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INTRODUCTION

In 1929, Knaster and other three Polish
mathematicians initiated the research on KKM theory,
and later many people improved and developed the
KKM theorem in many aspects. Since 1987, after
Horvath [11] gave H-space without linear structure by
replacing convex hull with contractible set, Park and
Kim [16] introduced G-convex spaces, Ben-El-
Mechaiekh et al., [13] introduced L-convex spaces,
Ding [14] introduced FC-space without any convexity
structure, Khanh [2] introduced GFC-space, and in this
paper, GFC-KKM maps are established in GFC-space,
and some KKM-type theorems are given. Finally, as
applications, some fixed point theorems and inequalities
are proved. These theorems generalize some related
results in the recent literature.

1. Preliminaries
Let X be a nonempty set. We denote by 2%
and(X)the family of all subsets of X and the family

of all nonempty finite subsets of X . LetA, be the
standard (n-1) simplex with vertices{el,ez,...,en}in

R". For any nonempty subsetJ of{1,2,...,n}, let
A,=({e;:jeld).

Definition 1.1. ([2])

Let X be a topologic space,Y be a nonempty
set, anddbe a family of continuous mappings

@:A, = X, neN . Thenatriple(X,Y,®)is said

to be a generalized finitely continuous topological space
(GFC-space in short) if for each finite subset

N :{yl,yz,...,yn}e<Y>, there is @y 1A, = X
of the family @ .

Definition 1.2. ([8])
Let(X,Y,CD)be a
T:Y — 2% is a multivalued mapping. T is said to be
a GFC-KKM mapping if for any
N = {yl, Yoo yn} € <Y>there exists ¢, € D such

GFC-space and

that for any {yil,yiz,.--,yik}E{yl,yz'---,yn}’ we

have

(4N (Ak)c UI}:lT (Yij ) -

Definition 1.3. ([8])
Let(X ,Y,CD)be a GFC-space, S, T :Y — 2%

are two set-valued mappings. S is called relative GFC-
convex with respectto T ,ifVy eY ,

IN ={¥;, Yo+ Yo} €(Y).
v{yh’yiz""yh(}E<N mT(y)), then
on (A ) =S(Y).

Definition 1.4. ([7])
Let(X,Y,CD) be a GFC-space,Yis a

nonempty subset of X, andD is a nonempty
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subset ofY .Dis called to GFC-convex, if
VN :{yl’ yz""yn} € <Y>
V{yil,yiz,---yik}e<N mD>, then we have

N (Ak)c D.

Let Abe a subset of X .Ais said to be
compactly open (or compactly closed) in X if for each
nonempty compact subset K of X , A K is open (or
closed) in K .

Let X andY be two sets andS:Y — 2% be a
set-valued mapping, thenS™': X — 2"and
S*:X —>2"are defined as
SHx)={yeY:xeS(y)}and
S*(x) =Y \S™(x),
y € S™(X) when and only when X & S ().

respectively. Obviously,

2. GFC-KKM Type Theorems
Theorem 2.1. Let(X,Y,q))be a GFC-space, and

T:Y — 2% be a set-valued mapping with compactly
closed values.
1. IfTis a GFC-KKM mapping, then the family

{T (y):ye Y} has the finite intersection property.
2. If the family{T(y):yeY}has the finite

intersection property, there exists X € X such that
xeM,T(y,)and P (&)= {X} , thenTis a
GFC-KKM mapping.

Proof.
(1) Suppose that the family {T(y):y €Y } has not the

finite intersection property, then (. T (Y,)=& . Since
T is a GFC-KKM mapping, there exists a continuous

mapping @y, such that @, (Ak ) - UKHT (yiJ )for any
(Yo Y Vi €4V Yaro Vi)
2N (An) cULT (Yi ) Hence,
Py (Ak ) cUL(XAT (yi )) ,

continuous, then @, (An ) is a compactly set, and since

especially,

because @ is

Tis a set-valued mapping with compactly closed
values, and hence, ¢ (A,)NT(Y;)is closed in

On (An)fOI’Vi e{l,Z,...,n}, then

(2N (An)\(¢’N (An)ﬂT(yi)) is open ing@, (An)'

Then we have

(N (An) =UL(oy (An)\(("N (An)ﬂT(yi))) .

Hence, {g, (A,)\(ey (An)ﬂT(yi))}inlis an open

cover of @, (An ) Let {l//i }?:1 be the continuous
partition of unity subordinate to the open covering, then
we have that for each | € {1, 2,0 n} and X € @ (An)

11920 xe oy (A)\ (g (8,)NT ().

