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anisotropic dark energy momentum tensor using special law of variation with Lagrangian be the arbitrary function of 

Ricci scalar. The energy momentum tensor is having with anisotropic dark energy EoS  /p with a magnetized 

energy density. Some physical and kinematical aspects of the presented models have been discussed. 
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INTRODUCTION 
The hypothetical investigational confirmation 

[1-4] has recognized that our universe experiencing a 

late-time accelerating. The proposals that have been put 

forward to explain this observed phenomenon can 

basically be classified into two categories. First the 

growth dominated by a component with negative 

pressure, dubbed as dark energy and second is by 

changing the gravity law through the modification of 

action in general theory of relativity (GTR). The result 

obtained from Wilkinson Microwave Anisotropy Probe 

(WMAP) [5] shows that dark energy occupies 73%, 

dark matter occupy 23% and the usual baryon matter 

which can be designated by our known particle theory 

conquers only about 4% of the total energy in the 

Universe. The simplest interpretation for this dark 

energy is the introduction of a cosmological constant 

corresponding to equation of state parameter 1 . 

Also, in the collected works spaced out from the 

cosmological constant there are other candidates of dark 

energy which is identified with the energy density of a 

dynamical scalar field such as quintessence )1(  [6, 

7]. Phantom field )1(  [8, 9] and Quinton (that can 

across from phantom region to quintessence region), 

[10, 11] Chaplygin gas [12], k-essence [13-16], 

Tachyon field, Holographic and Age graphic dark 

energy. In the face of these attempts dark energy is still 

one of the most important undeveloped interrogations in 

theoretical physics. Dark energy and matter refers to the 

unseen energy and matter parts of the Universe. Matter 

is invisible, non-baryonic matter hypothesized to 

elucidate phenomena as well as attraction lensing and 

galactic rotation curves. Dark energy is believed to 

permeate the Universe and, despite its low energy-

density, is believed to be accountable for the fast 

growth of the Universe. In recent years, many authors 

studied dark energy and magnetized dark energy 

models of the universe. Mishra et al. [17] investigated 

the behavior of the skew-ness parameters for an 

anisotropic universe in the framework of general 

relativity.  Goswami et al. [18] searched the existence 

of the late time acceleration of the Universe filled with 

cosmic fluid and uniform magnetic field as source of 

matter in anisotropic Heckmann-Schucking space-time. 

Das and Sultana [19] presented in this paper a LRS 

Bianchi type I cosmological model with dark matter and 

anisotropic ghost dark energy in presence of magnetic 

field. Santhi et al. [20] considered spatially 

homogeneous and anisotropic Bianchi type-III space-

time filled with matter and anisotropic modified 

holographic Ricci dark energy in GTR. Artymwoski 

and Lalak [21] obtained a scalar potential with non-zero 

value of residual vacuum energy, which may be a 

source of Dark Energy. Katore and Rane [22] studied 

Bianchi Type-III magnetized Cosmological model 

when the field of gravitation is governed by either a 
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perfect fluid or a cosmic string in Rosen’s biometric 

theory of gravitation. Kandalkar et al. [23] investigated 

locally rotationally symmetric Bianchi Type-I 

cosmological model filled with dark energy from a wet 

dark fluid in the presence and absence of magnetic 

field.  

 

As, there are so many modification of action in 

GTR are obtained, such as )(Rf , ),( TRf )(Tf

),( GRf ),( BTf  etc. These reasonably different 

attraction theories are an endeavor to construct a semi-

classical theme within which GTR and most of its self-

made options are often recovered. An undemanding and 

easy modification to GTR is that the )(Rf theory of 

gravity. During this theory, the Ricci scalar R of 

Einstein–Hilbert action is replaced by operate of R. Till 

now several models of )(Rf theory are planned. 

 

Abebe et al. [24] investigated a class of shear-

free, homogeneous but anisotropic cosmological models 

with imperfect matter sources in the context of )(Rf

gravity. Astashenok [25] found the Neutron star models 

in perturbative )(Rf  gravity with realistic equation of 

state and he considered FPS and Sly equation of state. 

