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Abstract

Original Research Article

Analytical solutions for supersonic flow inside a convergent-divergent nozzle are derived using quasi-one-dimensional
isentropic flow equation. Differential equations are obtained and summed over infinitesimal contribution under a
reversible adiabatic process. The areca-Mach, the area-deflection, and the pressure-deflection relations are
obtained employing a fully expanded supersonic nozzle. First time a constant of integration is found for the solution of
the area-Mach relation and nomogram is drawn for easy analysis of a convergent-divergent nozzle.
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1. INTRODUCTION

Compressible flow through a convergent-
divergent conical nozzle is customarily analyzed using a
quasi-one-dimensional isentropic flow
equation described in a number of textbooks [1-
7]. These are fundamental gas dynamics equations for
the well-known Laval nozzle that was invented in 1988
by Swedish inventor de Laval. The method of
characteristics [1, 3] in conjunction with the Prandtl-
Meyer function and isentropic relation is employed to
design a two-dimensional contour nozzle for obtaining
uniform flow at the nozzle exit and minimum nozzle
length. The method of characteristics is applicable to
supersonic flow, and is widely applied to design
contour nozzles because of its simplicity and the
programming ease of the calculation procedure [3].
Analytical expressions for a supersonic flow inside a
nozzle may derive employing quasi-one-dimensional
isentropic relation and considering the limit of smooth
flow over a centered expansion wave. The change of
speed across a weak shock is related to the equation of
continuity, Euler equation of motion with isentropic
process in conjunction with supersonic centered
expansion fan. Differential equations are obtained and
integration is carried out under a reversible adiabatic
process.

The main purpose of the analysis is to obtain
analytical expression of area-Mach, area-deflection and
pressure-deflection with the help of a quasi-one-

dimensional isentropic flow equation. The paper derives
some quantitative relations between the infinitesimal
flow through a Mach wave and a flow direction. The
change in the flow parameters through a Mach line wave
will also be infinitesimal. A nomogram is constructed for
a convergent-divergent nozzle.

2.0 Analysis
2.1 The Area-Velocity relation

We consider steady compressible adiabatic flow
in a nozzle of varying cross-section as depicted in Fig.
1. Flow velocity is taken to be steady uniform over each
cross-section area of a convergent-divergent nozzle. The
flow through a convergent-divergent nozzle is shown in
the figure the differential form [1] of the steady
continuity equation may be written as

= (puA) = 0 (1)

The effects of compressibility are considered by
irrotational and adiabatic flow in a convergent-divergent
nozzle of varying area. Taking the logarithmic
differential of Eq. (1) we obtain

do | du_ A _
L T T=0 )

Continuity equation for steady adiabatic,
compressible in a stream tube of varying cross-sectional
area, compressibility may be formed by using Euler’s
equation [1, 4]. Employing the momentum equation and
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introducing Mach number, this gives relationship
between density and velocity change can be written as
d_ _pzd

S = M3 A3)

The above equations represent relation between
area-velocity employing equations of continuity in a
logarithmic differential form, Euler equation of motion
with isentropic process [l]. The momentum term
represents Bernoulli equation of compressible flow to

give relation between density and velocity change.
Substituting Equation (3) in Equation (1) shows the area-

velocity relation as
du 1 dA
W ME-D A (4)

Equation (4) shows the relation which relates
change in area dA4 to change in velocity du. The sign of
(M?— 1) is the determining factor [1] in the qualitative
nature of flow.

Reservoir ————

Nozgle
Throat exit

Ae, Mc

Fig. 1 Quasi-one-dimensional fully-expanded flow in a convergent-divergent nozzle

2.2 Mach wave

Now we consider the centered expansion wave
at the throat. The simple expansion at a corner occurs
through a centered wave, defined by a “fan” of straight
line as delineated in Fig. 2 (a). The flow up to the corner
is uniform, at Mach M, and thus the leading Mach wave
must be straight line, at the Mach angle p;. The

terminating Mach line stands at the angle p, to the
downstream wall. The centered wave, more often called
a Prandtl-Meyer expansion fan, is the counterpart for a
convex corner. We consider the limit of smooth flow [1],
that is, the velocities and flow inclinations must be
discontinuous but their derivatives may still be
discontinuous on the Mach line.

