n{H < X:H is E, (resp. o-
Rc)-closed setand A < H}.

Theorem 4.8: Let A be a subset of a space X. Then, E..
CI(A) (resp. 0-B..CI(A)) is the smallest E. (resp. J-R)-
closed set containing A.

Theorem 4.9: A subset A of a space X is E. (resp. o-3;)-
closed iff E;.CI(A) (resp. 5-B..CI(A)) = A.
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Theorem 4.10: For a subset A of a space X and » € X.
The following are equivalent
i For any E; (resp. J-B¢)-open set U in X such
that x € U we get, AN U # o.
ii. 2 € E.CI(A) (resp. o-B..CI(A)).

Proof: (i)= (ii) let % ¢ E..CI(A) (resp. 5-B..CI(A)) = 3
E. (resp. 6-B.)-closed set F(s. ) AS F and »x ¢ F. So
n € X\Fand X\F is E; (resp. J-B.)-open set and
therefore, (X\F)NA S (X\F)NF = ¢.Which is a
contradiction and therefore, »x € E_CI(A) (resp. o-3.
CI(A)).

(ii)= (i) Assume that there exists E. (resp. o-3;)-open
set U containing x with AN U = ¢. Then A € (X/U)
and X/U is E. (resp. o-B;)-closed set. Hence x ¢ E..
CI(A) (resp. 6-B..CI(A)), which is a contradiction.

Some properties of E. (resp. J-B.)-closure of sets are
introduced in the following Theorem.

Theorem 4.11: Let (X, T) be a Topological space. For
subsets A & B of X the following properties hold:
i. ACE.CIA) (resp. A c 9-B.CI(A)).
ii.  E.Cl(p) (resp. o-B.Cl(p)) = ¢ and E.CI(X)
(resp. 5-3..CI(X)) =X.
iii. If A € B, then E..CI(A) (resp. 0-B..CI(A)) € E..
CI(B) (resp. 6-..CI(B)).
iv.  E.CI(E.CI(A)) (resp. o-B.Cl(-R.CI(A)) = E..
CI(A) (resp. 5-B..CI(A)).
V. If E.CI(A) (resp. 6-B..CI(A)) n E.CI(B) (resp.
6-8.CI(B))=¢p,= ANB = ¢.
Vi. E.CI(A) (resp. 0-B.CI(A)) U E.CI(B) (resp. J-
R.CI(B)) < E.CI(AuUB) (resp. o-R.Cl(AU
B)).
vii. E.Cl(AnB) (resp. o-B.CI(ANnB)<S E.
CI(A)n E.CI(B) (resp. o-B.CI(A)n -,
CI(B)).

The relations between the E. (resp. oJ-B)-
closure and E. (resp. 6-B.)-Interior for a subset A of X
can be considered in the following Theorem.

Theorem 4.12: Let (X,T) be a topological space. For
subset A of X the following statements hold:
. [E.CI(A) (resp. 6-B..CI(A)]° = E.Int(A%) (resp.
S-RBInt(A°)).
Il [Ecnt(A) (resp. 5-BcInt(A)]° = E..CI(A®) (resp.
6-B¢.CI(A®)).
I1. E.CI(A) (resp. 6-R..CI(A)) = [EcInt(A®) (resp.
S-BeInt(AN)]°.
IV.  E/lnt(A) (resp. 6-BcInt(A)) = [E..CI(A®) (resp.
6-Be.CI(A)]S.

Definition 4.13: Let A be a subset of a space X. A point
» € X is said to be E, (resp. d-R;)-Limit point of A if for
each E; (resp. d-B;)-open subset U of X containing X,
Un A\{x} # ¢. the set of all E, (resp. J-B;)-Limit
points of A is called the E (resp. 5-B;)-Derived set of A
and its denoted by E..D(A) (resp. 5-B..D(A)).

Proposition4.14: Let A be a subset of a space X. If for
each closed set F € X containing x satisfies F N
(A\{x}) # @. then the point » € X is E. (resp. 6-B)-
Limit point of A.

