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Abstract: The nonlinear fourth-order boundary value problem
U9 (1)-p'u(t)= 1 (tu(1))
u(0)=u'(1)=u"(0)=u"(1)=0
T
is studied in this paper, where 0 < p < E .The existence result of at least one positive solution to above fourth-order

boundary value problem is obtained by using Fixed Point theorem in cones.
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INTRODUCTION
In this paper, we consider the nonlinear fourth-order boundary value problems (BVP for short)

u® (t)- pu(t) = f (tu(t)),0<t <1, (1.2)
where 0< p <% is a parameter , f : [0,1]><[0, +oo) — R is a nonnegative and continuous function. With boundary

conditions
u(0)=u’(1)=u"(0)=u"(1)=0 (L2)

Describing, In this case, a beam deformation with one endpoint simply supported and the other one sliding
clamped. By a positive solution of BVP (1.1) and(l.Z) ,we call a function u(t) which is positive on (0,1) and

u(t) eC? [O,l]f\C4 [O,l]such that U (t)satisfied differential equation (1.1) and the boundary conditions (1.2) At
is assumed throughout that
(H,): f (t,u) is integral for each fixed ue [0,1]><[O, +oo) ,and 0 < Jj f (t,u(t))dt < 400;

(Hz) : UII_)T tseté%@ =0, lmtler[})fl]@ =0 ; f (t, u) for  super-linear
(H3) : L!Lry iﬁ%@ = 00, LIgrc)]()tleﬂ)fl] f (ltj’ u) =0. f (t, u) for sub-linear

The nonlinear fourth-order equations appear in some physical problems as, for example, the bending of an elastic beam
with several types of two point boundary conditions, describing how the beam is supported at the two endpoints,
see[10,11,13] .The positive solution has profound practical significance .Many scholars had research and got a lot of
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good results, see[4-9].Using an a priori estimation ,lower and upper solution method and degree theory, T. Gyulov
investigated the existence of solution for a fully nonlinear beam equation

u™ = f (t,u,u’,u”u"),0<t<1

with boundary conditions

u(0)=u'(1)=u"(0)=u"(1)=0

where f :[0,1]>< R* — Ris a continuous function satisfying a Nagumo-type condition. This result deals with a fully
nonlinear differential equation-the nonlinearity can depend on every derivative until order three.

In 1996, Dalmasso first proved the existence of single positive solution of problem
) (+) = '
u¥(t)=h(t) f (tu(t),u’(t)),te[0,1\E
under two -point boundary conditions
u(0)=u'(0)=u"(1)=u"(1)=0
By comparing the first value of associated linear problem with the limits

f(u) Lu)

Iimsup,HoT liminf,_, '
When E ¢¢,h(t)zl, f (t,u)= f (u)and f :[0, +oo]—>[0, +OO] is continuous.

For boundary conditions considering every derivative until order there ,similar results can be obtained, since the second
and third derivative are given in different endpoints. More precisely, considering Eqg.(1.1) with one of the following
boundary conditions

u(0)=u'(1)=u"(1)=u"(0)=0
u(l)=u’'(0)=u"(0)=u"(1)=0
u(l)=u’'(0)=u"(1)=u"(0)=0

analogous theorems hold, with adequate modifications, assuming the second derivatives of lower and upper solutions in
the reversed order. For boundary value problems including Eq.(1.1) and one of the following conditions

u(0)=u'(0)=u"(0)=u"(1)=0
u(0)=u'(1)=u"(1)=u"(0)=0
u(l)=u'(1)=u"(0)=u"(1)=0
u(l)=u'(1)=u"(1)=u"(1)=0

existence and location results are obtained for another type of lower and upper solution, with the second derivatives well
ordered.

Inspired and motivated by the works mentioned above, in this paper, we will consider the existence of positive
solution to the nonlinear BVP (1.1) and (1.2). The purpose of this paper is to fill in the gap in this area. The results
obtained extend and complement some known results.

The rest of the article is organized as follows, In Section 2,we present some preliminaries and the fixed point theory
in cone that willed be used in Section 3.The main results and proofs will be given in Section 3.

