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Abstract  Review Article 
 

In this paper, GFC-KKM maps with compactly closed (or compactly open) values are established in GFC-space, and 

some KKM-type theorems are given. Finally, as applications, some fixed point theorems and inequalities are proved. 

These theorems generalize some related results in the recent literature. 
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INTRODUCTION 
In 1929, Knaster and other three Polish 

mathematicians initiated the research on KKM theory, 

and later many people improved and developed the 

KKM theorem in many aspects. Since 1987, after 

Horvath [11] gave H-space without linear structure by 

replacing convex hull with contractible set, Park and 

Kim [16]
 

introduced G-convex spaces, Ben-El-

Mechaiekh et al., [13] introduced L-convex spaces, 

Ding [14] introduced FC-space without any convexity 

structure, Khanh [2] introduced GFC-space, and in this 

paper, GFC-KKM maps are established in GFC-space, 

and some KKM-type theorems are given. Finally, as 

applications, some fixed point theorems and inequalities 

are proved. These theorems generalize some related 

results in the recent literature. 

 

1. Preliminaries 

      Let X be a nonempty set. We denote by 2X

and X the family of all subsets of X and the family 

of all nonempty finite subsets of X . Let n be the 

standard (n-1) simplex with vertices 1 2, ,..., ne e e in

nR . For any nonempty subset J of 1,2,...,n , let

 =( : )J je j J  . 

 

Definition 1.1. ([2]) 

     Let X be a topologic space,Y be a nonempty 

set, and be a family of continuous mappings 

: n X n N   ， . Then a triple  , ,X Y  is said 

to be a generalized finitely continuous topological space 

(GFC-space in short) if for each finite subset 

 1 2, ,..., nN y y y Y  , there is :N n X  

of the family  . 

 

Definition 1.2. ([8]) 

            Let  , ,X Y  be a GFC-space and

: 2XT Y  is a multivalued mapping. T is said to be 

a GFC-KKM mapping if for any

 1 2, ,..., nN y y y Y  there exists N  such 

that for any    
1 2 1 2, ,..., , ,...,

ki i i ny y y y y y , we 

have 

   1 j

k

N k j iT y   . 

 

Definition 1.3. ([8]) 

    Let  , ,X Y  be a GFC-space, , : 2XS T Y 

are two set-valued mappings. S is called relative GFC-

convex with respect toT , if y Y  ，

 1 2, , nN y y y Y   ，

 
1 2
, , ( )

ki i iy y y N T y   ， then

   N k S y   . 

 

Definition 1.4. ([7]) 

     Let  , ,X Y  be a GFC-space,Y is a 

nonempty subset of X , and D  is a nonempty 

https://saspublishers.com/sjpms/
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subset of Y . D is called to GFC-convex, if

 1 2, , nN y y y Y   , 

 
1 2
, ,

ki i iy y y N D   , then we have

 N k D   . 

 

    Let A be a subset of X . A is said to be 

compactly open (or compactly closed) in X if for each 

nonempty compact subset K of X , A K is open (or 

closed) in K . 

 

    Let X andY be two sets and : 2XS Y  be a 

set-valued mapping, then
1 : 2YS X  and

: 2YS X  are defined as

 1( ) : ( )S x y Y x S y    and

1( ) \ ( )S x Y S x  , respectively. Obviously,

( )y S x when and only when ( )x S y . 

 

2. GFC-KKM Type Theorems 

Theorem 2.1. Let  , ,X Y  be a GFC-space, and

: 2XT Y  be a set-valued mapping with compactly 

closed values. 

1. IfT is a GFC-KKM mapping, then the family

 ( ) :T y y Y has the finite intersection property. 

2. If the family ( ) :T y y Y has the finite 

intersection property, there exists x X such that

1 ( )n

i ix T y and    0( )
x

e x  , thenT is a 

GFC-KKM mapping. 

 

Proof. 

