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INTRODUCTION

Boundary value problem has been an important branch in the theory of differential equations, and it is a very active
research field at present. The research on the eigenvalue problem has attracted many scholars. The features of the high
order nonlinear boundary value problems of the existence of value enrich the problem [2-6]. However, most authors
study the problem under the conjugate boundary conditions or more simple boundary conditions, and papers constructed
the research on high-order ordinary differential equations with more complex boundary conditions are not common. This
paper is different from theirs, and study the eigenvalue for nonlinear high-order differential equations has been done. It is
proved that the equation has at least one positive solution through the cone fixed point theorem.

Preliminary Notes
In this paper, we concern on the following nonlinear higher-order boundary value problem

(D)™ y®™ = 21 (x, y(x)),
y(0)=0,0<i<m-1, (1)
yP1)=0m< j<2m-1.
where 4 >0, let

1
(H,) f(x,y) isnotequal to zero any where for any compact subinterval in[0,1] , and .[0 X" (X, y)dX < 4o0;

(H,) lim O g i LY g
o0y ymrmy
Theorem 2.1 Let B be a Banach space and K isaconein B . Assume that €2, and €2, are open subsets of B
with 0eQ,, Q < Q, Let @ : K N (Q, \Q,) — K be a completely continuous operator such that either
0 @y <|y]. y e K no,, |y =]|y| y e KN, ; or
i [y 2 [y]. y € K oo, |oy] <[y y < K née,.

Then, @ has a fixed pointin K M (€, \€Y,).

Let A=(afig(s)ds)™, B=(I A1 [ a(s)ds) ™.
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3 Main Results

To obtain positive solutions for the problem (1), we state some properties of Green’s function for (1).

We can easily obtain it, the problem (1)is equivalent to the integral equation
1
y() =4[ G(x,5) 1 (s, y(s))ds

where

I

=1)!

Gixs)— | [(M-DT
o

[(m-D)*
Moreover, the following results have been recently offered by [3].
Lemma 2.1 Forany X,S €[0,1], we have

a(xX) g(s) <G(x,s) < A(X)g(s),

U™ (Uu+x-s)""du,0<s<x<1

U™ (Uu+s-x)""du,0<x<s<1

Where

m m-1 1
m

a(X):2 s B(X )— ; Q(S)st

Define the cone K in Banach space C[O,l], given by

K ={y eC[0,1]: y(x) > O,1r£1i<ng y) = a|y|/||B}

wnere ] = sup | (1. & = min (). | 811= max 5.

7<x<7 0<x<1
4

We define the operator ®:K — K by
1
(@y)() =2[ G(x,5) (s, y(s))ds

For any Y € K ,we have

m|n CDy(x) > /1 m|n j a(x)g(s) f (s, y(s))ds

> % max j AG(x,5) f (s, y(s))ds =
|8l o=+t
This implies ®(K) c K.
We can easily obtain it, @ : K — K is a completely continuous mapping.
Theorem 2.2 Assume that (H,)and (H,) hold, Our assumption throughout is,

A<g<E
f, f,

then the problem(1) has at least one positive solution.
Proof Choose & >0, such that

[att, o[ g(8)dsT* < A<[| Bl (f, + ), g(s)ds]?

Dy
T

Following from [im M =f
y—0* y

f(x,y)<U,+e)y,0<y<d;.
Let O, ={ye[0,1],|y| <53}, forallxe[0,1], forany yeKnaQ,,

oy() < A [ a@)(f,+o)ly lids <[]

o there exists &, > 0, such that

Thus || Dyl <[ly]|.
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Following from lim Ty =+o0, thereexists N > 0,such that f(x,y)>(f_—&)y,y>N
y—>+00 y

Choose R > max{5l,|| Al N} let Q, ={y € C[0,1],]|y|| < R}.

For allx €[0,1], min y(x)_”ﬁ”||y||— R>N,yeKnoQ,
4

181
3 3
Dy (x) > 1 j fag(s) f (s, y(s)ds > 2affg@)ds-(f,—2) [yl =] y|
4 4
Thus || Dyl =]ly |-
Thus, theorem 2.1 implies, the problem(1) has at least one positive solution.

A B
Theorem 2.3 Assume that (H,)and (H,) hold.Our assumption throughout is, T <A< T
0 £

then the problem(1) has at least one positive solution.
Proof Choose & >0, such that

[ [fa(s)ds(f, — ) <[ A1 [ 9(s)ds(f,. +&)]*

Following from lim f(x) =f
y—0* y

f(x,y)=>(f,—¢)y,0<y<o,.
Let O, ={ye[0,1],||y||<51}, forall X €[0,1], forany y € KMo,

o there exists &; > 0, such that

3 3
Dy (x) > A[{G(x,5) F (5, y)ds > Aa [fg(s)ds- (f, —&) [ y [ 2] v
4 4
Thus || Dy =] y I

. f(x,
Following from lim M

=+o0, thereexists N >0, forany y> N, suchthat f(X,y)<(f, +¢&)y.
y—>+0 y

We consider two cases: f isbounded or f isunbounded.
Situation(1): If f isbounded, there exists M >0, such that
f(x,y) <M, O<y<w,

Choose R, =max{2R,,M || A || A.ng(s)ds}, ifforally e Kand | Y[|=R, ,

DY) <AIA1[ 9 f(s,)ds <Al FIM [ a(s)ds <R, =y
Let Q, ={y eC[0],]| YI<R,. forall xe[0,2],|| Dy |<| yll. Yye KnaoQ,.
Situation(2): If f is unbounded, choose R, >max{2R;, N}, such that
f(x,y)<sup f(x,R,),0<x<10<y<R,

0<x<1

ifforally € Kand || y ||= R, ,we get

1 1
loyli 2181 [9(s) (s, R)ds <41l A1l ['a(s)ds-(f, +&)l y <l v
Let Q, ={yeC[01],]| Y[<R,, forallx [0,1],]| @y || yIl. ye KN, .