Hasmani and Ahmed [26] attempted to study spatially 

homogeneous Bianchi type-I cosmological models in 

)(Rf  theory of gravity. Reddy et al. [27] studied the 

vacuum solutions of Bianchi Type-I and V Space time 

in )(Rf  gravity theory. Banik et al. [28] applied the 

dynamical systems approach to investigate the spatially 

homogeneous and anisotropic Bianchi type-V models 

for the Palatini version of )(Rf  gravity. Saiedy [29] 

studied time-dependent wormhole space times in the 

radiation background in )(Rf  gravity and also 

discussed thermo dynamical properties of the time 

dependent wormhole in )(Rf  gravity. Martino et al. 

[30] predicted a various aspects of )(Rf gravity at 

extragalactic and cosmological levels. Bamba et al. [31, 

32] investigated the oscillating effective Equation of 

State of the universe around the Phantom divide in 

)(Rf  gravity. Also they investigated the possible 

antigravity regions in )(Rf  gravity theory 

corresponding to the Weyl’s invariant scalar field 

theory. Adhav [33] found the exact solution of the field 

equations for a Kantowski-Sachs space-time filled with 

cosmic strings in )(Rf  gravity theory. Akbar and Rong-

Gen Cai [34] shown that by applying the first law of 

thermodynamics to the apparent horizon of an FRW 

universe and assuming the geometric entropy given by a 

quarter of the of the apparent horizon area ,he can 

derive the Friedmann equations describing the 

dynamics of the universe with any spatial e; using the 

entropy formula for the static spherically symmetric 

black holes in Gauss–Bonnet gravity and in more 

general Lovelock gravity, where the entropy is not 

proportional to the horizon area, he can also obtained 

the corresponding Friedmann equations in each gravity. 

Sharif and Shamir [35] discussed non-vacuum Bianchi 

Type- I and V in )(Rf gravity theory. Shamir [36] 

studied the exact vacuum solutions of Bianchi type I, III 

and Kantowski-Sachs space-times in the metric version 

of )(Rf gravity. Sharif and Shamir [37] used the 

Landau-Lifschitz energy momentum complex in the 

framework of )(Rf gravity to evaluate the energy 

density of plane symmetric solutions for some )(Rf

gravity models. Capone and Ruggiero [38] reviewed 

that the dynamical equivalence between )(Rf Gravity 

in the metric formalism and scalar-tensor gravity and 

use this equivalence to deduce the past-Newtonian 

parameters   and   for )(Rf gravity.  Moraes et al. 

[39] studied LRS Bianchi Type-I Space-time in )(Rf  

gravity within the phantom energy dominated era. Shri 

Ram [40] investigated a spatially homogeneous and 

anisotropic Bianchi type I model filled with perfect 

fluid in )(Rf gravity theory. Hiwarkar et al. [41] 

proposed exact solutions of N-dimensional Bianchi 

Type-V space-time in )(Rf theory of gravity. Odintsov 

and Oikonomou [42-44] investigated cosmological 

dynamical system of )(Rf  gravity, by constructing it 

in such a way so that is rendered autonomous. They 

also found the occurrence of future cosmological finite 

time singularities in the dynamical system 

corresponding to two cosmological theories that of 

vacuum )(Rf  gravity and that of three fluids. Also 

they introduced a bottom-up )(Rf gravity 

reconstruction technique, in which we fix the 

observational indices and they seek for the )(Rf gravity 

which may realize them. Soroushfar et al. [45] 

considered three types of black holes in )(Rf  gravity. 

Lee [46] found the method for reconstruction of )(Rf  

gravity models both from the background evaluations 

observations and from the large scale structured 

measurements. Capozziello et al. [47] investigated 

)(Rf gravity can; in general, give rise to cosmological 

viable models compatible with a matter-dominated 

epoch evolving into a late accelerated phase.  Sotiriou 

and Faraoni [48] studied the various aspects of )(Rf

gravity theory. Tan Liu et al. [49] formulated 

parameterized past Newtonian parameters   and  the 

effective gravitational constant effG and the effective 

cosmological constant eff in the )(Rf  gravity. Chirde 

and Shekh [50] found plane symmetric cosmological 

model with quadratics equation of state in metric 

version of )(Rf  gravity. Aditya and Reddy [51] 

devoted to study with spatially homogeneous and 

anisotropic locally rotationally symmetric (LRS) 

Bianchi type-I universe with cosmic string source in the 

framework of )(Rf theory of gravity. In this present 

context we are devoted to the study of Magnetized 

Anisotropic Dark Energy Cosmological Model in )(Rf
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Gravity Theory Using Special Law of Variation. Also 

discuss some kinematical and physical properties of the 

universe. 