Several properties concerning of the E. (resp. J-8;)-
Derived set are explained in the following Theorem.

Theorem 4.15: For any subsets A and B of a space X
the following properties hold:
l. If A € B, then E..D(A) (resp. -8, D(A)) € E..
D(B) (resp. 5-B..D(B)).
. E.D(p) (resp. 5-B.D(p)) = .
1. If x€ E.D(A) (resp. 0-8.D(A)) = x € E.
D(A\{x}) (resp. o-B.D(A{x})).
IV.  E.D(A) (resp. 0-8..D(A)) UE.D(B)(resp. o-f3.
D(B))< E..D(A U B)(resp. -8, D(A U B)).
V. EDANB) (resp. -8B, D(ANB)<S E.D
(A) n E.D(B) (resp. 0-8.D (A) n 5-8..D(B)).
VI.  E.D(E.D(A)) (resp. 6-B.D(0-B.D(A)NA € E..
D(A) (resp. 0-8..D(A)).
VII.  E.D(AUE.D(A) S AU E.D(A).
VIII.  6-B.D(A U 6-R..D(A)) € A U 6-R..D(A).

Proposition4.16: For any subset A of a space X, the
following statements hold:
. E.D(A) (resp. 0-B.D(A)) © E..CI(A) (resp. o-
B..CI(A)).
Il. E.CI(A) (resp. 5-B..CI(A))= AU E.D(A) (resp.
A U 5-B.D(A)).

Theorem 4.17: Let A be subset of a space X. Then, A is
E. (resp. o-R)-closed set iff it contains all of its E,
(resp. d-f3;)-Limit points.

Definition 4.18: Let A be a subset of a topological
space (X, T). The E. (resp. o-B.)-Frontier of A, denoted
by E. F.(A)(resp. 5-B. F(A)) is defined by:
E.F.(A)(resp. o-B.F.4) = E.CIA) (resp. oJ-B..
CI(A)\EcInt(A) (resp. o-B.Int(A)).

Theorem 4.19: For any subset A of a space X, the
following properties hold:
I.  E.CI(A) (resp. 0-B..CI(A))= EcInt(A) (resp. J-
BcInt(A)) U E. F(A)(resp. o-R.F (A)).
Il. E.Int(A) (resp. o-B:Int(A))n E.F.(A)(resp. o-B..
Fr(A) = .
Il. E.F.(A)(resp. 0-B..F (4))= E..CI(A) (resp. o-B..
CI(A)) n E..CI(X\A) (resp. 5-8, CI(X\A)).

Corollary 4.20: For every subset A of the space X, E..
Fr(A)(resp. 0-B.F(A))is E. (resp. -R¢)-closed set.

Now, we give new equivalent definitions for E. (resp.
0-Rc)-open sets and E; (resp. o-3;)-closed sets by using
the concept of E. (resp. J-B;)-Frontier in the following
Theorem.

Theorem 4.21: The following properties hold for a
subset A of a topological space (X, T):
I.  Alis E; (resp. 0-B.)-open & A n E . F.(A)(resp.
0-Be.F(A)) = .
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Il. A is E(resp. 0-R)-closed & E F.(A)(resp. o-
Be.F(A)) € A.

. A is both E; (resp. 6-B.)-open & E. (resp. o-
Bc)-closed & E. Fr(A)(resp. 0-B.F.(A))= ¢.

Proof: (i) - Assume that A is E; (resp. 5-R;)-open set,
then from Theorem (4.6-part (iii)) we get 4 = E Int(A)
(resp. 0-BcInt(A)), also via Theorem (4.19), we have,
E.Int(A) (resp. 5-BInt(A)N E.F.(A)(resp. o-B..F.(A)) =
@; = AN E.F.(A)(resp. o-B.F.(A)) = ¢.