(1) Suppose that the family ( ) :T y y Y has not the 

finite intersection property, then
1 ( )=n

i iT y  . Since

T is a GFC-KKM mapping, there exists a continuous 

mapping N such that    1 j

k

N k j iT y   for any

   
1 2 2, ,..., , ,...,

ki i i i ny y y y y y , especially,

   1

n

N n i iT y   . Hence, 

   1( )n

N k i iX T y    , because N is 

continuous, then  N n  is a compactly set, and since

T is a set-valued mapping with compactly closed 

values, and hence,   ( )N n iT y  is closed in

 N n  for  1,2,...,i n  , then

   \ ( ( ))N n N n iT y   is open in  N n  . 

Then we have 

     1( \ ( ( )))n

N n i N n N n iT y      . 

 

Hence,     
1

\ ( ( ))
n

N n N n i i
T y 


  is an open 

cover of  N n  . Let 
1

n

i i



be the continuous 

partition of unity subordinate to the open covering, then 

we have that for each  1,2,...,i n and  N nx  

, 

   ( ) 0 \ ( ( ))i N n N n ix x T y       . 

 

Define a mapping  : N n n   by

1
( ) ( )

n

i ii
x x e


  ，  N nx    . Obviously, 

:N n n   is continuous. By the Brouwer 

fixed-point theorem, there exists a point 0 nz  such 

that 0 0( )Nz z  . Let
0( )Nz z  , then we have 

0 0( )= ( ) ( )N N N Nz z z z        . 

and 

( )
( )1

( ) ( ) ( )
J z

n

i i j j J zi j
z z e z e  



  

 
    
. 

 

where   ( ) 1,2,..., : ( ) 0jJ z j n z    and

 
( )

: ( )jJ z
co e j J z

   . We know that,

   \ ( ( ))N n N n jz T y    , ( )j J z  , 

then ( )jz T y . SinceT is a GFC-KKM mapping, 

therefore, we have

0 ( ) ( )
( ) ( ) ( ) ( )N N N jJ z j J z

z z z T y    

 


     

. Thus, there exists 0 ( )j J z such that
0

( )jz T y , 

this is contradictory. Therefore, the family

 ( ) :T y y Y has the finite intersection property. 

(1) Suppose that the family ( ) :T y y Y has the 

finite intersection property, then for any

 1 2, ,..., ny y y Y ,
1 ( )n

i iT y  . Let

1 ( )n

i ix T y

 and , 1,2, ,ix x i n   . Then 

for any   1 2, , , 1,2, ,ki i i n , we have

   
1 2
, , ,

ki i ix x x x  . Thus, 

 
   0 1( ) ( )

j

k

N k j ix
e x T y  



    . 

Therefore,T is a GFC-KKM mapping. 
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Remark 2.1.  Theorem 2.1 generalizes Theorem 2.1 

of [1] and Theorem 1 of [5] from L-convex space to 

GFC-space. 

 

Theorem 2.2. Let  , ,X Y  be a GFC-space, and

: 2XT Y  be a set-valued mapping with compactly 

open values. 

1. IfT is a GFC-KKM mapping, then the family

 ( ) :T y y Y has the finite intersection property. 

2. If the family ( ) :T y y Y has the finite 

intersection property, there exists x X such that

1 ( )n

i ix T y and    0( )
x

e x  , thenT is a 

GFC-KKM mapping. 

 

Proof. 

(1) Suppose that the family ( ) :T y y Y has not the 

finite intersection property, then
1 ( )=n

i iT y  , 

then we have   1( ( ))n

N n i iT y    . It 

follows that 

     1= ( \ ( ( ) ))n

N n i N n i N nT y      . 

 

Since N is continuous, then  N n  is a 

compactly set, and sinceT is a set-valued mapping with 

compactly open values, and hence,   ( )N n iT y  is 

open in  N n  for  1,2,...,i n  . For each

nz , let     ( ) 1,2,..., : ( )N iI z i n z T y   and

 ( ) ( : ( ) )iS z co e i I z  . If for some nz ,

( )=I z  . Then we have   ( )N iz T y  for all

 1,2,...,i n which contradicts the assumption

  1( ( ))n

N n i iT y    . 