 

Metric, Field equation and Energy momentum 

Tensor 

We consider a Bianchi type-I space-time of the form  

 

),( 2222222 dzdyBdxAdtds 
          

(2.1) 

 

Where, A and B are the functions of cosmic 

time t only. Various researchers and authors who have 

contemplated the above said model due to its physical 

attention that it is homogeneous and anisotropic, from 

which the process of isotropization of the universe is 

studied through the passage of time also play a vital role 

in understanding and description of the early stages 

evolution of the universe whereas the theoretical 

argument and the modern experimental data from CMB 

radiation and the LSS consideration, support the 

existence of an anisotropic phase which turns into an 

isotropic one. Therefore, the model annihilator 

anisotropic background that approaches to isotropy at 

late times is more correct for the characterization of 

entire evolution of the universe. Several features of 

plane symmetric cosmological models for different 

context of use have been discussed by researchers. 

 

Pradhan and Pandey [52] studied the Bianchi 

Type-I magnetized Cosmological models in the 

presence of bulk viscous fluid. Santhi et al. [53] 

investigated Bianchi Type-I bulk viscous string model 

in )(Rf gravity.  

 

The corresponding field equations are found by varying 

the action 

 







 xdLRf

G
gS m

4)(
16

1


                     

(2.2) 

 

Where, )(Rf is a general function of the Ricci scalar 

and mL  is the matter Lagrangian. Variation of action 

(2.12) with respect to metric gives the following field 

equations: 

 

ijjiij gRFRfRRF  )()(
2

1
)( ◻ )(

)(
M

ijTRF  ,  (2.3) 

Where, ◻ ).()(; Rf
dR

d
RFji   

 

 Bhoyar et al. [54] investigated Bianchi Type-I space-

time with quadratics equation of state in the )(Rf

gravity theory. Mahanta and Sarma [55] studied the 

isotropic perfect fluid solutions of Bianchi Type-III 

space time in the metric version of )(Rf gravity. 

Ntahompagaze et al. [56] studied correspondence 

between )(Rf  gravity and scalar-tensor theories is 

revisited since )(Rf  gravity is a subclass of Brans-

Dicke models with vanishing coupling constant (ω=0). 

They got solutions to Klein-Gordon equation for )(Rf  

toy models. Arnold et al. [57] presented a set of 

cosmological hydro dynamical simulations that follow 

galaxy formation in )(Rf  modified gravity models and 

are dedicated to finding observational signatures to help 

distinguish general relativity from alternatives using 

this information. Geng et al. [58] studied 

thermodynamics in )(Rf  gravity with informal 

transformations. Shah and Samanta [59] studied 

stability analysis for )(Rf  gravity using dynamical 

system analysis. Sahoo and Bhattacharjee [60] found 

the coincidence problem in )(Rf  gravity and 

investigated the efficiency and model independency. 

Gogoi and  Goswami [61] introduced a new )(Rf

gravity model as an attempt to have a model with more 

parametric control, so that the model can be used to 

explain the existing problems as well as to explore new 

directions in physics of gravity, by properly 

constraining it with recent observational data. 