PRELIMINARIES AND LEMMAS
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Consider the Banach space C[0,1] with norm Juf| = max
0<t<1

u (t)‘ and let

c'[01]={ueC[01];u(t)>0,0<t<1}, K ={u(t)eC’[0.1]; min u(t)>ofuf,0<t<1,
2
3p
=——csch

o=1¢ csch(p)
it is easy to check that K is a cone of nonnegative function in C [0,1] .

Consider the nonlinear second order boundary problem
()= pru(t) = (1) (21)

u(0)=0,u’(1)=0

(22)
A direct check implies that the problem (2.1), (2.2) is equivalent to the following integral equation
u(t)=] G, (t,s)v(s)ds, (2.3)
Where
Slnh(psg(()::;f(](g)—pt),o_ ct<1
Gi(ts)= Sinh(,:t)COSh/(Op—pS) (24)
,0<t<s<1
pcosh(p)
Consider the nonlinear second order boundary problem
V'(t)+ pPv(t)=—f (tu(t)) (25)
v(0)=0,v'(1)=0 (2.6)
The same method
v(t) =.[0162 (t;s)f(s.u(s))ds (2.7)
where
cos p(1-t)sin ps O<s<t<l
G, (t.s5)= Cosp’(olc_ciﬁ ot (28)
,0<t<s<1
P COS p

we can easies compute U (t) = I:I:Gl (t, S)G2 (S, T) f (r, u (z‘))drds
Clearly, if U(t)is a positive solution of the problem (2.1)and(2.2) and let u(t)=du(t), it is easy to know
u(t)is the positive solution of the BVP (1.1),(1.2).
Lemma 2.1 Foe all (S,t) € [0,1]><[0,1] , we have
cosh(p— pt)
G,(t,s) |cosh(p—ps)
G,(s,s) |sinh(pt)
sinh(ps)’
ptd—t)esch(p)G,(s,s) <G,(t,s) <G,(s,s)

,0<s<t<1

0<t<s<1
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Proof. Itis clearly to see
(=) os<r<a
G,(t,s) |cosh(p—ps)’
G,(s,s) |sinh(pt) O<t<s<l
sinh(ps)’
§ pt(1-t)sech(p),0<s<t<1
ptesch(p),0<t<s<1
> pt(l-t)csch(p)

It is obvious that G, (t, S) <G (S, S) .The proof is complete.
Define an integral operator @ :C" [0,1] —C" [0,1] by
1pl
= joj.o G, (t,s)62 (S,z‘) f (z',u(r))dfds

Then, only if nonzero fixed point U(t) of mapping @ defined by (2.9) s a positive solution of (1.1) and(1.2)

(2.9)

Lemma 2.2 CD(K)C K
Proof. Forany U € K, from lemma 2.1we have

ou(t)|=max [ [1G,(t.5)G, (s.) f (z.u(z))drds
And inequalities
|@u(t) HSHIG 5,5)G,(s,7) f(,u(z))dzds
tel|‘r;}CI>u(t Tln j I G, (t,5)G,(s,7) f(z,u(r))dzds
> pt(1-t)csch(p IIG (s,s) 7) f(x,
> I I G ( )62 (S,r) f (r,u(r))drds
+ olou(t)]=ofoul
Thus, d)(k)c K

It is clear that @ : K — K is a completely continuous mapping.
Let E be a Banach space, and let K < E be a cone in E .Assume Q,,€,are open subsets of E withO € Q

u (r))d rds

Q, cQ, andlet ®:KN(Q,\Q,) — K be acompletely continuous operator such that either
) |ou||<jull, ue KNOQY,, and |[[DulZ|u]|]. ue KNoQ,;or
(2) |ou|jull, ue KNOQY,, and [[Dull<u||, ue KNoQ,,

Then @ has a fixed pointin K (Q,\Q,).
We will apply the first and second parts of the above Fixed Point Theorem to the super-linear and sub-linear cases

MAIN RESULTS
Theorem 3.1 Assume that (H, ),(H, ) hold then the problem (1.1) and (1.2) has at least one positive solution.