 

Therefore we can assume that ( )I z   for 

each nz and hence ( )S z is a nonempty compact 

convex subset of n . Since

   ( )( \ ( ( ) ))i I z N n i N nT y     is closed in

 N n  , we have that

   1

( )\ ( ( \ ( ( ) )))n n i I z N n i N nU T y  

    

is an open neighborhood of z in n . For 

'z U  , we have  ' ( ), ( )N iz T y i I z   , and 

hence, ( ') ( )I z I z , It follows that ( ') ( )S z S z . 

 

This shows that : 2 n

nS


  is an upper 

semicontinuous set-valued mapping with nonempty 

compact convex values. By the Kakutani fixed point 

theorem, there exists 0 nz  such that 0 0( )z S z . 

Note thatT is a GFC-KKM mapping, then we have

   
00 ( )N i I z iz T y  , Hence there exists a

0 0( )i I z such that  
00( )N iz T y  . By the 

definition of 0( )I z , we have 0( ) ( )N iz T y  for each

0( )i I z , which is a contradiction. Therefore the 

family ( ) :T y y Y has the finite intersection 

property. 

(2) The proof is the same as Theorem 2.1.  

 

Remark 2.2.  Theorem 2.2 generalizes Theorem 2.3 

of [1] from L-convex space to GFC-space. 

 

Theorem 2.3. Let  , ,X Y  be a GFC-space,

: 2XS Y  and : 2XT X  are two multivalued 

mappings such that: 

(i) ( )S y is closed for all y Y ; 

(ii) For any x X ,  1 2, , , nN y y y Y  and

   
1 2 1 2, ,..., , ,...,

ki i i ny y y y y y ,  

if 
1 2

1, ,..., \ ( )
ki i iy y y Y S x can deduce

  1\ ( )N k X T x   ; 

(iii) ( )x T x for all x X ; 

Then the family ( ) :S y y Y has the finite 

intersection property. 

 

Proof. By Theorem 2.1, it is only necessary to prove 

that : 2XS Y  is a GFC-KKM mapping. Suppose

: 2XS Y  is not a GFC-KKM mapping, there exists

 1 2, , , nN y y y Y  and

   
1 2 1 2, ,..., , ,...,

ki i i ny y y y y y such that

   1 j

k

N k j iS y   . There exists  N kx  

such that  1 j

k

j ix S y

 , hence, for each

 1,2,...,j k , we have
1( )

jiy S x  . Therefore

 
1 2

1, ,..., \ ( )
ki i iy y y Y S x  . By condition(ii),

  1\ ( )N kx X T x     , that is, ( )x T x  , 

this contradicts condition (iii). Therefore the family

 ( ) :S y y Y has the finite intersection property. 
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Remark 2.3.  Theorem 2.3 generalizes Theorem 2.2 in 

[10] from FC-space to GFC-space. 

 

Theorem 2.4. Let  , ,X Y  be a GFC-space,

: 2XS Y  and : 2XT X  are two multivalued 

mappings such that: 

(i) ( )S y is open for all y Y ; 

(ii) For any x X ,  1 2, , , nN y y y Y  and

   
1 2 1 2, ,..., , ,...,

ki i i ny y y y y y ,  

if 
1 2

1, ,..., \ ( )
ki i iy y y Y S x can deduce

  1\ ( )N k X T x   ; 

(iii) ( )x T x for all x X ; 

Then the family ( ) :S y y Y has the finite 

intersection property. 

 

Proof. From the proof part of Theorem 2.3, it is 

easy to know that the conclusion is valid.  

 

Remark 2.4. Theorem 2.4 proves that Theorem 2.3 also 

holds under the condition of compactly opening. 

