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Abstract: The nonlinear fourth-order boundary value problem
W (1) p'u(t) = f (tu (1))
u@)=u’(0)=u"(1)=u"(0)=0
T
is studied in this paper, where 0 < p < E .The existence result of at least one positive solution to above fourth-order

boundary value problem is obtained by using Fixed Point theorem in cones.
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INTRODUCTION
In this paper, we consider the nonlinear fourth-order boundary value problems (BVP for short)

u® (t)- pu(t) = f (tu(t)),0<t<1, (1.1)
where 0<p<% is a parameter , f :[0,1]><[O,+00)—> Ris a nonnegative and continuous function. With

boundary conditions
u@) =u’'(0)=u"(1)=u"(0)=0 (1.2)
In this case, a beam deformation with one endpoint simply supported and the other one sliding clamped. By a
positive solution of BVP (1.1) and(1.2) we call a function u(t) which is positive on (0,1) and

u(t) eC? [0,1](\C4 [O,l] such that U (t)satisfied differential equation (1.1) and the boundary conditions (1.2) At
is assumed throughout that

(H,): f (t,u)is integral for each fixed ue [0,1]><[O, +oo) , and 0<J: f (t,u(t))dt < +00;

) f(t,u ... f(tu _ f(t,u ... f(tu
(H,):lim SupM:Qllm inf M:oo ; (Hy):lim Supgzoo, lim inf (—):O.
u—>0"tefo1] U u—otel0d] Y u—0"tefo1] U u-eotel0l] Y
The nonlinear fourth-order equations appear in some physical problems as, for example, the bending of an elastic
beam with several types of two point boundary conditions, describing how the beam is supported at the two endpoints,

see [1-13] .The positive solution has profound practical significance.

In 1996, Dalmasso first proved the existence of single positive solution of problem
) (+) = '
u¥(t)=h(t) f (tu(t),u’(t)),te[0,1\E
under two -point boundary conditions

u(0)=u'(0)=u"(1)=u"(1)=0
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By comparing the first value of associated linear problem with the limits
f(u) f(u)
u u
When E #g¢,h(t)=1, f (t,u)=f (u)and f :[0,+a0]— [0,+o0]is continuous.

For boundary conditions considering every derivative until order there, similar results can be obtained, since the
second and third derivative are given in different endpoints. More precisely, considering Eq.(1.1) with one of the
following boundary conditions

u(0)=u'(1)=u"(1)=u"(0)=0

u(l)=u'(0)=u"(0)=u"(1)=0

Inspired and motivated by the works mentioned above, in this paper, we will consider the existence of positive
solution to the nonlinear BVP (1.1) and (1.2). The purpose of this paper is to fill in the gap in this area.The results
obtained extend and complement some known results.

limsup, ., liminf,

The rest of the article is organized as follows, In Section 2, we present some preliminaries and the fixed point theory
in cone that willed be used in Section 3.The main results and proofs will be given in Section 3.
PRELIMINARIES AND LEMMAS

Consider the Banach space C [0,1] with norm ||u|| = max
0<t<1

u (t)‘ and let

C'[0.1]={ueC[0,1];u(t)0,0<t<1}, K ={u(t)eC[0,1]; min u(t)> ofu].0<t <1,
te| ——

4'4

3p
=1 h
o 1 CSCl (p)

it is easy to check that K is a cone of nonnegative function in C [0,1] .
Consider the nonlinear second order boundary problem

u”(t)—p’u(t)=—v(t)
u(1)=0,u’(0)=0 (2.2)
A direct check implies that the problem (2.1), (2.2) is equivalent to the following integral equation

u(t) =G, (t.s)v(s)ds, (2.3)

Where
cosh(pS)Sinh(P—Pt)o <t<1
cosh I
e poos (») (2.4)
cosh(pt)sinh (p— ps) 0<t<s<1
pcosh(p) o

Consider the nonlinear second order boundary problem
V'(t)+ pPv(t)=—f (tu(t)) (2.5)
v(1)=0,v'(0)=0 (2.6)
The same method

v(t)=.[0162 (t;s)f(s.u(s))ds (2.7)

where

694



Jing Ge., Sch. J. Eng. Tech., 2014; 2(5A):693-698

sin p(1-t)cos ps 0<

- , <t<1

pCOS p

G,(t,s)= 2.8

:(t:5) sin,o(l—s)cos,ot0<t<s<l (28)
P COS p T

we can easily compute U (t) = J.:J.:Gl (t, 5)62 (S, T) f (r, u (T))deS
Clearly if U (t)is a positive solution of the problem (2.1) and(2.2) and let u(t)=®u(t), itis easy to know u (t)
is the positive solution of the BVP (1.1) ,(1.2).
Lemma 2.1: Foe all (s,t) €[0,1]x[0,1], we have
sinh (p— pt)
G,(t,s) [sinh(p~ps)
G,(s,s) |cosh(pt)
cosh( ps)
ptd—t)esch(p)G,(s,s) <G,(t,s) <G,(s,s)

Proof: It is clearly to see

,0<s<t<1

,0<t<s<1

sinh(p— pt)
G,(t,s) [sinh(p~-ps)
G,(s,s) |cosh(pt)
cosh( ps)
Z{pt(l—t)csch(p),OSsStSl
ptsech(p),0<t<s<1
> pt(l—-t)esch(p)
It is obvious that G, (t,5) < G, (S, S).The proof is complete.
Define an integral operator @ :C" [0,1] —C" [0,1] by

= [ [G.(t.s)G,(s.7) f (z,u(z))drds (2.9)