From the above two kinds of circumstances, Choose 2, ={y € C[01],|| Y|< R, forany x €[0,1], such
that
IOyl yll. yeKnoQ,.
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Thus, theorem 2.1 implies, the problem(1) has at least one positive solution.
Lemma 2.2 Assume that (H,)and(H,) hold. Let f_ =+o0.If A is sufficiently large, the problem(1) has no
positive solution.

. f(x,
Proof Following from lim M=+00, there exists M > 0, such that

y—>+x© y

f(X,¥)>Ry(x), y=M.

If IIYII>—|IﬂI| since. min y(X )>mllyll—|\/|  We get
xel5 0]

Il 2 mig <00 [ 0(6) 15, y(ses

> 2 min a(x) j g(s)Ry(s)ds

Xe[f 7]

(s)ds

IIﬂII

3

a —

Thus, A <(R ” If g(s)ds)™, which contradicts with A sufficiently large.
4

2

If | y||<M||,B||,Iet c=jlg(s)f(s, y(s))ds, then 0 <C < +o0, and

— || LlEly|> 4 mln a(x)j g(s) (s, y(s))ds > Aac,ie. A<M || B]| (e’c)™, which is also
Xe [**]

contradiction.

Lemma 2.3 Assume that (H,)and (H,) hold. Let f_ =0, there exists A", forany A=A, the problem(1)

has at least one positive solution.
Proof Let {4,},_; be a monotone decreasing sequence and lim A, = 4 *,and{4,},_; satisfy the
N—o0

problem(1), We claim that the corresponding positive solution sequence {yln (X)},—; is uniformly bounded.
Otherwise, there must be || y, [|=+oo.
f(x,

x¥) _q

y

1 .
LetC, =.[ g(s)ds, R=max f(X,y). In fact, from lim , there exists M >0, such that
0 0<y<™m y—>+0

f(xy) < ey, forall y >M, where ¢ is chosen such that &4,/C, <1.
Forall y>0, f(X,y)<R+g&y. Hence we obtain

Hyﬂﬂ (X)H =4, maxI G(x,s) f(s,y, (s))ds

0<x<1

<2 I BIlR+&lly, D[, 9(s)ds

suchthat (A=A, [| Bllce) Iy, <A I B1IGR

Iy, IS4, 1| BlIc,RI A=A, || Bl c¢)
Let n —> 0 it is obvious to see

lim|ly, I<1im 2,50, (R+2 1, ) < 26 | BIIRI A7 || Bl ) < +0.

Itis a contradict with || Y, [l= +00. Thus, there exists anumber L with 0< L <+oo such that || y, [[< L foralln.
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In addition, following from @ is a completely continous mapping, we obtain that{yjﬂ }:O:I is equicontinous.
Ascoli-Arzela theorem claims that {yjﬂ —_ has a uniformly convergent subsequence. Denoted again by {yﬂﬂ }... And
{y,, (X)}; converge to Y,(X) uniformly on [0,1]. Thus, Y,(X) =limy, (x)>0, y, (X) satisfies

n—oo
1
Y, (0 =2, [ Gx5) (s, (s)ds
Letn — oo, using the Lebesgue dominated convergence theorem, we obtain

Yo () =limy, (9 =lim2, [ G(x,5) f (5., (5))ds = 4[| G(x,) f (5. y(s))ds

Therefore, for any =1, Y, (X) is a positive solution of (1).
Lemma 2.4 Assume that (H,)and (H,) hold. Let f, =0, f_=0, then there exists 4, >0, such that for all

Ae [/10 ,+00), then the problem(1) has at least one positive solution.

Proof Choose A, ——(m g(s)ds)™, let K, ={y e K:]| y||< ————} then for
||,3|| j IIﬂII
yeoK =y eKillyll=o—0} mmy(x) a|\Y\Bll=m a7z YeoK,.
wedenote my = min  f(x,y),
a0
| Dy (x) || = Aomy | F9(s)ds =—=> ——=|| Y |
I ||,6’|| 2IIﬂII
f(x,y) . a
Following from lim ——===0for all x €[0,1]and &> 0, there exists 0 < r < ———, when
o0y 2|41

O<y<r wecanget f(X,y)<&,y.where &, ischosen such that Agzﬂjjg(s)ds <1l.For yedk, =

{ye Kr=||Y|| =r},we have
[oyx)] < .28 aE)ds |y <[y].

Hence, by Theorem 2.1, the problem (1) has at least one positive solution.
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