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Abstract: The pulsatile flow of blood through a mild stenosed artery under periodic body acceleration is investigated in
this theoretical analysis. The Casson fluid model of blood and the presence of slip (velocity discontinuity) at the flow
boundaries (stenosed vessel walls) are given due consideration in the analysis. The geometry of the stenosis to be
manifested in the arterial segment is assumed to be an axisymmetric surface generated by a smooth cosine curve. On
using perturbation technique, the flow velocity u is expanded in terms of the Womersley frequency parameter o (where
o’<< 1) and analytic expressions for velocity profile, flow rate, wall shear stress and effective viscosity are derived. An
extensive quantitative analysis is carried out by performing large scale numerical computations of the above flow
variables having physiological significance. The diagrammatic representation of the flow variables with the change of
parameters are given with scientific discussion. Finally comparisons are made with the other existing results to justify

the applicability of the model.
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INTRODUCTION

The understanding of anatomy and physiology of an
organic system depends much on the knowledge of blood
flow through arteries. The cause and development of
many arterial diseases are related to the flow
characteristics of blood and the mechanical behavior of
the blood wvessel walls. The abnormal and unnatural
growth in the arterial wall thickness at various locations
of the cardio-vascular system is medically termed
‘stenosis’. Its presence in one or more locations restricts
the flow of blood through the lumen of the coronary
arteries into the heart leading to cardiac ischemia.

Once the contraction develops, it brings about
significant alterations in the blood flow, pressure
distribution, wall shear stress and the impedance (flow
resistance). The fact that hemodynamic factors play a
commendable role in the genesis and growth of the
disease, has attracted many researchers to explore modern
approach and more and more sophisticated mathematical
models for flow through stenotic arteries.

In some situations the human body is subject to body
accelerations or variations, for example, when vibration
therapy is applied to a patient with heart disease, during
flying in a spacecraft, or sudden movement of the body
during sports activities etc. In all such cases, a specific
part of the whole body may be subjected to an external
acceleration that may cause disturbance to the blood flow.
Though human body has the natural capacity to adapt the
changes, but prolonged exposure to such variations may

lead to some serious health problems like abdominal pain,
increase in pulse rate, and hemorrhage in the face, neck,
lungs and brain. So the study of the effect of the
magnitude, frequency and duration of the periodic
acceleration may play a significant role in the diagnosis
and treatment of health problems.

To illuminate the effects of body acceleration on
physiologically important flow quantities, intensive
theoretical investigations have been carried out worldwide
for both, normal and stenotic arteries. In most of the
investigations relevant to the domain under discussion,
the Newtonian behavior of blood (single phase
homogeneous viscous fluid) was considered. Due to
physiological importance of body acceleration, many
theoretical investigations have been carried out for the
flow of blood under the influence of body acceleration
with single or multiple stenosis in human artery. Usha and
Perma [1], Elshehawery [2], El-Saheed [3] studied the
effect of body acceleration on pulsatile flow of blood
taking the Newtonian model for blood. Sud and Sekhon
[4] have developed a mathematical model for blood flow
through stenosed artery by taking laminar and
unidirectional blood flow subject to periodic body
acceleration. In most of the investigations mentioned
above, the Newtonian behavior of blood (single phase
homogeneous viscous fluid) and no slip velocity
condition at the stenosed vessel wall were considered.
This model of blood is accepted for high shear rate in case
of a flow through narrow arteries of diameter <1000um.
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On the basis of experimental observations, Igbal
et al., [5] suggested that blood, being predominantly a
suspension of erythrocytes in plasma exhibits remarkable
Non-Newtonian behaviour when it flows through narrow
arteries, at low shear rates, particularly in diseased state,
when clotting effects in small arteries are present. H-B
fluid model and Casson fluid models are used in the
theoretical investigations of blood flow through narrow
arteries. Experiments conducted on blood (Scott Blair [6],
Cokelet et al. [7], Merril et al. [8]) with varying
hematocrit, anticoagulants, temperature etc. suggest that
the behavior of blood at low shear rates can be better
described by Casson model. It is well known that the flow
of blood through arteries is highly pulsatile due to the
heart pulse pressure gradient. In the proposed
investigation the pulsatile flow of blood under the
influence of periodic body acceleration is studied treating
the blood as a Casson fluid. Also, a number of studies
(both theoretical and experimental) on blood flow have
established the presence of slip (velocity discontinuity) at
the flow boundaries. As a result of the presence of slip,
the apparent (effective) viscosity will be lowered. Misra
JC [9] have presented an analysis of blood acceleration
with consideration of velocity slip at the stenosed vessel
wall. Blood has been represented by a Newtonian fluid.
Verma et. al. [10] has considered the Casson model for
blood under no slip condition while investigating the
influence of body acceleration on pulsatile flow of blood
through a stenosed artery. Some other studies conducted
on stenosed artery are given in [11-21].

