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Abstract: The ternary quadratic equation Z? =41X? +Y ? representing a homogeneous cone is analyzed for its non-
zero distinct integer solutions. Also, given an integer solution, three different triples of integers generating infinitely
many integer solutions are exhibited.
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INTRODUCTION
The ternary quadratic Diophantine equations offer an unlimited field for research due to their variety [1-2].

M.A.Gopalan et al [3-8] have analyzed integer solution for special 3-dimensional surfaces. This communication

concerns with yet another interesting ternary quadratic equation Z 2 =41X?%+Y? representing a cone for determining
its infinitely many non-zero integral points.

METHOD OF ANALYSIS:
The ternary quadratic equation to be solved for its non-zero integer solutions is

Z? =41X%+Y? 1)
To start with, it is noted that (1) is satisfied by
(X,Y,2Z)=(120,22),(2 pq,41p2 — q2 ,41p2 + qz), (11,-40,81),(-17,-124,165), (0,-50,50).
However, we have other patterns of solutions which are illustrated below.

PATTERN: 1
(1) is written as the system of double equations given by

Z+Y =41X?
zZ-Y=1 @)
Solving (2), we have

41X % -1 7 41X % +1
' 2
Since our aim is to find integer solutions, note that Y and Z are integers provided X is odd. Thus the non-zero distinct
integer solutions to (1) are obtained as
X =2k £1,
Y =41(2k? + 2k) + 20,

Z = 41(2k? £ 2k) + 21.

Y =

PATTERN: 2
Writing (1) as the system of equations given by
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Z+Y=X? }

Z-vy=41 @)
Following the procedure presented in pattern: 1, the corresponding values of X, Y and Z obtained from (3) are
X =2k +1,

Y =2k? + 2k — 20,

Z =2k* +2k +21.

PATTERN: 3

(1)Can be writtenas Z2 —41X? =Y % 1 @)
Assume Y =Y (a,b) =a® —41b*;a,b >0 )
Write 1 as

- (25+3,/41) (25— 3+/41)

256
Substituting (5) and (6) in (4) and employing the method of factorization, define

(Z+\/4_1X)=(a+\/ﬂb)2(25+1—2‘/_"'1)

Equating rational and irrational factors, we get

Z=2(ab)= %[25&12 +1025h? + 246ab]

(6)

1 )
X =X (a,b) = E[3a2 +123b% +50ab]

As our interest is on finding integer solutions, we choose a and b suitably so that the values of X, Y and Z are in integers.
Replacing a by 4A and b by 4B in (5) and (7), the corresponding integer solutions to (1) in two parameters are given by

X = X (A, B) = 3A% +123B2 +50AB
Y =Y(A B) =16A? — 656B> ®)
Z = Z(A,B) = 25A% +1025B + 246 AB

PATTERN: 4
Instead of (6), write 1 as

_ (21++/41)(21-/41)

1 9

400 @)
Following the procedure presented in pattern: 3 and replacing a by 20A and b by 20B, the corresponding integer
solutions of (1) in two parameters are found to be

X = X (A, B) = 20A% +820B* +840AB
Y =Y (A, B) = 400A* —16400B° (10)
Z =Z(A B) =420A% +17220B* +1640AB

PATTERN: 5

(1) Can be written as 41X Z4Y?=7%x%1 (12)
Assume Z = Z(a,b) =a* +41b*;a,b>0 (12)
Write 1 as

@6+ i3v/41)(16 —i3v/41) @

625
Following the procedure presented in pattern: 3 and replacing a by 5A and b by 5B, the corresponding integer solutions
of (1) in two parameters are found to be
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X =X(AB)= 3A% —123B% +32AB

Y =Y(A B) =16A* —656B* — 246 AB (14)
Z=Z(AB)= 25A% +1025B2

PATTERN: 6

Instead of (13) write (1) as

(8+i5+/41)(8 - i5+/41)

