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INTRODUCTION 

The ternary quadratic Diophantine equations offer an unlimited field for research due to their variety [1-2].  

M.A.Gopalan et al  [3-8] have analyzed integer solution for special 3-dimensional surfaces. This communication 

concerns with yet another interesting ternary quadratic equation 
222 41 YXZ  representing a cone for determining 

its infinitely many non-zero integral points. 

 

METHOD OF ANALYSIS: 

The ternary quadratic equation to be solved for its non-zero integer solutions is 

                                  
222 41 YXZ                                                                                             (1) 

To start with, it is noted that (1) is satisfied by  

).50,50,0(),165,124,17(),81,40,11(),41,41,2(),21,20,1(),,( 2222  qpqppqZYX
 

However, we have other patterns of solutions which are illustrated below. 

 

PATTERN: 1 

(1) is written as the system of double equations given by 

 
 
 

1

41 2


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XYZ
                                                                                                                               (2) 

Solving (2), we have 

    2

141 2 
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X
Y

, 2
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X
Z

 

Since our aim is to find integer solutions, note that Y and Z are integers provided X is odd. Thus the non-zero distinct 

integer solutions to (1) are obtained as 
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PATTERN: 2 

Writing (1) as the system of equations given by 
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XYZ
                                                                                                                                     (3) 

Following the procedure presented in pattern: 1, the corresponding values of X, Y and Z obtained from (3) are  

.2122

,2022

,12

2
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kX

 

 

PATTERN: 3 

(1)Can be written as 141 222  YXZ                                                                                       (4) 

 Assume 0,;41),( 22  bababaYY                                                                                      (5) 
Write 1 as 

256

)41325()41325(
1


                                                                                                           (6) 

Substituting (5) and (6) in (4) and employing the method of factorization, define 

16

)41325(
)41()41( 2 

 baXZ  

Equating rational and irrational factors, we get 

]501233[
16

1
),(

]246102525[
16

1
),(

22

22

abbabaXX

abbabaZZ





                                                                                  (7) 

As our interest is on finding integer solutions, we choose a and b suitably so that the values of X, Y and Z are in integers. 

Replacing a by 4A and b by 4B in (5) and (7), the corresponding integer solutions to (1) in two parameters are given by 

ABBABAXX 501233),( 22   
22 65616),( BABAYY                                                                                                          (8) 

ABBABAZZ 246102525),( 22   

 

PATTERN: 4 

Instead of (6), write 1 as 

400

)4121)(4121(
1


                                                                                                               (9) 

Following the procedure presented in pattern: 3 and replacing a by 20A and b by 20B, the corresponding integer 

solutions of (1) in two parameters are found to be 

ABBABAXX 84082020),( 22   
22 16400400),( BABAYY                                                                                                   (10) 

ABBABAZZ 164017220420),( 22   

 

 

PATTERN: 5 

(1)  Can be written as  141 222  ZYX                                                                                   (11)                                                                                                                                                      

Assume 0,;41),( 22  bababaZZ
                                                                                   (12) 

Write 1 as 

625

)41316)(41316(
1

ii 
                                                                                                        (13) 

Following the procedure presented in pattern: 3 and replacing a by 5A and b by 5B, the corresponding integer solutions 

of (1) in two parameters are found to be 
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ABBABAXX 321233),( 22   

ABBABAYY 24665616),( 22                                                                                         (14) 
22 102525),( BABAZZ 

 
 

PATTERN: 6 

Instead of (13) write (1) as 

1089

)4158)(4158(
1

ii 
                                                                                                            (15) 

Following the procedure presented in pattern: 3 and replacing a by 33A and b by 33B, the corresponding integer 

solutions of (1) in two parameters are found to be 

ABBABAXX 5286765165),( 22   

ABBABAYY 1353010824264),( 22                                                                              (16) 
22 446491089),( BABAZZ   

 

GENERATION OF SOLUTIONS: 

           Let ),,( 000 ZYX   be any given integer solution of (1). 

Let 0,37,47,7 010101  hhZZhYYXX                                                                      (17) 

 be the second solution of (1) then, from (1) and (17), we have 

00 86 YZh   and thus, we have  

001 2524 YZY   

001 2425 YZZ   

which is written in the matrix form as 














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
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1

Z
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A

Z
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                                                                                                                             (18) 

Where   
A
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Repeating the above process, one obtains 
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Hence knowing a solution of (1), the formula for generating a sequence of integer solutions to (1) is represented as 

follows: 

  0

nn
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0

n

n

Z)(24Y)3218(
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nn

n Z)1832(Y)(24
14
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In which  7,7  

 
However, in addition to (17), we have two more choices of linear transformations to generate sequences of integer 

solutions to (1) which are exhibited below: 

 

Linear transformation 1:  

hZZYYhXX 65,5,5 010101 
 

The corresponding general solution of (1) is given by 
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 00 )(12)7282(
10

1
ZXX nnnn

n  
 

05 YY n

n   

 00 )8272()(492
10

1
ZXZ nnnn

n  
 

In which  5,5  
 

 

Linear transformation 2: 

010101 42,42,42 ZZhYYhXX 
 

For this choice, we have 

 00 )(2)822(
84

1
YXX nnnn

n  
 

 00 )282()(82
84

1
YXY nnnn

n  
s 

042 ZZ n

n   
In which  42,42  

 
 

CONCLUSION 
     In this paper, we have presented different patterns of integer solutions to the ternary quadratic Diophantine equation 
and three different formulas to generate sequences of integer solutions being given an solution to the cone under 

consideration. 

 

 To conclude, one may search for other patterns of solution and their corresponding properties. 
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