It gives an opportunity to consider the problem
of blood flow through a stenosed segment of an artery
under the influence of body acceleration when the
rheology of blood is described by Casson fluid model.
Also the effects of velocity slip on the flow variables will
be given due consideration in the analysis. Perturbation
technique has been adopted to get the analytical solution
of the problem. The geometry of the stenosis to be
manifested in the arterial segment is given due
consideration in the present investigation. An extensive
quantitative analysis is carried out by performing large
scale numerical computations of the measurable flow
variables having more physiological significance by
developing  computer  codes.  Their  graphical
representations have been presented at the end of the
paper with appropriate scientific discussions. Finally
comparisons are made with the other existing results to
justify the applicability of the present model.

MATHEMATICAL CALCULATION

Let us consider a one-dimensional pulsatile flow of
blood in an artery in the presence of externally imposed
periodic body acceleration with mild stenosis. We
consider the flow to be axially symmetric, laminar, fully
developed by considering blood as a Casson fluid. The
geometry of the flow is shown in fig.1 and is given by:
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Fig.1: Geometry of a composite stenosis in an artery

where R (z) is the radius of the obstructed artery, R, is the
constant radius of the normal artery, L, is the length of the
stenosis, L is the length of the artery, d is the location of
the stenosis and & is the maximum height of the
stenosis.The periodic body acceleration F(t) in the axial
direction is given by:

F(©) = aycos(w,t + 0) 2)
Where a,, is the amplitude, w,=2m7. f;,, f;, is the frequency
in Hz, @ is the lead angle of F (). The frequency of body
acceleration f;, is assumed to be small, so that wave
effects can be neglected.
The pressure gradient at any Z is given by

—% = Ao + 4, cos(w,{) 3)
Where A, is the steady component of pressure gradient,
A, is the amplitude of the fluctuating component
w,=2T. f,, fyis the pulse frequency. The momentum
equation governing the flow in cylindrical co-ordinate
system is given by:

_ ou _ _@ l (rT7z) —

P53 = 62+f'—6f + F(t) 4
op _
o =0 ®)

Where 7,Z denotes the radial and axial co-ordinates
respectively, p denotes density, u is the axial velocity of
blood, t istime, p is pressure and 7 the shear stress.

For Casson fluid the relation between shear stress and
shear rate is given by

Vi=[T, + u-(—z—g); if
ou

;:0 (6)

i

=Ty

Where T denotes yield stress and 7 denotes the viscosity
of blood.The boundary conditions are:
u=1u, at ¥=R(2) @
And 7 isfiniteat 7=0 (8)

Where 4, is the slip velocity at the stenotic wall.
Introducing the non-dimensional variables:
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The non-dimensional equation (4) becomes:
a2 ‘;_1; = 4(1 + e cos(t)) + 4B cos(wt + @) + %% r
(10)

Wherea? = f/R" a is called Womersley frequency
P

parameter.
Equation (6) changes to:

1 ; ou

\/?=\/§+\/—E _E; ift=>9, and
ou .
5= 0, ift<é (1)

