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Abstract: The nonlinear third-order boundary value problem
u”(t) — pu(t) = f (t,u(t)),0<t <1
u’'(0)=0,u@@)=0,u"®) =0

is studied in this work, where 0 < p < 4_\7_ .The existence result of at least one positive solution to above third-order
33

boundary value problem is obtained by using fixed point index theory in cone.
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INTRODUCTION
In this paper, we are concerned with the following third-order nonlinear boundary value problem (BVP for short)

u”(t)— p%u(t) = f (t,u(t)), 0<t<1, 1.2
u'(0)=0,u@@=0,u"@®) =0 @.2)
where , (o,%) is a parameter, f :[0,1]x[0,400) — R is a nonnegative and continuous function. By a

positive solution of BVP (1.1) and (1.2), we mean a function u(t) which is positive on (0,1) and

u(t) e C*[0,11NC>(0,1) such that u(t) satisfied differential equation (1.1) and the boundary conditions (1.2).
It is assumed throughout that

(H,) f(t,u) isintegral on [0,1] for each fixed U € (0,+c0) and 0 < Ll f(t,u(t))dt <+oo;

: f(t,u) (D)
H,) limsup ——= <z, lim inf > My,
(H,) u—>0te[0e] u Far D o u =
. f(tu) : f(t,u)
H,) lim inf ——=> 4,, lim su <H,
(H,) u—>0tef01] Y Hz U**@te[og] u =
P e’ _ 2\3p e‘%p.

where =—- 3, =—F,0
e T By’

Third-order differential equation arise from many branches of applied mathematics and physics, e.g., in the deflection
of a curved beam having a constant or varying cross section, a three-layer beam, electromagnetic waves or gravity driven
flow and so on [1]. In recent years, third-order BVP have been studied extensively by many researchers, see, for
example, [2-9] discussed some third-order two-point BVP, while [10-18] studied some third-order three-point BVP.
Utilizing the Leray-Schauder degree theory and lower and upper solution method, Du, Ge and Liu [3] investigated the
existence of solution for the third-order nonlinear BVP

u"(t) — f (t,u(t),u’(t),u"(t)) =0, 0<t<1,

under two-point nonlinear boundary conditions
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u(0)=0,g(’(0),u"(0)=A, hu'@®,u"@)=8B,
where A BeR, f:[0,1]xR® — R is continuous, g,h:R* — R are continuous. Cabada [4] and Yao and Feng

[5] used the method of lower and upper solution and fixed point theorems to establish the existence of periodic solutions
and positive solutions for the third-order ordinary differential equation
u”(t)— f(t,u(t)) =0, a<t<b,
under two-point boundary conditions
u®(©0)=u®(2x),i=12,
with a=0,b =27 ,and
u(0) =u’(0) =u'(l) =0
with a=0,b =1, respectively. Applying the Krasnosel’skii fixed point theorem, Li [2] and Sun [13] obtained
existence of multiple positive solutions for the singular nonlinear third-order differential equations
u"(t)— Aa(t) f (t,u(t)) =0,0<t <1,
under two-point boundary conditions
u(0)=u’(0)=u"@) =0,
and three-point boundary conditions
u@)=u'(n)=u"@® =0,
respectively, where the function (t) may be singular at t = 0,1 and the function f has no singularity. VVery recently,
Liu, Ume, Anderson and Kang [6] have discussed the singular nonlinear third-order BVP
u"(t) + Aa(t) f (t,u(t)) =0, a<t<b
u(@) =u"(@) =u’(b) =0
under the condition that A >0 is a parameter, « € C((a,b),R"), f € C([a,b]x (0, +wx),R") and «(t) may be

singular at t =a,b and f(t,u) may be singular at U =0, they established the existence of at least one or two non

decreasing positive solutions by using the Green’s function and the fixed-point theorem of cone expansion and
compression type.

Inspired and motivated by the works mentioned above, In this work we will consider the existence of positive
solution to the nonlinear BVP (1.1) and (1.2) however, to the author’s knowledge, few papers in the literature can be
found dealing with the existence of positive solution of (1.1) and(1.2). The purpose of this paper is to fill in the gap in
this area. By means of the positivity of Green’s function G (t, s) and the fixed point index theory in cone, we establish a
few sufficient conditions for the existence of at least one positive solution to the BVP (1.1) and (1.2) if the nonlinearity f
is either superlinear or sublinear. The results obtained extend and complement some known results.

The rest of the article is organized as follows. In Section 2, we present some preliminaries and the fixed point index

theory in cone that will be used in Section 3.The main results and proofs will be given in Section 3.

