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1. INTRODUCTION

Since 1987, after Horvath[1] gave H-space
without linear structure by replacing convex hull with
contractible set, Park and Kim[2] introduced G-convex
spaces, Verma[3-8] introduced G-H-space and gave R-
KKM selection in G-H-space, Ben-El-Mechaiekh[9] et
al. introduced L-convex spaces, Ding[10] introduced
FC-space without any convexity structure, Khanh[11,
12] et al. introduced GFC-space, and in this paper, we
give R-KKM selection and R-KKM theorem in GFC-
space and generalize some related results in recent
literature.

2. PRELIMINARIES

Let X be a nonempty set. We denote by 2%
and(X)the family of all subsets of X and the family

of all nonempty finite subsets of X . LetA, be the
standard (n-1) simplex with vertices {el,ez,...,en}in

R". For any nonempty subsetJ 0f{1,2,...,n}, let
A,=({e;1jed)).

Definition 2.1. ([12])

Let X be a topologic space,Y be a nonempty
set, and®be a family of continuous mappings

@A, > X, neN .Thenatriple(X,Y,CD)issaid

to be a generalized finitely continuous topological space
(GFC-space in short) if for each finite subset

N ={y, Y., Yo} €(Y), there is ¢ 1A, — X
of the family @ .

Definition 2.2.
Let(X ,Y,CD) be a

T:Y — 2% a multivalued mapping. T is said to be a
R-KKM mapping if for any{yl, Yoreens yn} € <Y>there

GFC-space and

exists a subset {Xl, Xyyeeny Xn} € (X > such that
(2N (Ak ) = UI}:lT (YiJ )

for a subsimplex (ei1 , ei2 S ) ) of

I

(e,.8,,...8,) = A, for {i,iy,....iy } ={1,2,....n}.

Definition 2.3.
Let(X,Y,®)be a GFC-space, X;, Xy,..., X,

be N elements of X and, M;,M,,..., M subsets of X .
Elements F :{Xl,xz,...,xn}e<X>are called a
relative R-KKM selection forM;,M,,...,M_ if for
{il,iz,...,ik}C{1,2,...,n},we have

Py (Ak)CUkj:lMij

Where (e CTTRACY ) is a standard (n-1) subsimplex of

i !,

(e.8,,....6,)inR".
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Definition 2.4.

Let Abe a subset of X .Ais said to be
compactly open (or compactly closed) in X if for each
nonempty compact subset K of X , DK is open (or
closed) in K .

Let X andY be two sets and S : X — 2" be a
set-valued mapping, thenS':Y — 2% and
S*:Y > 2%are defined as
S™(y)={xe X :yeS(x)}and

S*(y) =X \S7(y),
X € S*(y) when and only when y & S(X).

respectively. Obviously,

3. R-KKM Type Theorems
Theorem3.1.Let(X,Y,(D)be a GFC-space,

and M;,M,,..., M compact closed subsets of X .

Suppose that F :{Xl,xz,...,xn}e<X> is a R-KKM

selection  forM;,M,,...,M
LM =D,

n- Then we have

Proof. Suppose(1i,M,=, then we have

o (A)  XANL M, =UL (X \M)). 1t follows
that

(2N (An): L (X\M) N, (An))

Since M;is a compact closed subset,
{(X\M) "oy (A, )}in:lis a open cover of @, (A,)
Let{l/li}in:lbe the continuous partition of unity

subordinate to the open covering, then we have that for

each ie{1,2,...,nfandy gy (A,),

l//i(y)¢0<:>y€(X\Mi)m(pN(An) @

Define a mapping 't : @, (An) —> A, by

n .
Y(y)= zi=1Wi (y)e . Vyep, (An) .Obviously,
Yogp, A, = A is continuous. By the Brouwer
fixed-point theorem, there exists a point Z, € A, such

thatZ, = ¥ o @ (Z,) . LetU, = @, (Z,) , then we have

Uy =@y (Z5)=py o Yoy (Z,) = oy o ¥ (Uy)
and

W (u,) = zinzll//i (Up)e, = ZjEAJ(uO) Vi (Uo)ej € AJ(uo)

where J (U,) ={j € {1,2,..., n} tw;(Uy) 7&0} and
Ay =CO{e; 1 j e J(up)}.

From equation (2), we know that,
Uy € (X\M;) o, (A,).¥ied(u,), then we
have

Uy &M, Vjed(u,) )

Since F ={X,, X,,.... X, } € <X> is a R-KKM

selection forM,,M,,...,M_, therefore, we have

n:

Oy (AJ(UO)) c UjEJ ) M;. Then we have
U, =9y (2)) e oy (4, (uo)) c Uje.] (o) M i

Thus, there exists J, such thatu, € M j, Which

contradicts the equation (2). Therefore, we have
M =D

Remark 3.1. Theorem 3.1 generalizes
Theorem 2.1 of [3] from G-H-space to GFC-space and
from closed subsets to compact closed subsets.