 

In this system, we are dealing with magnetized 

anisotropy dark energy fluid whose energy momentum 

tensor is as: 

 

ijjiBij pguupT  )(  ,                         (2.4) 

 

where 
iu  is the four-velocity vector of the fluid 

satisfying ),1,1,1( iu  and satisfying ,1i
iuu

be energy density of the fluid and B energy density of 

magnetized fluid respectively and p is the pressure 

along the directional state of parameters zyx  ,, and 

mA be the anisotropy parameter which satisfying the 

general form of the EoS. 

p
                                      

(2.5) 

 

With the given EoS we consider the condition 

which is nothing but the relation between EoS 

parameter  and the skewness parameter  and is given 

by .0  

 

With respect to magnetized dark energy, the 

energy momentum tensor (2.4) for the given system is 

derived by the equation given below: 

 

].,,[]
4
4,

3
3,

2
2,

1
1[ zpypxpdiagTTTTdiag

i
jT   

],,,[ BBzpBypBxpdiag
i
jT  

 

],,,[ BBzpzBypyBxpxdiag
i
jT  

],)(,)(,[ BBpBpBpdiag
i
jT  

    (2.6) 



 

    
Kailas R. Borgade et al., Sch J Phys Math Stat, Mar, 2021; 8(3): 68-81 

© 2021 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India                                                                                          71 

 

 

Various authors and researchers have been 

studied the magnetized anisotropic dark energy 

cosmological model of the universe as mention below:  

 

Bhoyar et al. [62] studied non-static plane 

symmetric cosmological model with magnetized 

anisotropic dark energy by hybrid expansion law in 

),( TRf  Gravity. Shaikh and Wankhade [63] 

investigated Homogenous - Hyper surface magnetized 

dark energy models with constant deceleration 

parameter. Shamir and Asad [64] Ali studied 

anisotropic universe in the presence of magnetized dark 

energy. Bianchi type-V cosmological model is 

considered for this purpose. The energy–momentum 

tensor consists of anisotropic fluid with uniform 

magnetic field of energy density .B  Farnes [65] 

proposed a unifying theory of dark energy and dark 

matter: Negative masses and matter creation within a 

modified ΛCDM framework. Zhitnitsky [66] proposed 

cosmological magnetic field and dark energy as two 

sides of the same coin. Ray et al. [67] constructed an 

anisotropic dark energy cosmological model in a two-

fluid situation, such as the usual dark energy and the 

magnetized fluid. 

 

Field Equations and Solutions 

In the existence of magnetized anisotropic dark 

energy fluid source given in equation (2.6), the field 

equations (2.3) corresponding to the metric (2.1) lead to 

the following set of linearly independent differential 

equations of the form: 

 

BpFF
B

B
fF

B

B

A

A

A

A
 

















 


2

2

1
2

                                    

(3.1) 

BpFF
B
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A
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B

B

B

B

A

A

B

B
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2

1
2
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(3.2) 

BF
B

B

A

A
fF

B

B

A
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2

2

1
2

                                   

(3.3) 

Here the overhead dot denotes differentiation with respect to t . The system of highly non-linear differential 

equations are consistent consists of three equations with six unknowns. Hence, to solve one can introduce more 

conditions either by an assumptions corresponding to some physical situations or an arbitrary mathematical supposition.  

 

Using  /p in equation (3.1) and also we use 0 afterword multiply the resulting equation by -1, we 

get 

 

BFF
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B
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A
fF

B

B

B
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2

2

1
2
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(3.4) 

 

Now from (3.3) and (3.4) we get, 
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(3.5) 

 

Using equation (3.5) in (3.3), we get  

BFF
B

B

A

A
fF

B

B

B

B

A

A

B

B

B

B






















 


2

2

1
2

2

                                 

(3.6) 

 

As we know that, the density is never negative here, so the equation (3.4) is just for convenience. 

 

As we have,  /p  using this in (3.1) we get, 

BFF
B

B
fF

B

B

A

A

A

A
 

















 22

2

1
2 



                            

(3.7) 

 

Using the (3.4) and (3.5) in (3.7) we get, 
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(3.8) 

 

Now using (3.7) and (3.8) in (3.1), we get 
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      (3.9) 

 

We can use the special law of variation which is nothing but the relation between F and a  this gives us, 

nbaF                                       (3.10) 

 

Without loss of generality we choose 1b , so 

  nnkt aeF 
 /

1
                         

(3.11) 

 

Now for k=1, we get the scale factor in the form 

  nnt aeF 
 /

1
                        

(3.12) 

 

Katore and Shaikh [68] investigated cosmological model with strange quark matter attached to the string cloud 

in general theory of gravitation for Axially Symmetric space time. They obtained model with the help of special law of 

variation for Hubble parameter proposed by Bermann (Nuovo Cimento B 74:182, 1983). 