Define a mapping ¥ : @, (An) — A, by

Y(x)= lel//i (x)ei . VXxe Oy (An) . Obviously,
Yo, A, — A, is continuous. By the Brouwer
fixed-point theorem, there exists a point Z, € A such

thatZ, = Yo (Z,) . Let 2" = ¢, (z,) , then we have

7= N (Zo):¢N o'V ° Py (Zo) =@y O\P(Z*) .
and

¥(z) = Zinzll//i (2)e = ZjeAJ(Z*) Vi (Z*)ej € AJ(Z*)

where J (z") ={j e{l2,...,n}:y,(z") # O} and

Ay = co{ej tje J(z*)}. We  know that,

2" €@y (A)\ (@ (A)NT(Y;)), Vi€ I(2),

thenz" ¢T(Yy,;). SinceT is a GFC-KKM mapping,
therefore, we have
7 =¢\(2)) =y o ¥(2) ey (AJ(Z;)) c UJ—EJ(Z*)T(yj)

. Thus, there exists j, € J(2") such thatz" € T (Y, ),
this is contradictory.  Therefore, the family
{T (y):ye Y} has the finite intersection property.

(1) Suppose that the family {T(y) Y GY} has the
finite intersection property, then for any
Yo Yo Yo € (V) NLT() 2D, Let
X e, T(y,)and X" =x,i=12,---,n. Then
for any{i, i, i} ={L2,--,n}, we have

{x*}:{xil,xiz,---,xik}. Thus,

4N (Ak ) = (P{X~}(eo) = {X*} < Ukj:lT (yij ).

Therefore, T is a GFC-KKM mapping.
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Remark 2.1. Theorem 2.1 generalizes Theorem 2.1
of [1] and Theorem 1 of [5] from L-convex space to
GFC-space.

Theorem 2.2. Let(X,Y,q))be a GFC-space, and

T:Y — 2% be a set-valued mapping with compactly
open values.
1. IfTis a GFC-KKM mapping, then the family

{T (y):ye Y} has the finite intersection property.
2. If the family {T(y) Y GY} has the finite

intersection property, there exists X € X such that
Xe ﬂ?:lT(yi) and P (eo) = {X} , thenTis a
GFC-KKM mapping.

Proof.
(1) Suppose that the family {T (y):ye Y} has not the
finite intersection property, then( ), T (Y;)=<,

then we have @y (An )NNLT(Y)=D. 1t
follows that

on (8,)=UL (o0 (AT (v) Ny (A,)) -

Since @y is continuous, then @, (An)is a
compactly set, and since T is a set-valued mapping with
compactly open values, and hence, @ (A, )T (Y;) is

open ingy (A, )forVie{l2,..,n}. For each
zelA,, letl(z)={ie{l2..n}:p,(z)2T(y,)}and
S(Z):CO({ei:ieI(Z)}). If for someZ€A,,
1(z)=. Then we havegoN(Z)eT(yi)for all

ie{1,2,...,n} which contradicts the assumption

o ()N (LT (Y) =2

Therefore we can assume that | (z) = & for

eachZ € A, and hence S(z)is a nonempty compact

convex subset of A, . Since
Ui o (@4 (A)NT () Ny (A,))is  closed  in
Oy (An ) we have that

U=A, \¢;1(Uiel(z)(¢N (An)\(T(Yi)m(PN (An ))))
is an open neighborhood of Z in An . For

Vz'eU, we havegy(z')eT(y,).iel(z), and
hence, 1 (z") < 1(2) , It follows that S(z") < S(z) .

This shows thatS:An—>2An is an upper

semicontinuous set-valued mapping with nonempty
compact convex values. By the Kakutani fixed point

theorem, there exists Z, € A such thatZ, € S(Z,) .
Note thatT is a GFC-KKM mapping, then we have
(pN(ZO)CUid(ZO)T(yi), Hence there exists a
Iy € 1(Z,) such  thatgp, (z,) €T (yio). By the
definition of 1 (Z,) , we have @y (2,) € T (Y;) for each
i €1(z,), which is a contradiction. Therefore the
family{T(y) Y GY} has the finite intersection

property.
(2) The proof is the same as Theorem 2.1.

Remark 2.2.  Theorem 2.2 generalizes Theorem 2.3
of [1] from L-convex space to GFC-space.

Theorem 2.3. Let(X Y, d)) be a GFC-space,

S:Y »>2%andT : X — 2% are two multivalued
mappings such that:
())S(y)isclosed forally €Y ;

(i) For anyxe X ,N={y,Yy,---,Y,} €Y and
(Vi Yo Vi € 1V Yoreo Vi
if{yi1’yi2""’yik}e<Y \S’l(x)> can deduce
on (A) = XATH(X);

i) x e T(X)forall X € X ;

Then the family{S(y) Y GY} has the finite
intersection property.