Centered
expansion fan

M>> M,

Expansion
Mach wave

M;>1

Streamline

[T
dé;  db,  gp,

Fig. 2 Supersonic expansion wave (a) sharp corner body (b) smooth curve body

Any deflection of the stream due to the presence
body must begin at Mach wave. The changes its direction
by the amount d@ at the corner point. d6 is positive in the
clockwise direction for a deflection away from flow
direction. The flow follows the body surface, then the
direction will also change at that point of the corner, the
turning will occur at the Mach line emanating from the
corner point. There is no pressure differential along the
wave. The speed and Mach number in the uniform flow
upstream of the wall deflection is M}, the flow expansion
may be considered as being carried out by going through
a series of small amplitude directions. Figure 2 displays
the Prandtl-Meyer expansion wave generated by a finite
flow direction. Prandtl-Meyer flow (M > 1) is shown in

the schematic diagram. The Mach line is considered as a
characteristic of the flow. In isentropic flow, any flow
boundary may be replaced by a streamline and the
Prandtl-Meyer expansion can be considered for flow
around a smooth curve or round surface as shown in Fig.

2(b).

2.3 Flow parameters with respect to Mach number

The importance of Mach number and ratio of
specific heats in determining the physical properties of
steady, compressible, irreversible adiabatic flow can be
written
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2 (o) >

If the flow is also reversible, the isentropic
relation can be employed to express as 7,/7 in terms of
Ppo/p and p,/p. Thus, we get following isentropic relations

o= (14+2M2) (6)

1

P = (1+22m2) (7

The variables in these equations are Mach
number and ratio of specific heats. Plots of ratios of static
to stagnation properties (7,/T), (p./p), and (p./p) versus
Mach number are shown in Fig. 3 for specific ratio of
heats 1.4 for air. In the figure the dotted lines represent
the value of flow parameters at M = 1.

flow parameters

Mach number

Fig. 3: Variation of flow parameters versus Mach number

2.4 The Area-Mach relation
The differential equation for an isentropic
expansion by isentropic turn across weak shock or Mach
wave as depicted in Fig. 2 may be written as
1av 1

;de - M2-1

®)

Equation (8) is a scalar equation that relates the
change in speed to a change in the velocity direction. V' is
the resultant velocity and 6is the inclination of the
velocity vector. Equation (8) relates the infinitesimal
change in velocitydV, to the infinitesimal
deflection d6 across the wave of vanishing strength. It is
important to mention here that the increment
velocity du [1] is in limit of algebraic increment in
velocity dV [4]. Equation (8) is scalar and relates change
in speed to change in velocity direction. Flow properties
are uniform along each Mach line. The magnitude of
velocity at any point depends only on the flow direction
at that point. The fluid speed is related to the local speed

of sound with the adiabatic equation and the perfect gas
law [1] as

av 1 aMm
¥ [l ®

Equation (9) is a deflection for dV/V strictly in terms of
M. Substituting Equation (4) in Equation (8) we get
ar_ _(r*-1) am

= _ 10
A (1+ VTle) M ( )

Equation (10) applies continuously through the
isentropic turn when integrated, it gives relation between
Area and Mach number, which for the present we shall
simply write in the form: 4 = F(M). The exact solution
of the above equation can be obtained by separating
variables, and integrating. Integration of the above
equation is

(y—1)
InA = %(ﬂ) In [1 +V2—1M2] = 2 In[(y - DM?] + ¢, (11

y—-1

where c| is the constant of integration. To eliminate the ci, let us consider two sections of the nozzle having a ratio of areas

A»/A;. Equation (11) becomes

y=1,.2\2
Aq _ M, 1+ 2 M7 2
2= 2 ——
Az My \1+2m2

1(y+1
y-1

(12)
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The minimum cross-sectional area 4" for the isentropic flow occurs at M = 1. At 4, = A" at M, = 1, the above equation

yields

-l 2

A* M ly+1

The ratio 4/4" is very important, it is called the
area-Mach number relation. The above equation
represents area-Mach relation and may also be derived
using quasi-one-dimensional continuity equation in
conjunction with momentum equation and isentropic
relations [1, 3]. The value of 4/4" is always greater than
unity, and for any given value of area ratio there is
always corresponding two values of Mach. Ratios of
(4/A.) are also presented in Fig. 3 for subsonic and
supersonic Mach number, respectively. The variation of
(4/4.) versus Mach number in Fig. 3 shows very

1/y+1

.

v-12

(13)

interesting behavior for subsonic and supersonic
Mach numbers. The (4/4.) versus Mach number consists
of subsonic and supersonic branches, so that (4/4.) is
double-valued except at M= 1, where p*/p= 0.528
for y = 1.4. If a throat of area 4" does not occur, the flow
remains supersonic or subsonic throughout. Downstream
of the throat of area 4", the flow can either accelerate
supersonically or decelerate sub-sonically, depending on
the pressure ratio at the exit of the nozzle. The constant
of integration c; is