 

As we know that the special volume is, 

2ABgV 
                                        

(3.13) 

But 3/123/1 )(ABVa 
                               

(3.14) 

 

In 1983 Berman proposed the special law of variation of Hubble’s parameter yields a constant value of 

deceleration parameter of the universe, according to Berman’s law: 

 

1
1











Hdt

d
q

,                                         

(3.15) 

 

Where, H is the Hubble’s Parameter? 

a

a
H




                                     

(3.16) 

 

Where a is the average scale factor which given by the following equation and the graphical nature of average 

scale factor versus cosmic time is as shown in Fig. 1. 

   /1
1 tea

                                       
(3.17) 

 

Behavior of scale factor of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants as shown in the following Fig. 1. While observing the graphical nature of the scale factor 

which is the function of time; it has been concluded that the scale factor is increases exponentially with infinite time 

interval. 

 



 

    
Kailas R. Borgade et al., Sch J Phys Math Stat, Mar, 2021; 8(3): 68-81 

© 2021 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India                                                                                          73 

 

 

 
Fig-1: Behavior of scale factor of magnetized anisotropic dark energy cosmological model versus cosmic time with the appropriate choice of 

constants 2.0 and .1.0n  

 

From (3.13), (3.16) and (3.17), the metric potential comes out to be and we take 0;  nBA n with this we get 

the values of A and B as follow 

 

  )2(

3

1  nteB                              (3.18) 

  )2(

3

1  n

n
teA 

                     
(3.19) 

 

The potential function obtained in equation (3.18 and 3.19) are the exponential and power functions of cosmic 

time t  and it will be vanishes 0t and obtained the constant model. 

 

Plane symmetric space-time with parameterize EoS in the metric version of )(Rf  gravity becomes: 

 

     22

2

)2(

3
2

2

)2(

3
22 11 dzdyedxedtds ntn

n
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(3.20) 

 

 

In the model (3.19), it is observed that both metric potentials are the exponential and power term. Here we 

observed 2. 

 

Physical Properties of the Model 

The Ricci Scalar with the values of metric potentials A  and B , we have 
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(4.1) 

 

By considering the potential function (3.18) and (3.19) and also preposition of the field equations (3.1-3.9) with 

Ricci scalar (4.1) and its derivative with respect to cosmic time t  ; the physical characteristics of the model say energy 

density, magnetized energy density, pressure, magnetized and also an-isotropy parameter of the model have been 

calculated as follows: 

 

The Ricci scalar of the model is establish to be 
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(4.2) 

 

Equation (4.2) represents the function of the Ricci scalar of the model, it is clear that the function of the Ricci 

scalar is positive and decreasing function of time. The equation of energy density (4.3) and the graphical behavior of 

energy density with cosmic time are as shown below: 
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(4.3) 

 

 
Fig-2: Behavior of energy density of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants 0.1n  and .2.0  

 

Also energy density of magnetized fluid (4.4) is given by the following expression: 
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Fig-3: Behavior of magnetized energy density of fluid in magnetized anisotropic dark energy cosmological model versus cosmic 

time with the appropriate choice of constants, 2.0 , and .1.0n  

 

The EoS parameter for the given magnetized dark energy cosmological model is found out and given by the 

equation (4.5) and also its graphical nature shown in Fig.4. 
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Fig-4: Behavior of EoS parameter of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants 2.0 and .1.0n  

The Pressure of the universe is given by the equation (4.6) and the graphical nature shown in Fig. 5. 
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Fig-5: Behavior of pressure of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants 2.0 and .1.0n  

 

The skewness parameter for the desired model is found out to be and given by (4.7) and also its graphical 

behavior shown in Fig.6.  
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Fig-6: Behavior of skewness parameter of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants 2.0 and .1.0n  
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Kinematical Properties of the Model 

The kinematical properties which are 

important in cosmology while discussing the 

geometrical behavior of the universe. By preposition of 

the potential function (3.18) and (3.19) and also 

considering the field equations (3.1-3.9) with Ricci 

scalar (4.1) and its derivative with respect to cosmic 

time t (4.2); the kinematical characteristics of the model 

say; spatial volume, Hubble parameter, expansion 

scalar, mean parameterized anisotropy parameter, shear 

scalar, deceleration parameter and overall density 

parameter have been calculated as follows:  