The boundary conditions (equations (7), (8)) reduce to
u=u; at r=R(2) (12)
Andrt is finite at r=0 (13)

The geometry of the stenosis in the non-dimensional form
is given by:
8
1 —;(1 + cosf); for|z| £ z,
1; forlz| > z,
(14)

R(z) =

METHOD OF SOLUTION

On using perturbation method, the velocityu, and shear
stress, T are expressed in terms of Womersley parameter,
a? (where a « 1)
u(z,r,t) =uy(z,r,t) + a?u, (z,7r,)+.. .. .
(15)
w(z,rt) =10(2, 7, t) +

a’t(z,r,t)+.. .. (16)
Substituting (15) and (16) in equation (10) and equating
the constant terms and a2, we get:

% (rty) = —2r[(1 + e cost) + B cos(wt + @)]

A7)

% = ;.% (rty) (18)
Integrating equation (17) and using boundary condition
(13), we get: 7o = —f (). 7 (19)

where,f(t) = [(1 + ecost) + B cos(wt + 0)]
(20)

Substituting u from equation (15) into condition (12), we
get
Uy = uUg, U, =0 atr = R(2) (21)

Substituting (15) and (16) in (11), we get
—% =2[0 + |t| — 2.{/07,]

(22)
_% = 2|1, |. [1 - ’6/‘[0]
(23)

Integrating equation (22), and using the relation (19) and
the boundary condition (21), we obtain

w=ror -0 -teli- ()£ 0 -
(1)}]+u (24)

Where k2 = © / F)y

Similarly the solutions for 7; and u,; can be obtained
using equations (18), (23), and (24) as:

o= L9 () - (2 - 220 2

(25)
S CRTCREE SO
20 () - sl
20"+ e

Using equations (15) and (16), the total wvelocity
distribution and wall shear stress can be written as

r 3/
O ONE
- Zel@) (D) s 4520

N N 2 (126 /r
2 () - sl

u = f(t).R?

1)+ 2| +u
(@7)
T = FOR{1+C (1~ 2} (28)

Where ¢ = L&
f(®

The volumetric flow rate flow rateqQ is given by:
R(2)
Q(z,t) = 4[ r.u(z,r, t)dr
0

Where 0(z, t) = —2&

TRyAo
8
_ 4 1(k\?, a?R%C 120 k
=f(OR [ 7\/_+ (\/_) e 16 {+177\/—
32(k
2(5) }]+2u R? (29)

The effective viscosity fi, is defined as:
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The non-dimensional form of effective viscosity is
4

o (k@)

(¢ A3

= R?(1 + ecost) [f(t)R2 {3+i K

(1+ ecost)
1k2
Tt ETE R T
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RESULTS & DISCUSSION

In order to have an estimate of the quantitative effects
of various parameters involved in this analysis, the
relevant computational work has been performed for
some specific cases using available experimental data.
The purpose of this numerical computation is to bring out
the effects of periodic body acceleration, slip velocity,
stenotic height on the pulsatile flow of blood through
stenosed artery taking the non-Newtonian (Casson fluid
model) for blood. On using perturbation method, the
velocity u is expanded in terms of the Womersley
frequency parameter o (where 0°<<1). The assumption of
the small value of a is valid for physiological situations in
small blood vessels. In most of the earlier investigations,
the boundary condition is no-slip condition (velocity
continuity). In this investigation two values of slip
velocity us = 0(ho slip) and us = 0.05 are taken.