Theorem3.2. Let(X ,Y,CD) be a GFC-space,
andM,M,,..., M compact open subsets of X .
Suppose that F = {X;, X, ..., X, } € <X> is a R-KKM
selection  forM;,M,,...,M

n
M, 2D,

n- Then we have

Proof. Suppose( 1T, M,=, then we have
o (A)N(NLM) =D, 1t follows  that

Dy (An): (o (An)\(Mi MNPy (An)))

Sincey (A, )is  compact inY ,M;is a

compact open subset in X, then for each
ie{l,2,...n}, ¢, (A, )M, isopening, (A,).

ForeachZ € A, let
1(2) ={i e{l,2,...,n} Oy (Z) ¢ Mi}and
S(z) =co({e ;i€ 1(2)}) . 1fforsome Z € A,
| (z)= . Then we have @ (Z) € M| for all
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e {1, 2,..., n} which contradicts the assumption

Pn (An)m(ﬂ?lei):Q-

Therefore we can assume that | (z) = & for
eachZ e A, and hence S(z)is a nonempty compact
convex subset ofA for eachZeA,. Since
Uiar oy (01 (An)\(Mi Ny (An ))) is closed in
N (An ) we have that
U=A, \gon_l(Uiel(z) (on (An)\(Mi MNPy (An ))))
is an open neighborhood of Z inA . For each z'eU,
we have @, (Z')C M, for alliel(z)and hence

1(z) < 1(z). 1t follows thatS(z") < S(z) for all
2'eU.

This shows thatS:An—>2A" is an upper

semicontinuous set-valued mapping with nonempty
compact convex values. By the Kakutani fixed point

theorem, there exists a Z, € A such that Z, € S(z,) .
Note that F ={X;,X,,.... X} €(X)is a R-KKM
selection forM;,M,,...M_,
oy (2,) €y (S(z,)) U, () M.. Hence there
exists aly € 1(Zy) such thatgy (z,) €M, . By the

then we have

definition of 1(z,), we have @y (Z,) & M, for each
1el(z,), which is a contradiction. Therefore
LM, =J.

Remark 3.2.Theorem 3.2 proves that Theorem
3.1 also holds under the condition of compactly
opening.

Theorem3.3.Let(X ,Y,@)be a GFC-space,
T:Y —>2X\{@} be a set-valued mapping with

compactly open values. If T is a R-KKM mapping, then
rWer-I-(y) = @ .

Proof. SinceT :Y — 2% \{@} be a set-
valued mapping with compactly open values, then for
each { Vi Youens yn} S <Y > , there exists

{Xi, Xy ey Xn} € <X > such that for each
{il,iz,...,ik}C{1,2,...,n}, we have

v (A < UkalT ( Y; ) . Itis also known that T (y) is

compactly closed, then by Theorem 2.1 we have

r]er-I-(y) * @ .

Remark 3.3. Theorem 3.3 generalizes
Theorem 2.2 in [3] from G-H-space to GFC-space and
from closed-valued mapping to compactly closed-
valued mapping by removing the assumption of

compactness of the space ( XY, CD) .

Theorem3.4. Let(X,Y,CD)be a GFC-space

andS,T : X — 2% two multivalued mappings such
that:

(i) TXis closed and SX — TX forall X € X ;

(ii) X e Sxforallxe X ;
Then() ,T(X) 2 Q.

xeX

Proof. By Theorem 3.3, it is only necessary
to prove thatT : X — 2%is a R-KKM mapping.
Suppose T : X — 2% is not a R-KKM mapping, there
exists{xi,xz,...,xn}e<X>such that

o (A) UL T (Xij ) There existsU € @ (A, )
such that for each e {1, 2,..., k} , we have
ueT (Xij ) . Therefore X, €T "(u). Since SX = Tx

forall X e X , then we have T (U) = S"(u), Vx e X
Therefore X; eT"(U)=S"(u),vje{L2,..kj}.

Then we have U ¢ S(Xij)for all j e{l,2,...,k}which
T(X)=J.

contradicts condition (ii). Therefore(,_,

Remark3.4.Theorem 3.4 generalizes Theorem
2.3 in [3] from G-H-space to GFC-space and from
closed-valued mappings to compactly closed-valued
mappings by removing the compactness assumption of

the space(X,Y,CD)and the convexity assumption of
S'X.

Theorem3.5.Let(X,Y,(D)be a GFC-space

andS,T : X — 2% two multivalued mappings such
that:
(i) SxcTxforallxe X ;

(i) S_ly is a compactly open subset in X :
Then there exists X, € X such that X, € TX, .

Proof. Assume that the conclusion is not
valid, then we have X ¢ TX for each X € X . Therefore
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xeT"x, VX e X . From condition (ii), it follows that
Sy is a compactly open subset in X . Since SX = TX,

we haveT"y — S™y for eachy € X . From Theorem
3.4, we have),_, S'X#JJ. Letu e(,_, S*X, then

U e S™X. Therefore X ¢ S(u), VX € X, then we have
S(u) = . This contradicts the definition of mapping

S . Therefore, there exists X, € X such that X, € TX,.

Remark 3.5. Theorem 35 generalizes
Theorem 2.4 in [3] from G-H-space to GFC-space and
from open-valuedness of the inverse map to compactly
open-valuedness of the inverse map, removing the

assumption of compactness of the space ( XY, CD) and

the assumption of convexity of TX.
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