 

3. Applications 

Theorem3.1. Let  , ,X Y  be a GFC-space, and

: 2XT Y  be a set-valued mapping with compactly 

closed values. IfT is a GFC-KKM mapping, then we 

have   1( ( ))n

N n i iT y    . 

 

Proof. SinceT is a GFC-KKM mapping, then there 

is a continuous mapping N , then for any

   
1 2 1 2, ,..., , ,...,

ki i i ny y y y y y , we have

   1 j

k

N k j iT y   . Let  1( ( ))i N N k iA T y    for

kz  , then we have      N N k N nz      and

     1 j

k

N N k j iz T y     , hence, there exists

 0 1,2, ,j k such that    
0j

N iz T y  , then

     
0j

N N n iz T y    , therefore, we have

   
0

1( )
jN N n iz T y    , thus, 

   1

1 1( )
j j

k k

k j N N n i j iT y A 

      . 

Since  N n  is compact andT is a GFC-KKM 

mapping, and hence,    N n iT y   is a closed set, 

by the continuity of N , then it is clear that

 1( ( ))i N N k iA T y    is a closed set for

 1,2, ,i n  . From the Classical KKM Theorem, 

1

n

i iA  , therefore,

  1 1( ( )) ( )n n

N n i i i N iT y A      , that is, 

  1( ( ))n

N n i iT y    . 

 

Remark 3.1.  Theorem 3.1 generalizes Theorem 2.1 in 

[1] from L-convex space to GFC-space. 

 

Theorem 3.2. Let  , ,X Y  be a GFC-space, and

 : 2 \XT Y   be a set-valued mapping with 

compactly closed values, there exists M Y and

 1 2, , , nN x x x X  such that  N n  is a 

compact set, and  ( )y M N nT y    , then

  ( ( ))N n y Y T y    . 

 

Proof. Let ( ) ( ) ( ( ))y MG y T y T y  , y Y  , 

then  ( ) ( )y M N nG y T y    , and hence, 

     ( ) ( ) = ( ( ) )N n N nz y M
G y G y T z 

 
    

. By theorem 3.1,   1( ( ))n

N n i iT y    , then we 

have
1 ( )n

i iG y  . Then the family ( ) :G y y Y

has the finite intersection property, thus, ( )y Y G y  , 

then   ( ( ))N n y Y T y    . 

 

Remark 3.2.  Theorem 3.2 generalizes Theorem 3 in 

[5] from FC-space to GFC-space, andT is a GFC-KKM 

mapping instead of S-G-FC-KKM mapping. 

 

Theorem 3.3. Let  , ,X Y  be a GFC-space, 
1

n

i i
A



be a family of compactly closed subsets of X such that

1

n

i iA X  and 1 2, ,..., ny y y be n points ofY . Then 

for any n points 1 2, , , nx x x in X there exists

   
1 2 1 2, , , , , ,

ki i i nx x x x x x such that

  1( )
j

k

N n j iA     . 

 

Proof. Let  1 1 2, , nY y y y , for any

 1 2, , , nA x x x X  , define a set-valued 

mapping
1: 2XG Y  by ( ) \i iG y X A for each

1,2,...,i n . Since each iA is compactly closed, then

G is a set-valued mapping with compactly open values. 
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Suppose that the conclusion is false, then for any

   
1 2 1 2, , , , , ,

ki i i nx x x x x x , we have

  1( )=
j

k

N n j iA    and so 

  1 1( \ )= ( )
j j

k k

N n j i j iX A G y    , 

i.e.,
1: 2XG Y  is a GFC-KKM mapping. By theorem 

2.2,
1 ( )n

i iG y  . It follows that
1

n

i iA X 

which contradicts the assumption
1

n

i iA X  . Hence, 

the conclusion holds. 

 

Remark 3.3. Theorem 3.3 generalizes Theorem 3.1 in 

[3] from L-convex space to GFC-space. 

