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Abstract: The homogeneous cubic equation with four unknowns represented by the Diophantine equation 
333 7ZTYX  is analyzed for its patterns of non-zero integral solutions. Two patterns of solutions are illustrated. A 

few interesting relations between the solutions and special   numbers are exhibited. 
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Notations: 
Tm, n: Polygonal number of rank n with size m 

SO n: Stella octangular number of rank m 

CPm,n: Centered pyramidal number rank n with size m 

 

INTRODUCTION 

                 The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In particular, 

one may refer [4-19] for cubic equation with four unknowns. This communication concerns with yet another interesting 

equation
333 ZT7YX  representing the homogeneous cubic equation with four unknowns for determining its 

infinitely many non-zero integral points. Also a few interesting relations among the solutions are presented.  

 

METHOD OF ANALYSIS 

 The ternary non-homogeneous cubic Diophantine equation to be solved for its distinct non-zero integral solutions is 

                              
333 tz7yx 

                                            (1) 

Introduction of the transformations 

  vux 
 

                              
vuy 

                                                                         (2) 

                          
 4n10n7u2z 2 

           
in (1) leads to  

                                                 
  3222 2870493 tnnvu 

                        (3) 

 

Let                                 
22 3bat                                                                      (4)                  

 Write 287049 2  nn  as
 

  375375287049 2 ininnn 
   n=1, 2, 3.....                (5)  

Using (4) & (5) in (3) and applying the method of factorization, define 
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     333753 biainviu 

                                (6) 

Equating real and imaginary parts, we get 

babnabnaabau 232323 99637455 
                                         (7)      

babbnanbabav 232323 151521219 
                                        (8) 

using (7) & (8) in (2) we have, 

   bababanbabababanx 23232323 33972424364,, 
 

   bababanbabababany 23232323 339766546,, 
                                      (9) 

     2870491261418189010,, 2232323  nnnabnababababanz
 

 

Thus (4) & (9) are the corresponding non trivial integral solutions of the given equation (1) 

 

 

Properties 

 
    088,,,,  nSOaanyaanx n  

 
    222

,6,6,6 1261890141810,,,, nabbaabnCPCPCPbanybanx aba 
 

 
    222

,6,6,6 31563252633528,,4,, nabbnaabnCPnCPCPbanybanx baa 
 

 
  0432816,, ,58  nnn TSOSOaanx

 

 
   aTCPnaTCPany aana 63217654661,, ,4,6,4,6 

 

It is worth to note that 72849 2  nn  is also represented as 

   ......3,2,1,37237272849 2  iininnn                          (10) 

Following the analysis presented above, the corresponding integer solutions to (1) are found to be  

 

   bababanbabababanx 23232323 339715159,, 
 

   bababanbabababany 23232323 339733273,, 
                              (11) 

     72849181812614364,, 2232323  nnbabnabnaababanz  

 

 

Properties 

 
    01616,,,,  nSOaanyaanx n  

 
    222

,6,6,6 1264284421442,,,,3 nabbabnanCPnCPCPbanybanx bab 
 

 
    012642841442421,,1,,3 ,6,4,6,4,6  aCPTnCPTCPanyanx babab  

 
    baabbnaCPCPbanybanx ba

222

,6,6 121821122,,,, 
 

 
     72849126141818364,1, ,4,4,6,4  nTTnCPTbnz nbbb  

CONCLUSION 

In this paper, we have presented two different patterns of non-zero distinct integer solutions to the cubic 

equation with four unknowns given by
233 7 tzyx   . To conclude, one may search for other patterns of solutions 

and their corresponding properties. 
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