As velocity profiles play an important role in the flow
field so the results for the axial velocity profiles of the
streaming blood are studied under slip (us = 0.05) and no
slip condition (us = 0) and body acceleration parameter B
=0,1,2
Fig.2 and Fig.3 illustrates that the axial velocity increase
with radial distance and attains its maximum value at the
axis (r = 0) and the minimum at the boundary (r = R (2)).
In the presence of body acceleration, velocity increases
rapidly. As the body acceleration increases, the plug
region shrinks so more flow takes place. Fig.4 illustrates
that the axial velocity increase with radial distance and

attains its maximum value at the axis (r = 0) and the
minimum at the boundary (r = R (z)). It also shows the
variations of the axial velocity with B, § and 6.Fig.5,
Fig.6and Fig.7 illustrates that the axial velocity increase
with radial distance and attains its maximum value at the
axis (r = 0) and the minimum at theboundary (r = R (2)).
The axial velocity increases with the decrease in &, the
maximum height of the stenosis.Fig.8 and Fig.9 illustrates
that for B=0, the volumetric flow flux (Q) directly
proportional to e, with the increasing value of dand uy,
where e is the ratio of amplitude of the fluctuating
component to steady component of pressure gradient. And
also the value of Q increases with the increase in 6.
Fig.10 and Fig.11 illustrates that for B=0, the volumetric
flow flux (Q) directly proportional to e, with the
increasing value of u,. And also the value of Q increases
with the increase in (0. When the [J increases, the rate of
change of Q also increases proportionally. Fig.12
illustrates the volumetric flow flux (Q) directly
proportional to [J, with the increasing value of B. But Q
decreases with the increase in [J.Fig.13 and Fig.14
illustrates that for B=0, the volumetric flow flux (Q)
decreases with the increase in t till a certain limit, then
increases with t. And also the value of Q increases with
the increase in [J.Fig.15 and Fig.16 illustrates that for
B=1, the volumetric flow flux (Q) decreases with the
increase in t till a certain limit, then increases with t. And
also the value of Q increases with the increase in [J and
the rate of change in Q increases with 0.Fig.17 and
Fig.18 illustrates that, the wall shear stress ([J)decreases
with the increase in t till a certain limit, then increases
with t. And also the value of O is more or less
independent of [ or e. Fig.19 also illustrates that the wall
shear stress (CJ) decreases with the increase in t till a
certain limit, then increases with t. It shows the variation
of O with B and [J.Fig.20 and Fig.21 illustrates that the
effective viscosity (Oy) decreases with the increase in
axial distance (2) till a certain limit, then increases with z.
The rate of change of (I increases with the increase in
value of stenosis height (00).

iR

Fig. 2
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CONCLUSION

The pulsatile flow of blood through narrow stenosed
arterial segments with periodic body acceleration has
been studied in this analysis, treating blood as a Casson
fluid. The axial velocity slip at the constricted wall is
given due consideration in the present investigation. It
is observed that the body acceleration parameter, radius
of stenosis, the slip velocity and the Casson fluid
parameters are the strong parameters influencing the
flow qualitatively and quantitatively. It is interesting to
note that the body acceleration parameter enhances the
flow rate. As expected, axial velocity and flow rate both
show an increasing tendency with the wall slip but
effective viscosity decreases due to slip. Also it is
observed that the stenosis height plays a dominant role

EE
TSy i

Uk &

Fig. 19

Fig. 20

Fig. 21

P02

2

in the estimation of flow rate and effective viscosity. It
is of importance to mention that the effect of yield
stress and stenosis reduces the flow rate while the flow
resistance is seen to be increased substantially due to
the presence of stenosis and yield stress. The presence
of body acceleration is to increase the flow rate but
reduce the flow resistance. It is interesting to note that
the model developed in the paper will throw light on the
influence of various parameters on flow characteristics
and to ascertain which of the parameters has the most
dominating role. Also it is hoped that the analytical
study will help the physicians in estimating the severity
of stenosis and its consequence. So this may help in
taking decisions regarding the treatment of the patients,
whether medicine may be applied or the patient will
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undergo surgery. This study can be further extended by
the introduction of more rheological and physical
parameters in the analysis.

REFERENCES

Usha R and Prema K; Pulsatile flow of particle-fluid-
suspension model of blood under periodic body
acceleration. ZAMP, 1989; 50: 175-192.