1=

1089
Following the procedure presented in pattern: 3 and replacing a by 33A and b by 33B, the corresponding integer
solutions of (1) in two parameters are found to be

X = X (A, B) =165A* —6765B” +528AB
Y =Y (A B) = 264A* —-10824B° —13530AB (16)
Z =Z(A B) =1089A” + 44649B*

(15)

GENERATION OF SOLUTIONS:
Let (X4,Y,,Z,) be any given integer solution of (1).
Let X, =7X,,Y, =7Y,+4h,Z, =7Z,+3h,h=0 7)
be the second solution of (1) then, from (1) and (17), we have
h=6Z,-8Y, and thus, we have
Y, =247, - 25Y,
Z, =257, -24Y,
which is written in the matrix form as

Y, _ Yo "
-25 24)

—-24 25
Repeating the above process, one obtains

Y, 1 -18a" +328" 24(a" -pB") Yo
Z,) 14| -24(a"-p") 32a"-18p")| \Z,
Hence knowing a solution of (1), the formula for generating a sequence of integer solutions to (1) is represented as

follows:
Xn =7" Xo

Where A=(

Y =%[(—18a” +328" )Y, +24(a" - B")Z, ]

Z :%[—24((1“ — A", +(32a" —185")Z, ]

In which o =7, =—7
However, in addition to (17), we have two more choices of linear transformations to generate sequences of integer
solutions to (1) which are exhibited below:

Linear transformation 1:
X, =5X,+h,Y, =5Y,,Z, =5Z, +6h
The corresponding general solution of (1) is given by

303



Divya Setal., Sch. J. Eng. Tech., 2014; 2(2B):301-304

X, :%[(—8205” +728MX, +12(a" — B)Z,]

Y, =5"Y,

Z :%[—492((1" — "X, + (720" -828M)Z,]

Inwhich ¢ =5,8=-5

Linear transformation 2:
X, =42X,+hY, =42Y, +h,Z, =427,
For this choice, we have

X, =Ll +825") %, - 200" ")V,

1 n n n n
Y, :a[—BZ(a ~ B") X, +(82a" +28")Y, ],

Z, =42"Z,
Inwhich a =42, =-42

CONCLUSION

In this paper, we have presented different patterns of integer solutions to the ternary quadratic Diophantine equation
and three different formulas to generate sequences of integer solutions being given an solution to the cone under
consideration.

To conclude, one may search for other patterns of solution and their corresponding properties.

REFERENCES:

1. Dickson LE; History of Theory of Numbers, Vol.2, Chelsea Publishing company, NewYork, 1952.

2. Mordell LJ; Diophantine equations, Academic press, New York, 1969.

3. Gopalan MA, Geetha  D; Lattice  points on  the  hyperbolid of two  sheets
X? —6Xy +y*+6Xx—2y+5=2°+4 . Impact Jsci tech, 2010; 4(1):23-32.

4. Gopalan MA, Vidhyalakshmi S, Kavitha A; Integral points on the homogeneous Cone 7% = 2x° —7y2,
Diophantus J. Math. 2012; 1(2):127-136.

5. Gopalan MA, Vidhyalakshmi S, Sumathi G; Lattice points on the hyperboloid one sheet
47% = 2x* +3y? — 4. Diophantus J.math, 2012; 1(2):109-115.

6. Gopalan MA, Vidhyalakshmi S, Lakshmi K.; Integral points on the hyperboloid of Two sheets
3y? =7x* —z? + 21, Diophantus J. Math., 2012;1(2):99-107.

7. Gopalan MA, Vidhyalakshmi S, Usha TR; Integral points on the homogeneous Cone
22% +4xy +8x—4z+2 =0. Global J. Math.sci., 2012, 2(1):.61-67.

8. Gopalan MA, Geetha K; Integral points on the homogeneous Cone x? = 2622 —4y2. Asian Academic

Research Journal of multidisciplinary, 2012;1(4):62-71.

304