 

Theorem3.4. Let  , ,X Y  be a GFC-space, 
1

n

i i
A



be a family of compactly open subsets of X such that

1

n

i iA X  and 1 2, ,..., ny y y be n points ofY . Then 

for any n points 1 2, , , nx x x in X there exists

   
1 2 1 2, , , , , ,

ki i i nx x x x x x such that

  1( )
j

k

N n j iA     . 

 

Proof. Let  1 1 2, , nY y y y , for any

 1 2, , , nA x x x X  , define a set-valued 

mapping
1: 2XG Y  by ( ) \i iG y X A for each

1,2,...,i n . Since each iA is compactly open, then G

is a set-valued mapping with compactly closed values. 

Suppose that the conclusion is false, then for any

   
1 2 1 2, , , , , ,

ki i i nx x x x x x , we have

  1( )=
j

k

N n j iA    and so 

  1 1( \ )= ( )
j j

k k

N n j i j iX A G y    , 

i.e.,
1: 2XG Y  is a GFC-KKM mapping. By theorem 

2.2,
1 ( )n

i iG y  . It follows that
1

n

i iA X 

which contradicts the assumption
1

n

i iA X  . Hence, 

the conclusion holds. 

 

Remark 3.4.  Theorem 3.4 generalizes Theorem 3.2 in 

[3] from L-convex space to GFC-space. 

 

Theorem 3.5. Let  , ,X Y  be a GFC-space, and

: 2XT Y  be a set-valued mapping with compactly 

closed values. Suppose that there exists n points

1 2, ,..., ny y y inY such that 1 ( )n

i iX T y , and for

x X  ,  1( ) : ( )T x y Y x T y    is GFC-

convex. ThenT has a fixed point in X . 

 

Proof. By theorem 3.3, there exists

   
1 2 1 2, ,..., , ,...,

ki i i ny y y y y y such that

  1( ( ))
j

k

N n j iT y     . Let   1( ( ))
j

k

N n j ix T y    , 

then
1( )

jiy T x  for all 1,2, .j k Since
1( )T x 

is GFC-convex, we have   1( )N kx T x     , 

i.e.,T has a fixed point in X . 

 

Remark 3.5.  Theorem 3.5 generalizes Theorem 3.3 in 

[1] from L-convex space to GFC-space. 

 

Theorem 3.6. Let  , ,X Y  be a GFC-space, and

: 2XT Y  be a set-valued mapping with compactly 

open values. Suppose that there exists n points

1 2, ,..., ny y y inY such that
1 ( )n

i iX T y , and for

x X  ,  1( ) : ( )T x y Y x T y    is GFC-

convex. ThenT has a fixed point in X . 

 

Proof. By theorem 3.4 and theorem 3.5, it is easy to 

prove that the conclusion holds. 

 

Remark 3.6.  Theorem 3.6 generalizes Theorem 3.4 in 

[1] from L-convex space to GFC-space. 

 

Theorem 3.7. Let  , ,X Y  be a GFC-space,

: 2XS Y  and : 2XT X  are two multivalued 

mappings such that: 

(i) ( )S y is compactly closed for all y Y ; 

(ii) For any x X ,  1 2, , , nN y y y Y  and

   
1 2 1 2, ,..., , ,...,

ki i i ny y y y y y ,  

if 
1 2

1, ,..., ( )
ki i iy y y S x can deduce

  1( )N k T x   ; 

(iii) There exists  1 2, , , nN y y y Y  such that

1( )S x N   for any x X . 

 

Then there exists x X such that ( )x T x  . 