 

The spatial volume, 

   /3
1 teV

             
(5.1) 

 

The spatial volume is the exponential and 

power function of time t  and the graphical behavior of 

the spatial volume is increasing exponentially with 

infinite time interval and at 0t the spatial volume 

vanishes. Behavior of spatial volume of magnetized 

anisotropic dark energy cosmological model versus 

cosmic time with the appropriate choice of constants is 

shown in Fig. 7. 
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Fig-7: Behavior of spatial volume of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants 1.0n and .2.0  
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(5.2) 

 

Behaviors of Hubble parameter of magnetized 

anisotropic dark energy cosmological model versus 

cosmic time with the appropriate values of constants are 

shown graphically in Fig. 8. 
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Fig-8: Behavior of Hubble parameter of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants 1.0n and .2.0  

 

 

The expansion scalar, 
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(5.3) 

 

Behaviors of expansion scalar which is the 

rational and positive function of time t  of magnetized 

anisotropic dark energy cosmological model versus 

cosmic time with the appropriate values of constants are 

shown graphically in Fig. 9. 
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Fig-9: Behavior of expansion scalar of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants 1.0n and .2.0  

 

Mean anisotropy parameter,  
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(5.4) 

 

While introducing the appropriate values of 

constants in mean parameterized anisotropy parameter it 

is found that the mean parameterized anisotropy 

parameter is constant and also not the function of 

cosmic time t . 

 

Similarly the Shear Scalar is 
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(5.5) 

 

After choosing appropriate values of constants 

the behavior of shear scalar of magnetized anisotropic 

dark energy cosmological model versus cosmic time is 

shown in Fig. 10. And it is observed that the shear 

scalar is the negative function of cosmic time t . 

1 2 3 4 5 6 7 8 9 10

1.4

2.1

2.8

3.5

4.2

4.9

5.6

6.3

7.0

7.7

 

 

S
h

e
a

r 
S

c
a

la
r(


2
)

Cosmic Time (t)

 
2

 
Fig-10: Behavior of shear scalar of magnetized anisotropic dark energy cosmological model versus cosmic time with the 

appropriate choice of constants 1.0n and .2.0  
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The Deceleration parameter is found to be, 

t
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Hdt

d
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(5.6) 

 

By choosing appropriate values of constants it 

is observed that the deceleration parameter is the 

negative function of cosmic time t .At t=0 , q=-1; 

which shows that the universe have an accelerated 

expansion. At the present time the negative worth of 

deceleration parameter like 
14.091.0 q

 
 is a lot 

of favorable per on top of recent empirical knowledge. 
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Fig-11: Behavior of deceleration parameter of magnetized anisotropic dark energy cosmological model versus cosmic time with 

the appropriate choice of constants 1.0n and .2.0  

 

The overall density parameter is, 
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(5.7) 

 

The behavior of overall density parameter of 

magnetized anisotropic dark energy cosmological 

model versus cosmic time with the appropriate choice 

of constants is shown in Fig. 12. It has been observed 

that the overall density parameter is positive function 

with an infinite time interval.. At 0t the overall 

density parameter vanishes.  
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Fig-12: Behavior of overall energy density parameter of magnetized anisotropic dark energy cosmological model versus cosmic 

time with the appropriate choice of constants 1.0n and .2.0  

 

CONCLUSION 

In this context with parameterized equation of 

state (EoS), in the metric version of )(Rf gravity has 

been investigated. We concluded that the model of the 

universe with anisotropic magnetized dark energy is the 

accelerating, expanding and hence does not shows 

isotropy. An exact solution of the field equations 

correspond to special law of variation which provides 

singular model. We’ve got evaluated some necessary 
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cosmological physical and kinematical quantities for 

this model along with his graphical behavior.. The 

energy density and kinematical parameters ,H  and 

2 all are infinite at this point but the volume scale 

factor vanishes. Also, with the expansion, expansion 

scalar and shear scalar are decreases. 
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