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Abstract: The binary quadratic equation 046 22  xyxyx   representing hyperbola is considered. Different 

patterns of solutions are obtained.  A few interesting recurrence relations satisfied by x and y are exhibited. 
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INTRODUCTION: 

 The binary quadratic equation offers an unlimited field for research because of their variety [1-5].  In this context one 
may also refer [6-19]. This communication concerns with yet another interesting binary quadratic equation 

046 22  xyxyx  for determining its infinitely many non-zero integral solutions.  Also a few interesting 

relations are presented. 

 

METHOD OF ANALYSIS 

 The hyperbola under consideration is 

   046 22  xyxyx        (1)  

Different patterns of solutions for (1) are illustrated below: 

Pattern: 1 

  Introducing the linear transformations  0TX , 

                           TXx   and TXy            (2)  
In (1), it becomes  

       12 22  ZY           (3) 

 Where, 14  TY  and 12  XZ           (4) 
The smallest positive integer solution of (3) is  

                        10 Z  and 10 Y   

To find the other solution of (3), consider the pellian equation   

  12 22  ZY    

whose general solution  nn ZY ,  is given by  
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Applying Brahmagupta Lemma between  00 ,ZY   and  nn ZY , , the general solutions to (3) are given by, 

 nnn ZZYYY 001 2  

 nnn ZYYZZ 001   

In view of (4), we have  
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Employing (2), the values of x and y satisfying (1) are given by 
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ny    ,  ,......5,3,1n   

Properties 

 28241404 124   nnn xxx  

 16 312   nnn xxx  

 834 153   nnn xxx  

 16 534   nnn xxx  

 2434 135   nnn yyy  

 4812270 142   nnn yyy  

 36 324   nnn yyy  

 36 345   nnn yyy  

 Each of the expressions represents a Nasty Number: 

 1848 2 nx  

 2448 22 ny  

 Each of the expressions represents a cubical integer: 

 8248 153   nn xx  

 24248 133   nn yy  

 Each of the expressions represents a bi-quadratic integer: 

 121282568 1

2

174   nnn xxx  

 1363842568 1

2

144   nnn yyy  

Note 

Instead of (2), if we consider the linear transformations  0TX , 

                            TXx   and TXy   
Then, the corresponding integer solutions to (1) are obtained as, 
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ny     ,  ,......4,2,0n  

The recurrence relations satisfied by x and y are given by 

321 63   nnn xxx ;    145,5 31  xx  

321 61   nnn yyy ;    25,1 31  yy  

Some numerical examples of x and y satisfying (1) is given in the following table: 
  n        

        1nx          1ny  

  0           5             1 

  2         145            25 

  4       4901           841 

  6     166465       28561 
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  8     5654885      970225 

10  192099601    32959081 

12 6525731525 1119638521 

 

From the above table relations observed are as follows: 

 1nx  and 1ny are always odd 

 56 ny  and 16 ny  are perfect squares 

 166 ny  is a Nasty number 

  5mod056 nx  

  5mod036 ny  

  5mod036 nx  

 

Pattern: 2 

 Treating (1) as a quadratic in x and solving for x, we get 

  132223 2  yyyx         (5) 

Let 132 22  yy            (6) 

Substituting 
4

3


Y
y              (7) 

In (6), we have 

       18 22  Y     
whose general solution is given by,  
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From (7) and (8), we have 
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ny                 (10) 

Substituting (9) and (10) in (5) and taking the positive sign, the corresponding integer solutions to (1) are given by 
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Properties 

 2248 nx  is a Nasty Number 

 8248 43  nn xx  is a Cubical integer 

 121282568 2

64  nnn xxx is a Bi-quadratic integer 

 Define 34  ny and 23  nn yx . Note that the pair   ,  satisfies the hyperbola 

12 22    

  22 342  nn yx  

Also, taking the negative sign in (5), the other set of solutions to (1) is given by  
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In addition, the above two sets of solutions satisfy the following properties: 

 36 132   nnn yyy  

 84244140 31   nnn yyy  

 36 12   nnn yyy  

 2434 42   nnn yyy  

 16 324   nnn xxx  

 1412270 31   nnn xxx  

 834 42   nnn xxx  

 16 12   nnn xxx  

 2448 12 ny  is a Nasty Number 

 24248 23  nn yy  is a Cubical integer 

 1363842568 2

34  nnn yyy is a Bi-quadratic integer 

 

Pattern: 3 
 Treating (1) as a quadratic in y and solving for y, we get 

  xxxy  2223                   (11) 

Let xx  22 2                      (12) 

Substituting 
4

1


X
x                    (13) 

In (12), we have 

       18 22  X     
whose general solution is given by,  
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From (13) and (14), we have 
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nx                 (16) 

Substituting (15) and (16) in (11) and taking the positive sign, the corresponding integer solutions to (1) are given by 
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Properties 

 2448 22 ny  is a Nasty Number 

 24248 43  nn yy  is a Cubical integer 

 1363842568 2

64  nnn yyy is a Bi-quadratic integer 

  22 1412  nn xy  

Also, taking the negative sign in (11), the other set of solutions to (1) is given by  
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In addition, the above two sets of solutions satisfy the following properties: 

 1248 nx  is a Nasty Number 

 8248 23  nn xx  is a Cubical integer 

 121282568 2

34  nnn xxx is a Bi-quadratic integer 

 

CONCLUSION 

 As the binary quadratic equations are rich in variety, one may consider other choices of hyperbolas and search for their 

non-trivial distinct integral solutions along with the corresponding properties. 
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