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Abstract: The ternary quadratic equation 
222 218)(6 zxyyx   representing a homogeneous cone is analyzed for 

its non-zero distinct integral points. A few interesting properties among the solutions and special numbers namely, 

Polygonal numbers, Centered polygonal numbers, Pyramidal numbers, Gnomonic numbers are presented.  
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INTRODUCTION 

The ternary homogeneous quadratic Diophantine equation offers an unlimited field for research because of their 

variety [1-2].  For an extensive review of various problems one may refer [3 – 11]. In this context, one may also see [12 – 

8] for integer point satisfying special three dimensional graphical representations. This communication concerns with yet 

another interesting ternary quadratic equation 
222 218)(6 zxyyx   representing homogeneous cone for 

determining its infinitely many non-zero integer solutions. 

 

A few interesting properties among the solutions and special numbers are presented. 
 

Notations Used: 

                       nmt ,      -  Polygonal number of rank n with size m 

                       
m

nP     -  Pyramidal number of rank n with size m 

                       nmCP ,  -  Centered Polygonal number of rank n with size m. 

                       nGNO -  Gnomonic number of rank n.  

 

METHOD OF ANALYSIS 

The Ternary Quadratic Diophantine Equation representing homogeneous cone is        

                                              
222 218)(6 zxyyx                                           (1) 

We illustrate below the different patterns of integer solutions to (1) 

 

Pattern I:  
 Introducing the linear transformations 

                                                   vuyvux  ,                                                       (2) 

in (1), it is written as   

                                               
222 2120)2( zvu                                                        (3) 

Assume that 

                                                0,,5 22  babaz                                                      (4) 

and write 21 as  
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                                        )54)(54(21 ii                                                          (5) 

 

Using (4) & (5) in (3) and applying the method of factorization, define 

                                  
2)5)(54()522( biaiviu   

 

Equating the real and imaginary parts we have 

                                     
]58[

2

1
),(

5102),(

22

22

bababav

abbabau





 

 

Then using (2) the values of x and y are given by  

                                     

]18153[
2

1
),(

]2255[
2

1
),(

22

22

abbabay

abbabax





 

As our aim is to find integer solutions, choose a and b so that x and y are integers. 

 

 

Case (I): 

 

 Choosing BbAa 2,2  corresponding integral values x, y and z satisfying the homogeneous cone (1) are given 

by, 

  

   

22

22

22

204),(

36306),(

45010),(

BABAzz

ABBABAYy

ABBABAxx







 

 

Properties: 

 

1. )4(mod06020)1,()1,()1,( ,4  AtAzAyAx  

2. 
5

,4 8080)),1(()),1(( AA PtAAAyAAAx   is a perfect square. 

3. AAA tPtAAAZAAAx ,4

52

,3 148120))1(,())1(,(   

4. AA tGNOAyAx ,41610020)1,()1,(   

5. )(480)]),1(()),1(([6
5

,4 AA PtAAAyAAAx  Is a Nasty number. 

 

Case (II): 

  

 Choosing 12,12  BbAa  corresponding the integral values x, y and z satisfying the homogeneous cone (1) 

are given by, 

   

   

6204204),(

15481236306),(

1145285010),(

22

22

22







BABABAzz

BAABBABAyy

ABBABABAxx

 

Properties: 

 

1. )8(mod0208)1,()1,( ,3  AtAyAx  
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2. )12(mod0159)1,()1,()1,( ,16  ACPAzAyAx  

3. )5(mod01564872120))1(,( ,4,3

52

,3  AAAA ttPtAAAy  

4. 015120),( ,3  AtAAy  

5. 026208),(),( ,3  AtAAxAAy  

 

Note: 

 Instead of (5) we can also write 21as 

           )54)(54(21 ii   

Preceding as above in Pattern I, we can get different choices of integer solutions to (1). 