(14)

In Equation (13), the A4/4" relation refers as ‘turned-inside out’ and tells us that M = F(4/4"). Differentiation of

Equation (12) can be written [8] as
G-y

F'(M) = M[ 2 (1 +V—‘1M2)]m - (—

(y+1) 2

We can also rearrange Eq. (12) as

PO + (£) = L[ (14 20O

A* y+1)
The differentiation of Eq. (16) is written [9] as
(r+1)

(y+1)

F'(M)=[ (1M - Ly

Comparing differentiation of Equations (12)
and (16) of area-Mach relation show considerable
difference. Figure 4 displays the plot of F(M) and F’(M).
Figure 4 shows the variation of F(M) in the convergent-
divergent nozzle as a function of Mach number. F’(M)
shown in Fig. 4 is the derivative of F(M) with respect to
Mach number. It can be seen from Figure 4 that F°(M) is
nearly zero near sonic Mach number at the throat. Figure

M2

(15)

(16)

(y-1)

2(1+VT_1M2)] a7

4 highlights the convergence problem in the Newton-
Raphson iteration up to compute gradient in the vicinity
of M < 1.2. The geometrical parameters of the conical
nozzle also influence F’(M). The value of F’(M)
becomes very sensitive to the area ratio of convergent-
divergent nozzle as can be seen in Equations (15, 17).

— — df(M) /

(M) df(M)
30 [ 100 [ . .
80 |
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Fig. 4: Variation of Mach function and Mach gradient in the nozzle
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2.5 The Area-deflection relation

The shocks become vanishingly weak, their
limiting position being straight Mach lines. We can
rewrite the differential equation in terms of Mach
number M assuming the limit of smooth flow, i.e., the
velocities and flow inclinations must be continuous, but
their derivatives may still be discontinuous with
following expressions

du =dV (18a)

dv = Vdé (18b)
du _ _ 1

-, = tanu= —= (18¢)

where « and v are velocity components in the x-
and y-Cartesian coordinates, respectively, and w is the
resultant velocity. 8 is inclination of a velocity vector. u
is Mach angle. Eliminating du and dv from this set of

equations yields
1dv 1

vae M2-1

(19)

We consider simple-wave flow, Prandtl-Meyer
flow or corner flow in which all the flow properties are
uniform along each Mach line and Mach lines are
straight. Mach lines are lines along which very weak
disturbances propagate. For a given initial conditions, the
magnitude of velocity at any point depends only on the
flow direction at that point is

The expansion at a corner as depicted in Fig. 2
occurs through a centered wave, defined by a “fan” of
straight Mach lines. The flow up to the corner is uniform,
at Mach M), and thus the leading Mach wave must be
straight line, at the Mach angle u;. The terminating Mach
line stands at the angle u» to the downstream wall.
Expansion is isentropic. From the geometry of the figure,
noting that du is in limit the algebraic increment in
velocity dV. The centered wave, more often called a
Prandtl-Meyer expansion fan, is the counterpart for a
convex corner as shown in Fig. (2a). The differential
relation between 6 and M in an isentropic compression
or expansion [1] by turning, may be written as

~do =VMT =17 1a)
or
v(M) = [VM? — 1‘;—" 21b)

The function v(M) is then
= P’_“ -1 P’_“ 2_1) —
v(M) = — tan — (M? —-1)
tan"l1VvM2 -1 (2lc)
v(M) is called the Prandtl-Meyer function [1]. The
constant of integration [1] has been arbitrarily chosen so

that v (M =1).

The Mach number at any point on the body surface is

de MZ-1
Tam = (e ) (20) 6 = v(M,) — v(My)
v dvidM
(rad) (rad)
1.4 -06 T T T T
12F 0| //—-‘\\\ S 3vfdM
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Fig. 4: Variation of the Prandtl-Meyer function and gradient versus Mach number

The variation of v with M can also be seen in
Figure 4. It is worth mentioning here that the Prandtl-

Meyer function shows a monotonically increasing trend
with the Mach number whereas [dVv/dM] is increasing

| © 2026 Scholars Journal of Engineering and Technology | Published by SAS Publishers, India |

251 |




R. C. Mehta, Sch J Eng Tech, May, 2026; 14(5): 247-254

and reaches a maximum value at about M = 1.6 and after
that a decreasing trend is observed with respect to Mach
number. The method of characteristics can be applied to
compute the Mach number for the calculated value of the
Prandtl-Meyer function. Equations (11) and (14) are used
to compute the Mach number employing Newton-
Raphson method to get the value of M. F°’(M) is
sensitivity to 4/4" of the conical nozzle. In the contour
nozzle, [dv/dM] is a measure of sensitivity of the
estimated value of Mach number with respect to the
Prandtl-Meyer function. F’(M) and [dV/dM] are very
stiff in the vicinity of the throat region, which gives the
convergence problem in Newton-Raphson scheme.

