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Abstract: The binary quadratic equation 035 22  xyxyx   representing hyperbola is considered. Different 

patterns of solutions are obtained.  A few interesting relations satisfied by x and y are exhibited.  
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INTRODUCTION: 

 The binary quadratic equation offers an unlimited field for research because of their variety [1-5].  In this context one 

may also refer [6-20]. This communication concerns with yet another interesting binary quadratic equation 

035 22  xyxyx  representing hyperbola for determining its infinitely many non-zero integral solutions.  Also 

a few interesting relations among the solutions are presented. 

 

METHOD OF ANALYSIS: 

 The hyperbola under consideration is 

   035 22  xyxyx                  (1)  

To start with, it is seen that (1) is satisfied by (1,1),(1,4),(16,4) and (-75,-15). However, we have other patterns 

of solutions for (1) which are illustrated below: 

 

PATTERN: 1 

 Treating (1) as a quadratic in y and solving for y, we get 

]12215[
2

1 2 xxxy             (2) 

Let xx 1221 22                        (3) 

Substituting 
7

2


X
x                        (4) 

in (3), we have 

1273 22  X                           (5)                 

Introducing the linear transformations  

qpX 7  and qp 3           (6) 

in (5), we have 

321 22  qp                                      (7) 

which is satisfied by  9,2 00  pq  

To find the other solutions of (7), consider the pellian equation 

121 22  qp  

whose  general solution  nn qp ,  is given by 

http://www.saspublisher.com/


 

Nithya C et al., Sch.  J. Eng. Tech., 2014; 2(2B):226-230 

    227 
    

 

 

         
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211255211255
2
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                




 

 11

211255211255
212

1 nn

nq

  
   (8) 

Applying Brahmagupta Lemma between  00 ,qp   and  nn qp , , the general solutions to (7) are given by, 

nnn qpq 921   

  nnn qpp 4291                (9) 

In view of (6), we have  

nnn qpX 105231                            (10) 

  nnn qp 69151                   (11) 

Substituting (10) in (4), we get 

  }210523{
7

1
1  nnn qpx                         (12) 

Substituting  (11) and (12) in (2) and taking the positive sign, it is seen that 

  }101008220{
14

1
1  nnn qpy                          (13) 

Substituting  (8) in (12) and (13), the corresponding integer solutions to (1) are given by 

  121212
21

105
23414   nnn gfx  ,  ,3,2,1,0n  

  121212
21

252
5557   nnn gfy  ,  ,3,2,1,0n  

where 

     




 





1212

12 211255211255
nn

nf  

     




 





1212

12 211255211255
nn

ng  

PROPERTIES: 

 345612098 123252   nnn xxx   

 12523212098   nnn xxx  is a Nasty number 

 864012098 123252   nnn yyy  

 123252 1012098010   nnn yyy   is a Nasty number 

 )1166(mod0108970)12121(14)12099(7 32123212   nnnn xxyy  

 0120961848038577 121232   nnn yxx  

 05796088543184807 121232   nnn yxy  

Now, 

     Substituting  (11) and  (12) in (2) and taking the negative sign, the corresponding integer solutions to (1) are given by 

  121212
21

105
23414   nnn gfx  ,  ,3,2,1,0n  

  121212
21

21
51014   nnn gfy  ,  ,3,2,1,0n  

where 

     




 





1212

12 211255211255
nn

nf  
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     




 





1212

12 211255211255
nn

ng  

 

PROPERTIES: 

 )528(mod024240784847 3212   nn xx   

 01728126492640 121232   nnn xyx   

 03602640551 121232   nnn xyy  

 321212 10551026400   nnn yyx   is a perfect square  

 321212 2528025298   nnn xyx  is a Nasty number 

NOTE: 

          Instead of (6), if we consider the linear transformations 

       qpX 7  and qp 3  
then, the corresponding two sets of integer solutions to (1) are obtained as 

 

Set I:   

  121212
21

21
5414   nnn gfx  ,  ,3,2,1,0n  

  121212
21

105
231014   nnn gfy  ,  ,3,2,1,0n  

Set II:   

  1212 57   nn fx  ,  ,3,2,1,0n  

  121212
21

105
231014   nnn gfy  ,  ,3,2,1,0n  

where 

     




 





1212

12 211255211255
nn

nf  

     




 





1212

12 211255211255
nn

ng  

 

PATTERN: 2 

 Treating (1) as a quadratic in x and solving for x, we get 

]3021935[
2

1 2 yyyx        (14) 

Let yy 30219 22                               (15) 

Substituting 
7

5


Y
y                                (16) 

in (15), we have 

1273 22  Y                   (17)                            

Introducing the linear transformations  

qpY 7  and qp 3                      (18) 
Following the analysis similar to pattern 1, the two sets (set III,set IV) of integer solutions to (1) are represented by 

 

Set III:   

  121212
21

252
55117   nnn gfx  ,  ,3,2,1,0n  

  121212
21

105
231014   nnn gfy  ,  ,3,2,1,0n  
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where 

     




 





1212

12 211255211255
nn

nf  

     




 





1212

12 211255211255
nn

ng  

PROPERTIES: 

 1900812098 123252   nnn xxx   

 125232 2222266156   nnn xxx  is a Nasty number 

 )12775378(mod01466265482)12099(7)146639857(14 12321252   nnnn xxyy  

 )1330780(mod01610110700)146373701(7 1252   nn xx   

  0262801848038577 121232   nnn xyy   

 011382988543184807 121232   nnn xyx  

Set IV:   

  121212
21

21
52214   nnn gfx  ,  ,3,2,1,0n  

  121212
21

105
231014   nnn gfy  ,  ,3,2,1,0n  

where 

     




 





1212

12 211255211255
nn

nf  

     




 





1212

12 211255211255
nn

ng  

PROPERTIES: 

 )2640(mod0139128)12649(7 1232   nn xx   

 03420088543184807 121232   nnn yxy   

 071281848038577 121232   nnn yxx  

 321212 15484854406560   nnn xxy   is a perfect square  

 121232 50469511053360399   nnn yxy  is a Nasty number 

 NOTE: 
          Instead of (18), if we consider the linear transformations 

       qpY 7  and qp 3  
then, the corresponding two sets (setV, setVI)  of integer solutions to (1) are obtained as 

 

Set V:   

  11 27   nn fx  ,  ,5,3,1n  

  111
21

21
51014   nnn gfy  ,  ,5,3,1n  

Set VI:   

  111
21

105
23414   nnn gfx  ,  ,5,3,1n  

  111
21

21
51014   nnn gfy  ,  ,5,3,1n  

where 

     




 





11

1 211255211255
nn

nf  
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     




 





11

1 211255211255
nn

ng  

 

CONCLUSION: 
 As the binary quadratic equations are rich in variety, one may consider other choices of hyperbolas and search for their 
non-trivial distinct integral solutions along with the corresponding properties. 
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