Preliminaries and lemmas
Consider the Banach space C[0,1] with norm ||u ||= max |u(t)| and let
C*[0,1]={ueCJ[0,1];u(t) >0,0 <t <1},
K ={v(t) eC"[0,1]; mlirzl v(it)>o||v|,0<t <1},

te[=,=]
33
it is easy to check that K is a cone of nonnegative function in C[0,1] .Define the operator J : C*[0,1] - C"[0,1] as
follows

(t) = [ e Iv(s)ds
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Consider the nonlinear second order boundary problem
V() + pV'(t) + p2v(t) = —f (t, Jv(t)) (2.1
1
v(0)=p jo e v(s)ds, V(1) +pv(l)=0 (2.2)
A direct check implies that the problem (2.1) , (2.2) is equivalent to the following integral equation

pefg(uzs) i \/5

) . sin[¥> p(—t)+ 7]
V(D) = [ G(t,5) f (s, Jv(s))ds + | J_Z 3v(s)ds  (2.3)
sin(23 p+%)

where

S N3 LB

2e 2 Sln7pSSIn[—p(l t)+ ]

N 3" 0<s<t<1
ﬁpsin(*m*)

cts)=| (2.4)
262 sin ﬁpt sm[£ p(l-5)+ 7]
2 3 0<t<s<1
«/§p5in(\/2_p + 5)

Clearly, if v(t) is a positive solution of the problem (2.1) and (2.2), and let u(t) = Jv(t), then it is easy to know
u(t) is a positive solution of the problem (1.1),(1.2) .
Lemma2.1: Forall (s,t) €[0,1]x[0,1] ,we have

V3p 4
T

e 2t(1-t)G(s,s) < G(t,s) <G(s,s)
Proof: Since Sinngx for Xe[O,Z] and SiﬂXZZ(l—l) for Xe[z,n] ,we have sinngx(l—l)
T 2 Vd 2 T V4

Ar
for X €[0, 7] .1t follows from 0 < p < —= that

33
V3 */_ pt— ‘/— t)>— pt-t),

sm7pt >—
sin[?pa—t)%] > ;[%p(l—m%][a—;(%p(l—m%)] > gpt(l—t)

and

B3

2 Sln[£p(1 )+ 7]
7 3 o0<s<t<1
G(ts) sm[—p(l—s)+§]
G(s,s P
(5:2) e 2’ )sinfpt
,0<t<s<1
sinﬁps
2
_P
zﬁe 2t(1-t)
T
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It is obvious that G(t,S) < G(s, S) .The proof is complete.
Define an integral operator @ : C*[0,1] - C*[0,1] by

pefgmzs) sin[ﬁ
J§2
. T
sm(7 P+ 5)
Then, only if only the nonzero fixed point V(t) of mapping @ defined by (2.5) is a positive solution of (2.1) and
(2.2).
Lemma2.2: ®(K)cK
Proof: ForanyV € K, from lemma 2.1 we have inequalities

||q>v||<j G(s,s) f (s, Jv(s))ds+j L(S)ols,

N

sm(—p+ )

pU-1)+7]
v(s)ds (2.5

dV(t) = I:G(t, s) f (s, Jv(s))ds + _[01

and

min @v(t) = min V3p N ta-t)[e 2 j G(s,s) f (s, v(s))ds +e E j L(S‘)ds]

] €l 7 3

g S|n(—p+ )
Zx/_p

wu—s
wlin

N [j G(s,s) f (s, Jv(s))ds+j L(S)ds]z(yncpvn
sm(ﬁ p+z)
2 3
Thus, ®(K) c K
It is clear that @ : K — K is a completely continuous mapping.

Let E be a Banach space and K < E be a cone in E .Assume that Q is a bounded open subset of E and let 0Q2

be a its boundary. Let @ : K NQ —> K be a completely continuous mapping. If ®U # U for every U € K noQ,
then the fixed point index 1(®, K NQ, K) is defined. If 1(D, K N, K) =0, then @ has a fixed pointin K NQ.

For r>0, let K ={ueK;|lul<r} and oK, ={ueK;|lull=r} which is the boundary of K, in K.The
following two lemmas are needed in our argument.

Lemma 2.3 [20]: Let @ : K — K be a completely continuous mapping with ADU = U for every U € 0K, and
0<A<1.Then i(®,K,,K)=1.

Lemma 2.4 [20]: Let @ : K — K be a completely continuous mapping. Suppose that the following two condition
are satisfied: (i) uier;Ir || Tull>0;(ii) ADu=u forevery uedK, and A >1.Then i(®,K, , K)=0.

RESULTS

Theorem 3.1: Assume that (H,) and (H,) hold, then the problem (1.1) and (1.2) has at least one positive
solution.

