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. . 2 tarctanx-T, (x)
Abstract: This paper discussed a, = —I—
T N1-%P
Qibixiaofu polynomial, n =0,1,2L ) The conclusion is when n is even number, a8, =a,, =0. And when n is odd
number,

dx this kind of definite integral. (T,(X) is n-th

2
a=a,. =(-1)"——K2-2)*"k=0,12L
» = = (D = (V21" )
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1. When n is even number, the numerical value of
2 ¢arctan x-T (X
an = —I n( ) dX
T

J1—x2

When n is even number, T, (X) is even function, and arctan x is odd function, v1— x* is even function, so the
arctan x-T_(x)
J1-x?

a,=a, =0 (k=0,1, 2, ..) (1)
2. When n is odd number, the numerical value of
2 ¢arctan x-T (X
a,=— I o )dx
5 \/l— X’
1) The relationship between the definite integral @,,,;, @,(_y,, and Ak-2).1-
If nis odd number, X = COSt, then
1
= 2 I arctan x~T2k+l(x)dX
/4

_71 \/1—X2

_2 _[ arctan(cost) cos(2k +1)tdt
4 0

integrand of this integral is odd function. As the integrating range [-1, 1] is symmetric, so

:E[ ! arctan(cost)sin(2k +1)t} + 2 ISIn(2k+l)2tSIntdt

| 2k+1 o (k+Dzy  1+cos’t

_ 2 J~sm(2k +1)2tsmtdt 2
(2k +D)zy  1+cost
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So we can work out the follow equation.

__I sm 2t
1+ cos? t

sm 2t sm 2t
:—I| j _[
JT €40 1+ cos? t 1+ cos? t

=Ellm{ [«/5 arctan(m) t ]%_g [«/5 arctan(m) t =}

T £->40 \/_ 0 ﬁ
V2 oz 2 ox
= (- D)+ (r+Er+2) |=2(2 -1 (3)
ﬁ[(z” )+ mael) =221
(Whent = % , tant has no definition)

_i”sinStsint I( —4sin’ t+35int)sintdt

° 373 1+cos’t 1+cos’t

:__4.'- sin*t _sin"t 3-[ sin’t it]

3z 1+cos’t 1+cos®t
Because
T =4 Toarin? _ 2 ua
sin t2 dt:_[sm [2 (1+2cos t) ZJ- sm ’t (— _[sinztdt
o 1+cos“t 5 1+cos“t 1+cos’t
T osin?t
Though (3), we can figure out I—Zdt = 72'(\/5 —1), and as
1+cos“t
Isinztdtzz,
5 2

SO

a, =3£{—4[2(\/§—1)7z—% |+3(2-1)x }:-%(10\/5—14) (4)

7T

From the two trigonometric functions as follows,
sin(2k +1)t = sin[2(k —1) + 1}t cos 2t + cos[2(k —1) +1 ]tsin2t
sin[2(k —2) +1]t = sin[2(k —1) + 1} cos 2t —cos[2(k —1) +1 }sin2t
We can figure out
sin(2k +1)t = 2sin[2(k —1) + 1]t cos 2t —sin[2(k —2) +1 }t
2sint

Multiply the two sides of this equation by

2 7 sin(2K +1)tsint calculate by integration.
2k +D) 7z -([ 1+cos?t

2(k-1)+1 2 2”sm[2(k 1)+1 ]smtcosth
2+l [ 2(k-D+1 ]x ! 1+cos’t

2(k—2)+1 2 Tsin[2(k—2)+1]tsintOlt
2k+1  [2(k-2)+1]x 1+cos’t

, and
(2k + )7z (1+cos’ t)
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So

2k -1 zsin[2(k —1) +1]tsint(1-2sin’t) 2k -3
P = ok T2tk 1)+1 I 1+ cos’ t g e
Since
J'sm[Z(k 1) +1}sint(1 - 2sin? D gt
5 1+cos’t

0

T n[2(k - 1)+1][smtd 2Ism[Z(k 1)+1][smt[2 (1+ cos? t]d

1+cos’t 5 1+cos’t

BJ-sm [2(k - 1)+1]tsmt
1+ cos®t

From(5)we can figure out

k-1, 2%-3

2k +1 2P 2k 41

dt +2sin[2(k —1) + 1} sin tat
0

Ay =—6 Ay 2 (K=2,34A) (6)

2) When N is odd number, The calculation formula of @,
Now we can prove the follow equation by induction
) 2(\/5_1)2k+1
2k+1 ( )

2k +1
From (3) We can know that Whenk =0,

(k=012A) (7

_1y20+1
a, =2(~2-1) = (-1)° 2(‘/5—1)
2-0+1
From (4) We can know that When kK =1,

. 2(\/5_1)2414

1
a, = —5(10\/5—14) =D =

Sowhen kK =0,1, the equation (7) may be tenable.