Proof Since (H,) ,we may choose I > Oso that f (t,u) < eu,forO<u <r, whereg > 0 satisfies
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& jol j:Gl(s, $)G,(5,7) f (7,u(7))drds <1.
Let Q ={u eC[0,1];||u|l< r}, Yu e KL, from lemma 2.1,we have
[ou(t)] <[ [ G(,9)G,(s.) f (r,u(z))dds
1pl
<z|ul, ], Gi(s,5)G, (s,7)dds

<ul
Then shows || Du ||<]|u||.

Further, since (H,) there exists R, > Osuch that f (t,u) > zu, u > R,where x> 0 chosen so that
3 3
po[#[#G,(s,5)G, (s, 7)d rds 21
4 4

Let R > max{r, ﬁ}andgzz —{ucC[0,1];]|u|l< R}, then Vu € K 1Q, and

> —
tm‘gqu(t) o-||u|| oR>R,, implies

|u(t)]> n[ﬂln}o-j J“‘G(s $)G,(s,7) f (z,u(r))drds zayjljjﬁel(s,s)ez(s,r)u(r)drds

Jul

Hence, || @u [[>]|u]| for Yu e K 0Q,

\Y4 h\w

Therefore , by the first part of the Fixed Point Theorem, it follows that @ has a fixed point in K [ (§_22 \ Q))) .Further,

since G, (t, S)G2 (s,7)dzds >0, it follows that u(t) >0for O <t <1.This completes the super-linear part of the
theorem.

Theorem 3.2 Assume that (H, ),(H,) hold then the Problem (1.1) and (1.2) has at least one positive solution.

Proof  Since (H,) we first choose I > Osuch that f (t,u) > zu , for O <u < r where
1 >0 satisfies

3 3
e _[f jf G,(s,5)G, (s, 7)drds >1,
4 4
Let Q ={ueC[0,1];||u|l< r}, for Yu e K(10Q, ,from lemma 2.1, we have

|u(t)]= min j; I;‘Gl(s,s)Gz(s,r)f(r,u(r))drds

E%
> aEEGl(s,S)GZ(S,r)f (z,u(z))dzds

3 3
> uor|ul [ [£Gy(s,5)G, (s, 7)drds > |u]
4 4
Sothat || Du |I>||u ||
Now since (H ) ,there exists R, > 0sothat f(t,u) <eu, for u> R, where & >0 satisfies

¢ jol _[:Gl(s,s)GZ(s,r)drds <1. VueKNaQ,.

We consider two case:
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Suppose f (t,u) is unbounded for VO<U<R we have f (u)< f(R), R> max{r,&},
o

min u(t)>o|lull=ocR>R,.

te[1/4,3/4]

Let Q, ={u €C[0,1];||u|l< R}, for Yu € K[10Q, therefore

|ou(t)

B I:I:GI(S, 5)G,(s,7) f (7,u(r))dzds

<[ [G.(5.9)G,(s,7) f (R)drds

1pl
<eR| [ Gi(s,5)G,(s,7)Rdrds <R =u]

So that || @u ||| u]|.
Suppose f (t,u)is bounded , there existsN >0, for te[0,]]and ue[0,+)we have f(t,u)<N,

R > max{r, N jol jolc;l(s, 5)G, (s, 7)d zds}.

Let Q),

[ou(t)] <[ [ G(5.9)G, (s, 0) f (r,u(z))deds

={u e C[0,1];|| u||< R} ,for Yu € K(10€Q,, from lemma 2.1, we have

1pl
<N jo jo G,(5,5)G, (s, 7)d ds

<R=[u|

So that || Du ||| u ||
Therefore, in either case we may put Q, ={ueC[0,1];||u|l< R}and for Vue K[10Q,we have

|| ©u |<||u||.By the second part of the Fixed Point Theorem it follows that BVP (1.1),(1.2) has a positive solution,
and this completes the proof of the theorem.
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