Then, only if nonzero fixed point U (t)of mapping @ defined by (2.9) s a positive solution of (1.1) and(1.2)

Lemma 2.2: CD( K) cK
Proof: Foranyu € K, from lemma 2.1we have

@u(t)]=max [ [ G, (t,5)G, (s.7) f (r.u(z))drds

,0<s<t<1

,0<t<s<1

And inequalities

|@u(t) HSFFG 5,5)G,(s,7) f(r,u(z))drds
min ®u(t)= min I I G,(t,5)G,(s,7) f(r.u(r))dzds

} {44

t(1-t)csch(p jIG (ss) ) f(r,u(z))drds

Nlw

te i
4
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>5[ [[G,(5,5)G, (5.7) f (r,u(z))drds
> ofou(t)] = ofaul
Thus, CD(k) cK

It is clear that @ : K — K is a completely continuous mapping.
Let E be a Banach space, and let K < E be a cone in E .Assume Q;,€,are open subsets of E withO e Q,,

Q, cQ, andlet ®:KN(Q,\ Q) — K beacompletely continuous operator such that either
(1) ||@uli€u]l. ue KNoQ,, and ||Du|>[|ul], ue KNoQ,;or
(2) |ou|jull, ue KNEQ,, and [[Dul|<u|], ue KNoQ,,
Then @ has a fixed point in K N (Q, \ Q).
We will apply the first and second parts of the above Fixed Point Theorem to the super-linear and sub-linear cases.
MAIN RESULTS
Theorem 3.1: Assume that (H, ),(H, ) hold, then the problem (1.1) and(1.2) has at least one positive solution.

Proof: Since(H,), we may choose r > Oso that f (t,u) < eu,forO<u <r, wheree > Osatisfies
& jol j:Gl(s, $)G,(5,7) f (7,u(7))drds <1.
Let, Q, ={u eC[0,1];||u||< r}, Yu € K10, from lemma 2.1,we have
[ou(t)] <[ [ Gi(s.9)G, (5.2) f (r,u(z))d s
1pl
<z|ul|. | Gi(s,5)G, (s, 7)dds
<l

Then shows || ®u ||<]|u||.
Further, since (H,) there exists R, > Osuch that f (t,u) > zu, u > R,where x> O chosen so that

3.3
e j R jf G,(5,5)G, (s, 7)drds >1
4 4

Let R > max{r, &}andQZ ={u eC[0,1];]|u|< R}, then Yu € K[10Q, and
o

i > — impli
tE[r]’514lg4]u('[)_0'||u|| oR>R,, implies

H(Du (t)H > Tllral} JI;‘J‘;Gl(S, S)G,(s,7) f (r, u (r))drds > UyI;I;Gl(S, s)G,(s,7)u (z‘)drds

> ul
Hence, || @u |[>||u]| for Yu e KN Q,
Therefore, by the first part of the Fixed Point Theorem, it follows that @ has a fixed point in K (1 (Q, \ ©,) . Further,

since G, (t, S)G2 (s,7)dzds >0, it follows that u(t) >0for 0<t <1.This completes the super-linear part of the
theorem.
Theorem 3.2: Assume that (H, ), (H,) hold, then the Problem (l.l) and (1.2) has at least one positive solution.

Proof: Since (H)we first choose I > Osuch that f (t,u) > zu, forO<u <r where y > 0 satisfies
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3 3
e _[f jf G,(s,5)G, (s, 7)drds >1,
44
Let Q ={ueC[0,1];||u|l< r}. for Vu e K 0Q,, from lemma 2.1, we have

|u ()] 2 mi | j; jlj G,(5,5)G,(s,7) f (z,u(z))drds

n
3
€ =,—
4

h\HB

> aﬁj;c;l(s,s)c;z(s,r)f (z,u(z))dzds

3 3
> por|ul [ [£Gy(s,5)G, (s, 7)drds > |u]
4 4
So that || @u |[>[|u .
Now since (H), there exists R, > Osothat f(t,u) <eu, for u>R, where & >0 satisfies
1pl
P jo jo G,(5,5)G, (s, 7)drds <1. YueKNaQ,.
We consider two case:
R
Suppose f (t,u)is unbounded for VO<Uu<R, we have f (u) <f (R) , R > max{r,—},
o

i > =
159/14',94]“0 >o||ulFoR>R,.

Let Q, ={u €C[0,1];||u|l< R}, for Yu e K10, therefore
[ou(t)] <[ [ G(s.9)G, (s, 0) f (r,u(z))deds
1pl
< jo jo G,(s,5)G,(s,7) f (R)dzds

1pl
<eR| [ Gi(s,5)G,(s,7)Rdrds <R =[u]
So that || Du [|<||u ]
Suppose f (t,u)is bounded , there existsN >0, for te<[0,1]and u€[0,+0)we have f(t,u)<N,

R>max{r,N " [ G,(s,5)G, (s, 7)d rds}
LetQQ, ={u € C[0,1];]| u||< R} ,for Yu € K(10€,, from lemma 2.1, we have
[ou(t)] <[ [ G(5.9)G, (s, 0) f (r,u(z))deds
<N[ [ G,(5,5)G,(s,7)dds
<R=|u]
Sothat || Du ||| u ||

Therefore, in either case we may put Q, ={ueC[0,1];||u|l< R}and for Vue K[10Q,we have

|| ©u |<|| u [|.By the second part of the Fixed Point Theorem it follows that BVP (1.1),(1.2) has a positive solution,
and this completes the proof of the theorem.
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