Ifk =m—1, k=m,(7) istenable, so
. ~ (_1)m 2(\/5—1)2””1 ( )m . Z(ﬁ_l)z(m—l)ﬂ
2m+1 2m +1 ’ 2(m—1)+1 2(m —l) +1

Form (6) we can work out that, whenK = m+1,

2m+1 2(m-1)+1
T A %ma T o, ma
2(m+1)+1 2(m+1)+1
Form( 8) we can figure out by induction hypothesis,

a _ 2m+1 . D" 2(\/5 —1)>m ~ 2(m-1) +1' (™t 2(\/5 _1)2(m—l)+1
AmE T T o m+1) +1 2m+1 2(m+1)+1 2(m-1) +1
B me 2(\/5_1)2m+1 (_1)m 2(\/5_1)2(m—1)+1 o am 2(\/5_1)2m71 i e
=60 2(m+1)+1 i 2(m+1)+1 = 2(m+1) +1 [ 6(v2-1) +1]
o am 2(\/5_1)2m—l 3 e
=D 2(m+1)+1 [ (2~ ]
il 2(\/5_1)2(m+1)+l

= ()
2(m+1)+1
So the equation (7) can be tenable.

is tenable. (8)

Aymey =
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From( 1) and ( 6) , we can figure out

2 tarctan x-T (X) 0 n=2
a =2 [T W gy - 22 —1)% k=012A (9)
72'1[1 NS (—1)k%, n=2k+1( )
3. Application

By the definition of Qibixiaofu function series, the Qibixiaofu series of arctan X (-1<x<1) is

a—2°T0 ) +a T (x)+a,T,(x)+A

1
Among them, a,= E.[de (n=012A)
T ’\ll—Xz
From( 9) we can figure our the value of a, (N =0,1,2A) is
a,=a,=a,=A =a, =A =0;
2(-1)"
8, =202 -1), 8, =~ 2 (21, 8, = 221, Ay = D (JZ-DEEA

3 5} 2k +1
So the Qibixiaofu series of arctgx is

) 2(\/5_1)2k+1

2k +1 Taca ()L

202 -1, - S (V2 -H'T, (00 + £ (WZ-D T, (0 +L +(-)
1.1.1. And the Qibixiaofu series of arctan X partial sum is
) 2(\/5_1)2k+1

P =202 -0 - S (WZ- T, (9 + SWZ- )T+ + (0 21, (9

It is the best mean square approximation polynomial of arctan X . Taking sz+1(x) as an approximation of arctan x.

2(/2-1*

2k +1
And taking P, (X) as an approximation of arctan x ,calculate the approximation of arctan0.5.
As

arctan x ~ 2(v2 ~1)[T,(x) —é (2 -1)°T,(x)+L +(-1) Ty (¥)] (10)

T, (X) =X, To(X) =4x® —3x, T,(x) =16x> —20x° +5X,
SO

arctan 0.5 ~ 2(v/2 -1) ><0.5+%(14—10«/§)(4><0.53 —3x0.5)+
%(58\/5 —82)(16x0.5° —20x0.5° +5x0.5)

= (70+/2 - 98) ><0.5+%(1040—736\/§) x0.5° +%(58\/§ —82)x0.5°

~ 0.994949367 x 0.5—0.287060633 x 0.5° + 0.078037184 x 0.5°
=0.462198959
Now try to make P, ., (X) which is the best mean square approximation polynomial of arctan X instead of arctan x
error estimation. Since arctan X is a continuous function, and its first-order derivative (arctan x)" is bounded, so
the Qibixiaofu series of arctan X uniform convergence in arctan x.
arctanx =a,T,(X) +a,T,(X) +L +a,,., T, (X)+L (11)
By (11),

|arCtan X— P2k+1(x)| = ‘az(k+1)+1T2(k+1)+1(X) + a2(k+2)+1T2(k+2)+1(X) +L ‘
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As

So

< ‘az(k+l)+lT2(k+l)+1(X) |+| a2(k+2)+1T2(k+2)+1(X)‘ +A
T,(¥)|<1 (n=012A),

+L (12)

|arctan X— P2k+1(x)| < ‘a?(MH |+| Ay (k12)41

By (7), we can figure out

(\/E_l)ZkJrl A ]

1
|al|+|a3|+A +|a2k+l|+A 22[ (\/E—l)+§(\/§_1)3 +A + 1

By the formula

2 5 2k+1
In1+—X:2(x+X—+X—+A +
1-x 3 5 2k +1

+A) (-1<x<1)

Can work out

1+(2-1) In(v2 +1) (13)

la,| +[as| + A +|ay,,|+A =Inl 21

Though (12) and ( 13) , we can know
larctan x — By, ()| < IN(v2 +1) ~[|a]+]as|+L |y ]

1 2 1 4 1 2%
=In(\/§+1)—2(\/§—1)[1+§(\/§—1) +g(‘/§‘1) +A+2k+1(\/§—1) ]

(k =012A) (14)

Now we use P, (X), P,(x). P,(x) instead of arctan x error estimation in [-1, 1].Though (14), we can figure out

larctan x — Py(x)| < In(v2 +1) - 2(v/2 - 1) [1+%(J§—1)2 +%(J§—1)4} <7x10™*

larctan x - P, (x)| < In(/2 +1) - 2(v/2 - 1) [1+%(J§—1)2 +%(J§—1)4 +%(«/§-1)ﬂ <10™
larctan x — P, (x)| < In(v2 +1) - 2(v2 - 1)[ 1+%(«/§—1)2 +%(J§—1)4 +%(J§—1)6 +

%(\/5—1)8 ]<14x10°°
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