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Abstract: The binary quadratic equation X’ —5xy + y2 +3Xx =0 representing hyperbola is considered. Different

patterns of solutions are obtained. A few interesting relations satisfied by x and y are exhibited.
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INTRODUCTION:

The binary quadratic equation offers an unlimited field for research because of their variety [1-5]. In this context one
may also refer [6-20]. This communication concerns with yet another interesting binary quadratic equation
x? — SXy + y2 + 3% = 0 representing hyperbola for determining its infinitely many non-zero integral solutions. Also
a few interesting relations among the solutions are presented.

METHOD OF ANALYSIS:
The hyperbola under consideration is

x> —5xy+y>+3x=0 )
To start with, it is seen that (1) is satisfied by (1,1),(1,4),(16,4) and (-75,-15). However, we have other patterns
of solutions for (1) which are illustrated below:

PATTERN: 1
Treating (1) as a quadratic in y and solving for y, we get

y:%[SXiM] @

Let o® = 21x* —12x 3
Substituting X = X+2 4
in (3), we have

3X2—7052:12 (5)
Introducing the linear transformations

X=p+7q and d=p+3Q (6)
in (5), we have

p®=21q9° -3 )

which is satisfied by 9o =2, Py =9
To find the other solutions of (7), consider the pellian equation

p’ =21g° +1

whose general solution (pn , qn) is given by
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b= %[(55 +12421)" + (85 —12\/2_1)””}

a = 2%/2_1 [(55 +12421)™ ~ (55 —12\/2_1)“1} @®

Applying Brahmagupta Lemma between (po ' qo) and (pn O ) the general solutions to (7) are given by,

qn+1 = ZEn +gan
pn+1 = 9pn +42qn (9)

In view of (6), we have
X, =23p, +105q, (10)

Ony = 15?.)n + GQan (11)
Substituting (10) in (4), we get

X, = %{236n +105q, +2} (12)
Substituting (11) and (12) in (2) and taking the positive sign, it is seen that

Yo = ﬁ{ZZO_pn +1008q, +10} (13)
Substituting (8) in (12) and (13), the corresponding integer solutions to (1) are given by

14x,, , —4=231, ., + % Oona , N=0123,...

252 g
\/Z 2n+l

f2n+1 = |:(55 + 12@)%4-1 + (55 _12\/Z)Zn+1j|
Uoni = [(55 +12421)"" - (65 —12\/2_1)2““}

7Yy —~5=55f, ., + n=0123,...

where

PROPERTIES:
o Xops —12098X,,.5 + X,,., =—3456

o 12098X%,,,3 = Xonis = Xonua isa Nasty number
o Yons —12098y,. .. +Y,,., =—8640

o —10Y,,,5 +120980Y,,.5 =10V, is a Nasty number

o 7012099y, . —y, .)+14(12121x, , — X, .,) 108970 = O(mod1166)
o Xy, +3857X,,,, —18480y, ., +12096 =0

o 1Y, +18480x,, ., —88543y, ., +57960 =0

Now,

Substituting (11) and (12) in (2) and taking the negative sign, the corresponding integer solutions to (1) are given by

105

E g 2n+l
21

ﬁ 92ni1
f2n+1 = |:(55 +12\/ﬁ)2n+1 + (55 _12\/Z)Zn+1:|

14x,, ., —4=23"1, ., + n=0123,...