Conversely, suppose that A N E.F.(A)(resp. 5-B..F.(A))
= ¢. Then,

A n[ E.CI(A) (resp. 5-B..CI(A)\E.Int(A) (resp. -
BcInt(A)] = A N[ E.CI(A) (resp. o-B.CI(A)] N A\
E.Int(A) (resp. o-B.nt(A))] = A\ E.Int(A) (resp. o-
BcInt(A)) = ¢@. Hence A = E¢Int(A) (resp. 5-B.Int(A)).
Thus A is E, (resp. -;)-open set.

(ii) - Suppose that A is E; (resp. J-B.)-closed set, then
from Theorem (4.9) 4 = E.CI(A) (resp. 6-B..CI(A)) and
thus, E.F.(A)(resp. 0-B..F.(4)) = E.CI(A) (resp. J-B..
CI(A)\E Int(A) (resp. 5-BcInt(A)) = A\ E¢Int(A) (resp. o-
B.Int(A)) and so, E. F.(4)(resp. 5-B.F(A)) S A.

Conversely, let E. F.(4)(resp. 5-B.-F(A)) € A, thus
E.CI(A) (resp. o-B.CI(A)= E.nt(A) (resp. o-
BINt(A)) U E.F.(4)(resp. o-B-F(A)) S EInt(A) (resp.
o-BcInt(A)) U A = A, as well we have by Theorem (4.11-
part (i)) A € E.CI(A) (resp. A € J-R.CI(A)).Therefore,
E.CI(A) (resp. o-B..CI(A))=A and via Theorem (4.9) we
get 4 is E.(resp. 0-Bc)-closed set.

(iii) - suppose that A is both E; (resp. 6-1;)-open and E
(resp. 0-R)-closed. Therefore via Theorems’ (4.6 and
4.9) we have, E¢Int(A) (resp. 5-B.Int(A)) = A = E.CI(A)
(resp. 0-B..CI(A)) and by definition of E. (resp. 5-;)-
Frontier of A, we get E. F,(A)(resp. o-B..F(A)) =A\A =
@. On the other hand, assume E.F.(4)(resp. o-R.
F.(A)=¢, which means, E.CI(A) (resp. o-R.
CI(A)\EcInt(A) (resp. o-BInt(A))= ¢, also in other
words, E.CI(A) (resp. 6-B.CI(A)) = E.Int(A) (resp. o-
B.Int(A)). But from Theorem (4.6-part (vi)) and
Theorem (4.11-part (i)) We have, E.Int(A) (resp. o-
B.Int(A)) € A and A < E.CI(A) (resp. A € 0-B..CI(A)).
Therefore, it is follow

EInt(A) (resp. o-BcInt(A)) = A = E_CI(A) (resp. J-R.
CI(A)) which means that A is both E; (resp. 6-B.)-open
and E; (resp. 6-;)-closed set.

CONCLUSION

Generalized open and closed sets play a very a
prominent role in general Topology and it applications.
And many topologists worldwide are focusing their
researches on these topics and this mounted to many
important and useful results. Indeed a significant theme
in general Topology, Real analysis and many other
branches of mathematics concerns the variously
modified forms of continuity, separation axioms etc by
utilizing generalized open and closed sets. Some of the
well-known notions and that expected it will have a

wide applying in physics and Topology and their
applications is the notion of e-open, §-B-open, E.-open,
0-B.-open sets. The importance of general topological
spaces rapidly increases in both the pure and applied
directions it plays a significant role in data mining. One
can observe the influence of general topological spaces
also in computer science and digital topology [32],
computational topology for geometric and molecular
design, particle physics, high energy physics, quantum
physics, and Superstring theory [32]. In this paper we
introduced and studied new classes of generalized open
sets called E.-open and d-B.-open sets which may have
very important applications in quantum particle physics,
high energy physics and superstring theory [33].
Furthermore, the fuzzy topological version of the
concepts and results introduced in this paper are very
important. Since El-Naschie has shown that the notion
of fuzzy topology has very important applications in
quantum particle physics especially in related to both
string theory and * theory [34, 35].
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