 

Pattern II: 

 Introducing the linear transformations 

                                                          TXvTXz 21,20                                     (6) 

in (2), it is written as  

                                                    
222 )2(420 uTX                                                     (7) 

which is satisfied by  

                                       
2222 420,4202,2 qpXqpupqT   

Now putting Pp   and Qq 2  in the above we get, 

  

22

22

4420

2210

4

QPX

QPu

PQT







                                                                                     (8) 

Using (6), (7) & (8) in (2) we get solutions of (1) as 

   

PQQPQPzz

PQQPQPyy

PQQPQPxx

804420),(

)846210(),(

842630),(

22

22

22







 

 

Properties: 

1. 420)1,()1,( ,4  PtPyPx  is a Perfect Square. 

2.  24120)]1,()1,([6 ,4  PtpyPx  is a Nasty number. 

3.  21082),1(),1( ,3,4  QQ ttQzQy  

4.  AP CPtPzPyPx ,16,4 1076010)1,()1,()1,(   

5.  PP GNOtPzPy 2210)1,()1,( ,4   

 

Pattern III: 
 Write (3) as   

                              )(20)2( 2222 vzzu      

Factorizing the above, it is written as, 

    )0(,
)2(

)(5

)(4

)2(










B

B

A

zu

vz

vz

zu
 which is equivalent to the following  

two equations,       0)4(42  ZBAAvBu                                                             (9) 

                                0)5(52  ZABBvAu                                                               (10) 

By applying the method of cross multiplication, we get the integral solutions of (1) to be 
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)108(),(

4445),(

153612),(

22

22

22

BABAzz

ABABBAyy

BABABAxx







 

Properties: 

1. AtAzAyAx ,31630)1,()1,()1,(   

2. 0840160))1(,())1(,,( ,4

2

,3

5
 AAA ttPAAAyAAAx  

3. )4(mod016)1,()1,()1,( ,4  AtAzAyAx  

4. )7(mod0820),1(),1( ,3  BtByBx  

5. ]1608)]1,()1,([10 ,3,4 BB ttBByBBx   Is a Perfect Square. 

 

Pattern IV: 
 Also (3) is expressed in the form ratio as 

                        0,
)2(

)(20

)(

)2(










B

B

A

zu

vz

vz

zu
                                                 (11) 

Following the procedure as in Pattern III, the corresponding solutions of (1) are as follows: 

                 

22

22

22

402),(

36603),(

4420),(

BABAzz

ABBABAyy

AABBBAxx







 

Properties: 

1. )6(mod0404)1,()1,( ,3  AtAyAx  

2. )4(mod08)1,()1,()1,( ,3  AtAzAyAx  

3. )4(mod0140),1( ,3  BtBx  

4. 400)1,()1,()1,(  AzAyAx  is a Perfect Square. 

5. 280)],1(),1([7  AAyAAx  is a Nasty number. 

 

CONCLUSION 

  It is worth to note here that, in addition to (10) , equation (3)   may also be written in the  form of ratio as follows 

                                                                 
)2(

)(4

)(5

)2(

zu

vz

vz

zu









,    

)2(

)(2

)(10

)2(

zu

vz

vz

zu









, 

 

                                                               
)2(

)(10

)(2

)2(

zu

vz

vz

zu









,   

)2(

)(

)(20

)2(

zu

vz

vz

zu









 

 

Following the procedure presented in Pattern III, One may arrive at different patterns of solutions to (1).  

To conclude, one may search for other pattern of solutions and their corresponding properties. 
 

 Remarkable Observations: 

1. If D represents the diagonal of any rectangle with dimensions x and y ; A its area then  

)21(mod043 2  AD  

2. If ),,( 000 zyx  is any given solutions of (1), the triple 

)412020,4221,20,422021( 000000000 zyxzyxzyx  also satisfies (1) 

3. Employing the solutions ),,( zyx of (1) following relations among the special polygonal and pyramidal 

numbers is obtained. 
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(i)

2

1,4

1

2,3

3

2

,3

5
2

2,3

2
3

2

,3

5
2

21
3

8
3

6

















































































































z

z

y

y

x

x

y

y

x

x

t

P

t

P

t

P

t

P

t

P
 

 

(ii) )21(mod0
23

8
23

6
1,4

1

2,3

3

2

2

1,4

1

2

2,3

3

2 






































































































y

y

x

x

y

y

x

x

t

P

t

P

t

P

t

P
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