Elshehawey EF, Elbarbary EME, Elsayed ME, Afifi
NAS. and El-Shahed M; Pulsatile flow of blood through
a porous medium under periodic body acceleration. Int.
J. Theoretical Physics, 2000; 39(1): 183-188.

El-shahed M; Pulsatile flow of blood through a stenosed
porous medium under periodic body acceleration. Appl.
Math.Comput., 2003; 138: 479-488.

Sud VK and Sekhon GS; Arterial Flow under periodic
body acceleration. Bull. Math. Biol., 1985; 47: 35-52.
Md.A. lkbal, S. Chakravarty, Kelvin K.L. Wong, J.
Mazumdar, P.K. Mandal. Unsteady response of non-
Newtonian blood flow through a stenosed artery in
magnetic field. Journal of Computational and Applied
Mathematics .2009; 230(1): 243-259.

Misra JC, S. Dandapat, S. D. Adhikary. Non-Newtonian
Flows In Contracting/Expanding Blood Vessels: A
Theoretical ~ Study.  International ~ Journal  Of
Biomathematics, 2011; 04 (3): 347-363.

Cokelet GR, MerillEW, Gilliland ER, Shin H, Britten A
and Wells RE; The rheology of human blood
measurement near and at zero shear rate. Trans. Soc.
Rheol., 1963; 7: 303-317.

Merill EW,.Benis AM, Gilliland ER, Sherwood TK
and.Salzman EW; Pressure flow relations of human
blood in hollow fibre at low shear rates. Appl.Physiol,
1965; 20: 954-967.

Misra JC, A. Sinha, G. C. Shit. A Numerical Model
For The Magnetohydrodynamic Flow Of Blood In A
Porous Channel. Journal of Mechanics in Medicine and
Biology, 2011; 11 (3):547-562.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Bali R and Awasthi U; Effect of the Magnetic field on
the resistance to blood flow through stenosed artery.
Apple. Math. Compute. , 2007; 188: 1635-1641.
Mandal PK, Chakraborty S, Mandal A and Amin N;
Effect of boby acceleration on unsteady pulsatile flow
of non-Newtonian fluid through a stenosed artery. Appl.
Math. Comput., 2007; 189: 766-779.

Mehrotra R, Jayaraman G and Padmanabhan N;
Pulsatile blood flow in a stenosed artery — A
theoretically model. Med. Biol. Eng. Comput., 1985;
23: 55-62.

Mishra JC and Shit GC; Role of Slip Velocity in Blood
Flow through Stenosed Arteries: A Non- Newtonian
Model. Journal of Mechanics and Biology, 2007; 7:
337-353.

Ponalgusamy R; Blood flow through an artery with
mild stenosis: Two-layered model, Different shapes of
stenoses and Slip Velocity at the wall. Journal of
Applied Sciences. 2007; 7: 1071-1077.

Tu C and Deville M; Pulsatile flow of non-Newtonian
fluids  through arterial stenosis.  Journal  of
Biomechanics, 1996, 29: 899-908.

Siddique SU, Gupta RS, Verma NK and Mishra S;
Mathematical Modeling of Pulsatile Flow of Casson’s
Fluid in Arterial Stenosis. Appl. Math. Comput., 2009,
210 (1): 1-10.

Morgan BE and Young DF, An Integral Method for the
Analysis of flow in arterial stenoses. Bulletin f
Mathematical Biology, 1974; 36: 39-53.

Basu Mallik B, Nanda SP; A Non-Newtonian two-
phase fluid model for blood flow through arteries under
stenotic condition. 1JPBS, 2012; 2(2): 237-247.
Chaturani P and Samy RP; A study of non-Newtonian
aspects of blood flow through stenosed arteries and its
applications in arterial diseases. Biorheology, 1985, 22:
521-531.

Mishra JC, Adhikary SD and Shit GC; Mathematical
Analysis of Blood Flow through an Arterial Segment
with Time-dependent Stenosis. Mathematical Modeling
and Analysis, 2008; 13: 401-412.

38