 

Proof. Define two set-valued mapping : 2XA Y  by

( ) \ ( )A y X S y for y Y  and : 2XB X  by

( ) \ ( )B x X T x for x X  . Then ( )A y is 

compactly open for y Y  , and for x X  , we have
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1 1\ ( ) ( )Y A x S x  and
1 1\ ( ) ( )X B x T x  . By 

condition(iii),
1( \ ( ))Y A x N   , x X  . Take

1( \ ( ))y Y A x N   , then we have

\ ( )x X A y , that is, ( \ ( ))y NX X A y , i.e., 

( )y N A y  . By theorem 2.2,T is not a GFC-

KKM mapping, then there exists

 1 2, , , nN y y y Y  and

   
1 2 1 2, ,..., , ,...,

ki i i ny y y y y y such that

   1 j

k

N k j iA y   , that is, there exists

 N kx   such that  1 j

k

j ix A y

 , then

1( )
jiy A x  ,  1,2, ,j k  , i.e., 

 
1 2

1, ,..., \ ( )
ki i iy y y Y A x  . 

By condition(ii),   1( )N k T x   , that is,

  1\ ( )N k X B x   . Therefore   1\ ( )N kx X B x   

, that is, = \ ( )x B x X T x  （ ） . Hence, the conclusion 

holds. 

 

Remark 3.7.  Theorem 3.7 generalizes Theorem 2.3 in 

[10] from FC- space to GFC-space. 

 

Theorem3.8. Let  , ,X D  be a GFC-space,

:f D X R  and :g X X R  two functions, 

let supinf ( , )
y Xx X

v x y


 . If 

(i) : ( , )y X f x y   is compactly open for any

x D ; 

(ii) : ( , )x X g x y   is GFC-convex for any

y X ; 

(iii) ( , ) ( , )f x y g x y for any

 ( , ) ( , ) : ( , )x y C x y D X f x y v     ; 

(iv) ( , )g x x v for any x X . 

 

Then sup inf sup ( , ) supinf ( , )
y X y XN D x N x X

f x y x y
   

 . 

 

Proof. If v   , then this Theorem is obviously true, 

hence we may assume v   . For any fixed R
such that v  , define two maps as follows: 

 : , ( ) : ( , ) , ;S D X S x y X f x y x D       

 : , ( ) : ( , ) , ;T X X T x y X g x y x X       

 

Then by condition(i), ( )S x is compactly open for any

x D , if
1\ ( )N D S y for any y X , then

N D , and ( )y S x for any x N , that is,

( , )f x y  . i.e., by condition(iii), 

( , ) ( , )g x y f x y v   for x N  , then we 

have 

   : ( , ) : ( , )N x D g x y x g x y       . 

 

Then by condition(ii),

    1: ( , ) \ ( )N k x X g x y X T y       ; 

by condition(iv), ( , )g x x v   for any x X , 

therefore ( )x T x . Hence S andT satisfy all the 

conditions of Theorem 2.3,  then the family

 ( ) :S x x D has the finite intersection property, 

therefore ( )x N S x  for any N D . Take any

0 ( )x Ny S x , then 0( , ) ,f x y x N   , i.e., 

inf sup ( , )
y X x N

f x y 
 

 . Since N is arbitrary, then we 

have sup inf sup ( , )
y XN D x N

f x y 
 

 . And is arbitrary, let

v , hence sup inf sup ( , ) supinf ( , )
y X y XN D x N x X

f x y v x y
   

 

. 

 

Remark 3.8.  Theorem 3.8 generalizes Theorem 2.4 in 

[10] from FC- space to GFC-space. 

 

Theorem 3.9. Let  , ,X D  be a GFC-space,

:f D X R  and :g X X R  two functions, 

let supinf ( , )
y Xx X

v x y


 . If 

(i) : ( , )y X f x y   is compactly closed for any

x D ; 

(ii) : ( , )x X g x y   is GFC-convex for any

y X ; 

(iii) ( , ) ( , )f x y g x y for any

 ( , ) ( , ) : ( , )x y C x y D X f x y v     ; 

(iv) ( , )g x x v for any x X . 

 

Then sup inf sup ( , ) supinf ( , )
y X y XN D x N x X

f x y x y
   

 . 

 

Proof. From the proof part of Theorem 2.3, it is easy to 

know that the conclusion is valid. 

 

Remark  3.9.  Theorem 3.9 proves that Theorem 3.8 

also holds under the condition of compactly closed. 
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