Proof: Now we show that @ has a nonzero fixed point in the cases (H,) and (H,). By (H,) we may choose
£€(0,z4) and r >0 so that
f(tu)<(w—e&)u, Vtel0,1],0<u<r.
Let K, ={ve K;||v||< r},we now prove that ADV =V for any ve oK, and 0 <A <1. In fact, if there exist
Vv, € K, and 0 < A, <1 such that 4, DV, =V, then by definition of @V, (t) satisfies differential equation
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Vo' (1) + pVg (1) + PV, (1) = Ao T (L, I, (1)) (3.
and boundary condition

%(0) = pf e vy (s)ds, V5(1)+p¥(1) =0 (32)
Let Uy (t) = Jv, (t) = L 1e*”“’s’v0 (s)ds, then 0 <u,(t) <||V, [l= T .and u,(t) satisfies
Uy (t) = p°Us (£) = 4o (£, U, (1)) (3.3)
u, (0)=0,u,()) =0,u," @) =0 (3.4)

Multiplying Eq. (3.3) by Singt and integrating on [0,1] ,by using (3.4) we have

ol s 3 (! . T 1 . 1 . T
EJ.O uo(t)cosztdt—p J.Ouo(t)sm Etdt=ﬂojo f(t,u,(t))sin Etdt S(/,Ll—g)jo uo(t)smEtdt

(3.5)
and hence

p/als! T, .. 7T 1 T
?Io uo(t)(coszt —sin Et)dt < —gjo U, (t)sin Etdt <0 (3.6)

since UZ(t) = p°u, (1) + A4, f (t,u,(t)) >0, we know that u”(t) is increasing and U (t) <uj(1)=0,and hence
Ug () is decreasing and Uy (t) <u,(0) =0 thus, U, (t) is decreasing and U, (t) > u, (1) = 0.By using integral mean
value theorem we have

1
1 T . T 2 Z i Z 1 z i Z
IO Uy (t)(cosat—sm Et)dt —jo U, (t)(cos 2t sin 5 t)dt+'f;u0(t)(cos 2t sin 5 t)dt

1 VA /1 1 T . T
—u, (51)J'02 (cosEt —sin Et)dt +u0(§2)fi (cosEt —sin Et)dt

2
=~ (V2 -Dlu (&) ()] > 0 (37)
where 0 <& <&, <1,which contradicts (3.6) . By Lemma 2.3 we have
i(D,K,,K)=1. (3.8)

It follows from (H.) that there exist & >0 and H >0 such that
f(t,u)>(u,+&)u, Vte[0,1],u>H
set C= pg[% | f(t,u)—(u, +&)u], thenitis clear to see
uef0,H]
f(t,u)>(u,+&)u—c.vte[0,1],u>0.
wee”  3ce”

1
Choose R > max{r,H, , G(s,s)ds} and let v e oK, .Since
{ (2—43)oe po '[0 } "

Jv(t) = J.tle”(t’s)v(s)ds >0 ,we see that f(t, Jv(t)) = (1 + &) Iv(t) —C .From Lemma2.1 we obtain

_3p

= pwgli(\/_’o t(1—t){e 2 j G(S, S)[(, + £) IV(S) - c]ds+53—2 j:v(s)ds}
sm(23p+7;)

J_p

——e 2 [pj v(s)ds— cep_[ G(s,s)ds]
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«/_p

Therefore |nf ||CDV||>O.
vedKy

e B [po|| V| 3cef’j G(s,s)ds] >0 (3.9)

Next we show that ADV =V for any Ve 0K, and A >1.In fact, if there exist vV, € 0Ky and A, >1 such that
1
A, @V, =V, then Vv, (t) satisfies Eq. (3.1) and boundary condition (3.2) . Let U, (t) = Jv,(t) = ft e’y (s)ds,
then U, (t) satisfies Eq. (3.3) and boundary condition (3.4) . As the calculation as that of (3.5), we obtain

P Sl T 3! . T 1 . T
?IO U, (1) cosEtdt—p IO U, (t)sin Etdt = 20.[0 f(t,u,(t))sin Etdt

> (u, +g)_[01Jv0(t)sin%tdt —_[Olcsin %tdt

> 26 (u, +g)j1(1—cos1t)vo(t)dt _2;
T 0 2 T

2
de,,,(ﬂz +6)o vl 7 (1—cosft)dt—3c
T 3 2 T

22-B)o _ 2c
> 2230 ety +-) vy 122 (3.10)
V4 V4
since
z u (t) cos Z tdt _T “cos Ztdt [ ety (s)ds
8 .[o 0 2 8 .[o 2 J.t 0
7° 1 V4 T
<l jo (1-tycos > tdt =7 [|v, . (3.11)
Thus, by (3.10) and (3.11) we have
% 22-3) _ 2
Zive e 22 oe e 4 )l - 2. 312)
2 T V4
ee” o o
therefore ||V, ||< ———=—— < R, this is in contradiction with ||V, ||= R . By Lemma 2.3 we know that
(2-3)ce
i(®,K;,K)=0. (3.13)