14y, ,-10=5f,  + n=0123,...

where
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Oona = |:(55 + 12\/2)2n+1 _ (55 _12\/Z-)Zn+1:|

PROPERTIES:
o B4847X,. . —TX,,., — 24240 = O(mod 528)

o Xon.g +2640y,.., —12649X,.., +1728=0
o Yoz +951y,.,, —2640X,,,, +360=0

o 26400x,,,, —5510Y,,,; —10Y,,.5 is a perfect square

o 25298X,,,; —5280Y,,,1 —2Xy.5 is a Nasty number

NOTE:
Instead of (6), if we consider the linear transformations

X=p-7gand = p-3q
then, the corresponding two sets of integer solutions to (1) are obtained as

Setl:
14x, ,—4=-5f —ﬁg n=0123
2n+1 2n+1 \/Z_ 2n+l ’ Lt A
105
14y, ., -10=-23f, ., ——0,,, Nn=0123,...
2n+l 2n+l \/ﬁ 2n+l ,
Set ll:
TXpny —5=—Tpy N=0123,...
105
14y, ., -10=-23f, ., ——0,,, Nn=0123,...
2n+l 2n+l \/ﬁ 2n+l ,
where
fans =| (85+12421f " + (65 -12421) " |
ot = [(55 +12421f" (55 —12\/2_1)2””}
PATTERN: 2
Treating (1) as a quadratic in x and solving for x, we get
x:%[Sy—BJ_r\/9+21y2—30y] (14)
Let &® =9+21y* —30y (15)
Substituting y = Y+5 (16)
in (15), we have
3Y2 —70{2 =12 (17)
Introducing the linear transformations
Y=p+7qand x=p+3Q (18)
Following the analysis similar to pattern 1, the two sets (set I11,set 1V) of integer solutions to (1) are represented by
Set 1I:
252
7Xp0y —11=551, , +—0,,.,, N=0123,...
2n+1 2n+l \/ﬁ 2n+l
14y, ., —10=23f, , + 105 n=0123,...

_gn+
V217
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where

PROPERTIES:

Set IV:

where

PROPERTIES:

NOTE:

f2n+1 = |:(55 +12\/ﬁ)2n+1 + (55 _12ﬂ)2n+1:|
Oon = |:(55 + 12\/ﬁ)zn+l — (55 _12\/ﬁ)2n+1:|

X, o ~12098x,. , +X,, , = ~19008
266156X,,,5 — 22X5n.5 — 22X5n,1 is a Nasty number

14(Y,n,5 —146639857Y,,,;) = 7(X,y,5 —12099%,,,,) +1466265482 = 0(mod 12775378)

7(X,,. —146373701x,,,) +1610110700 = 0(mod 1330780)
7Y,0.5 + 3857y, , —18480x, ., +26280 =0
7X,,., +18480y, . —88543x, ., +113829=0

21
14x,..,—22=5f, ., +—0,,, N=0123,...
14y, ., —10=23f, , + 105 n=0123,...

E 9201 ,

f2n+1 = |:(55 +12\/ﬁ)2n+1 + (55 _12ﬂ)2n+1:|
Oona = [(55 +12421)"" (55— 12\/2_1)2“1}

7(X,,.5 —12649X,,.,) +139128 = 0(mod 2640)

7y,. ., +18480x, | —88543y, | +34200=0

7%,y +3857x,, , ~18480y, | +7128=0

406560Y,,,, —84854%,,,; —154X%,.5 is a perfect square
—-399y,,., —1053360X,,,;, +5046951y,,.; is a Nasty number

Instead of (18), if we consider the linear transformations

Y=p-79 and ¢ =p—3q

then, the corresponding two sets (setV, setVI) of integer solutions to (1) are obtained as

Set V:

Set VI:

where

7Xn+1_2:_1:n+1 , n=135,...
14y, —-10=-5f —ﬂg n=135
n+1 n+1 \/Z n+l , 1 Iy e
105
14x ,-4=-23f ,——gqg,, n=135,...
1 1 \/Z 1,
14y, ., -10=-5f 21 n=135,...

n+l E gn+l ,
fo =| (65+12421)" + (65 -12V21) " |
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g1 = [(55 +12\/ﬁ)n+1 _ (55 _12\/Z)n+1:|

CONCLUSION:
As the binary quadratic equations are rich in variety, one may consider other choices of hyperbolas and search for their
non-trivial distinct integral solutions along with the corresponding properties.
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