Flow with centered simple waves, and is often
called corner-type flow, or Prandtl-Meyer flow.
Substituting Equations (4) and (5) yield and expressing
M in terms of 6, we can obtain fallowing differential
equation

2= VMZ-1do = (23)

tan @

In the quasi-one-dimensional analyses the sign of (M? —
1) was determining factor in the qualitative nature of
flow.

_aa_ 96 (24)
A tan @
and the integration yields
Ay _ sin 61 (25)

Ay sin 6,
is obtained by summing infinitesimal contribution under

a reversible process. The flow is isentropic. For the
simple-wave flow is of Prandtl-Meyer type, we have

L= 21+ Y—*MZ}]%(%) (26)
2

=221+ EMZHE(ﬁ) -

a* Mly+1

A nomogram for convergent-divergent is drawn
using the above analytical relations. Figure 5 shows
nomogram of Laval nozzle at ratio of specific heats equal

)G

and the streamlines may be plotted with » and v as polar
coordinate [2].
2.6 The Area-pressure relation

Pressure variation dp across the Mach wave is
found with the aid of the differential form of the
equilibrium equation of Euler’s equation. Because dp/d6
is a negative number, flow deflection as shown to Fig. 2
is accompanied by a decrease to pressure, that is, the
fluid has been expanded. The Mach wave is an expansion
wave. The relations derived here are valid for
infinitesimal flow deflection. The disturbances caused by
the deflection is infinitesimal and the condition of
isentropic assumed is valid. Differential equation for
pressure across the Mach wave [4] may be written as
Y- _ L (27a)

%4 yMZ p

Substituting Eq. (4) in Equation (27a), differential
equation becomes

dp _ yMm?

w- P (270b)
Integration of Equation (27b) is

pY = tanf + c, (27¢)

where ¢, is integration constant. After taking limit we can
write as
B (Lnly” (27d)

D2 tan 64

The relation between area with pressure may be written
in the form as obtained by Kuethe et al. [4]
1

o ey

(y—l)%(i)%@—fi)
2 \y+1

(28)

The above equation is obtained employing mass flow
rate at throat in conjunction with isentropic relation [4]
can be written as

Y+1

29)

to 1.4 for air. The present nomogram can be
reconstructed with the help of a computer program.
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Fig. 5: Nomogram for convergent-divergent

RESULTS AND DISCUSSION

The relationship derived for the area-Mach, the
area-Deflection and the area-Pressure for a fully
expanded convergent-divergent Nozzle. However,
it has no information on the length and nozzle contour of
the rocket nozzle. Rao [10] developed a method of
designing a contoured exhaust nozzle for optimum thrust
of a fixed length rocket nozzle. Rao's [11] objective was
to form nozzle contours that allowed for the
maximization of thrust for a given rocket nozzle length.

CONCLUSIONS

Analytical expressions are obtained using
steady compressible quasi-one-dimensional isentropic
flow in fully expanded supersonic nozzles. Very weak
disturbances are propagating along the Mach lines. The
limit of smooth flow over a centred expansion wave is
considered to obtain a relationship between area-Mach,
area-deflection and pressure-deflection. Expansion fan is
a continuous expansion region composed of an infinite
number of Mach waves. An infinitesimal small flow
deflection across a very weak wave and streamlines
through an expansion wave are smooth lines. Nomogram
for convergent-divergent nozzles is constructed using
the present analytical solutions.

Nomenclature

a = speed of sound, m/s
A =area, m?

D = diameter, m

M= Mach number, V/a

r =radius, m

u = axial velocity, m/s

V' = resultant velocity, m/s
x = axial distance, m

6 = deflection angle, deg

v = Prandtl-Meyer function
p = Mach angle, deg

p = density, kg/m?

y =ratio of specific heats

Superscript

* = sonic conditions
Subscript

o = stagnation conditions
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