Now by the additivity of fixed point index, (3.8) and (3.13) we have
i(D, K, VK, K) =i(®, K, K)—i(®, K, ,K)=-1.
Therefore @ has a fixed point V(t) in K, \ K, , which is the positive solution of the BVP (2.1) and (2.2) and

1
satisfied r <||v||< R.Let u(t) = Jv(t) = ft e”("9y(s)ds then u(t) is the positive solution of the BVP (1.1) and
.2).
Theorem 3.2: Assume that (H,) and (H;) hold, then the problem (1.1) and (1.2) has at least one positive

solution.
Proof: By (H,), there exist &£ >0 and r >0 such that

f(t,u)>(w,+e)u,vte[0,1],0<u<r.
Then for every vV € oK., from Jv(t) = J.tlep(t_s)v(s)ds <|v|}=r ,we have
f(t,v) > (1, +)dv,
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thus, the calculation is similar to (3.9) ,we obtain

3p
_P T2 2
| DV [ max@t(l—t)[e ? ['G(s,5) (1, + ) Iu(s)ds + —=——— [3u(s)ds]
tef01] 77 0 ) \E 7%

20 3
, N3p’or
12~
Hence IgI ||®v|>0.

Next, we show that ADV =V forany Ve oK, and A >1.In fact, if there exist V, € K, and A, >1 such that
A, DV, =V,, then by definition of @ ,v,(t) satisfies differential equation (3.1) and boundary condition (3.2) .Let
U, (t) = Jv, (t) ,then u, (t) satisfies (3.3) and (3.4) . The calculation is similar to (3.5), we obtain

72'3 1 T 1 . T 1 . T
EJ'O U, (t) cosEtdt—,o?’.[0 U, (t)sin Etdt =AOL f (t,u, (t))sin Etdt (3.14)

As the calculation as that of (3.10) and (3.11), we have

Jj f(t,Jv, (t))Sin%tdt > 2(2;2\/_3)08”(/12 +&) ||V |l
V4
and
P! T V4
?Io Uy (£ 08— 1t <1 Vo I
And hence from (3.14) we know that
22-+3)

T _
5 o ll> o€ " (1, + &) ||V, |l

72_2
therefore £(2— \/g)ae_p < 0,which is a contradiction. Thus, by Lemma 2.4 we have
i(@,K,,K)=0. (3.15)
Again by (H,), we know that there exist £ € (0, £4) and H >0 such that
f(t,u)<(u—¢e)u, vVte[0,1],u>H.
Set C= {2% | f(t,u)—(z —&)U|, itis clear that

ue[0,H]
f(t,u)<(yg—€)u+c, vtel[0,1], u>0
P
Choose R > max{r, H,L}, next, we show that ADV =V for any Ve oK, and 0 <A <1. In fact, if
(2-3)oe

there exist V, € 0K and 0 < 4, <1 such that 4,DV, =V, , then, as the calculation as that of (3.11) we obtain

e T 3L /4 1 /4 2c
g.[ouo(t)cosatdt—p Iouo(t)smztdts(ﬂl—g)jouo(t)smztdw;
and hence
7 V/d LT 1 . 2c
Ejouo(t)(cosat—smzt)dts—gjouo(t)smgth; (3.16)
As the calculation as that of (3.7) ,we have
1 T, . T
jouo(t)(cosgt—smzt)dt20,

and hence
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[[u,@®sin Z tat <2
0 2 &

On the other hand, we have that

22—3)o _
(”—2)e 2V,

1 . Z _ 1. Z 1 (t=s)
_[0 U, (t)sin 5 tdt —j03|n 5 tdtjt e”"y(s)ds >

thus, from (3.16) we know that

Therefore, ||V, ||<

n(p+2e” 2C
HOL2T) o vy 22,
4+ mp e
mce’” L o
—————— < R, this is in contradiction with ||V, ||= R . Hence by Lemma 2.3 we have
(2-3)oe
i(@, K, K)=1. (3.17)

It follows from (3.15) and (3.17) that we have

i(D, K, \K_,K) =i(®, K, K)—i(D, K, ,K)=1

Therefore @ has a fixed point V(t) in K, \K_, which is the positive solution of the BVP (2.1) and (2.2) and

1
satisfied r <J|v||< R.Let u(t) = Jv(t) = L e”"*ly(s)ds then u(t) is the positive solution of the BVP (1.1) and

(1.2).
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