Proof. By Theorem 2.1, it is only necessary to prove
thatS:Y — 2% is a GFC-KKM mapping. Suppose
S:Y — 2% is not a GFC-KKM mapping, there exists

N ={y, ¥, ¥,} €Y and

{yil,yiz,...,yik} €{Yy Yorer ¥y such that
P (Ak)¢U‘§=1S(yij ) There exists X € @y (A )
such  thatx e U5 .S (y, ).
je{l2,...k}, we have Y, S (X"). Therefore
{¥ir Yoo ¥, } €(YAST(X')). By condition(ii),
X" €@y (A ) X\TH(XY), that is,X" ¢ T(X"),

this contradicts condition (iii). Therefore the family
{S(y) ‘Ye Y} has the finite intersection property.

hence, for each
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Remark 2.3. Theorem 2.3 generalizes Theorem 2.2 in
[10] from FC-space to GFC-space.
Theorem 2.4. Let( XY, CD) be a GFC-space,

S:Y 52%andT : X —» 2% are two multivalued
mappings such that:
(i))S(y)isopenforally €Y ;

(i) For anyxe X,N ={y1,y2,---,yn} €Y and
(Vi Yoo Vi €0V Yoreon Va
if{yil,yiz,...,yik}e<Y \S’l(X)> can deduce
on (A) € XATH(X);

(iiiy xeT(X)forallXe X ;

Then the family{S(y):yeY}has the finite
intersection property.

Proof. From the proof part of Theorem 2.3, it is
easy to know that the conclusion is valid.

Remark 2.4. Theorem 2.4 proves that Theorem 2.3 also
holds under the condition of compactly opening.

3. Applications
Theorem3.1. Let(X,Y,CD)be a GFC-space, and

T:Y — 2% be a set-valued mapping with compactly
closed values. If T is a GFC-KKM mapping, then we

have @y (An ) N(MLTY) 29D

Proof. Since T is a GFC-KKM mapping, then there
is a continuous mapping ¢y, then for any

{yil,yiz,...,yik}e{yl,yz,...,yn}, we  have
(2N (AK)CUkj:]_T(yiJ ) LetA :¢N71(¢N (Ak)mT(yi))for

VZelA, then we havey (z)ep, ()< oy (a,)and

n

Dy (Z) € Py (Ak) (= UkalT ( Y, ) hence, there exists
Jo = {1,2,---, k} such that @ (Z) eT(yijo ) , then

ou(2) €@y (An)ﬁT(yi ) therefore, we have

Ze (pN_l((oN (An)ﬁT (yij0 )) ) thus,
A, C UI}=1(9N_1((0N (A)NT ( i )) = UkalAj .
Since @y (An)is compact andT is a GFC-KKM

mapping, and hence, @, (An)mT(yi) is a closed set,

by the continuity of¢,, then it is clear that

A =, (o4 (Ak)ﬁT(yi)) is a closed set for
Vie {l 2, n} . From the Classical KKM Theorem,

N A =D,
on (M) N (OELT(V)) =NLoy (A) =D, that i,
o (A) (LT (V) # 2.

therefore,

Remark 3.1. Theorem 3.1 generalizes Theorem 2.1 in
[1] from L-convex space to GFC-space.

Theorem 3.2. Let(X,Y,q)) be a GFC-space, and
T:Y 2% \{@} be a set-valued mapping with
compactly closed values, there exists M e(Y)and
N ={X1,X2,---,Xn} € <X>such that (An)is a
compact set, and ﬂyeMT(y) /N (An), then
ou(8,)N (O, T(Y) =2

Proof. LetG(Y) =T(Y) (N, T(Y)) . ¥y eY,

thenG(y) =N,y T(Y) =9y (A,). and  hence,
G(y) =G(y) Ny (A,) =N, (T@ Ay (A,))
. By theorem 3.1, (A,)N(NILT(y,)) =, then we

have ", G(y,) =@ . Then the family {G(y):yeY}
has the finite intersection property, thus, N, G(Y) =D

then g, (An)m(ﬂerT(y)) #J.

Remark 3.2.  Theorem 3.2 generalizes Theorem 3 in

[5] from FC-space to GFC-space, and T is a GFC-KKM
mapping instead of S-G-FC-KKM mapping.

n

Theorem 3.3. Let(X,Y,Q)) be a GFC-space,{A}i:1

be a family of compactly closed subsets of X such that
UL A =XandY;, Yyi.r, Y, beN points of Y . Then

for any N points X;, X,,+++, X in X there exists
{Xil,Xiz,---,Xik}c{xl,xz,---,xn}such that
Py (An)m(nkalpﬁj) =0,

Proof. LetY, ={ ¥, Yo, Yo}, for any
A={X, %, -, X} =X, define a set-valued
mapping G : Y, — 2 by G(Y;) = X \ A for each
i=12,...,n. Since each A is compactly closed, then

G is a set-valued mapping with compactly open values.
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Suppose that the conclusion is false, then for any
{x,,x,,-, ,} {X, %+ %}, we  have
o (A n)m(ﬂjzlAj):Q and so

00 (8,) UL (X \ A )=UY, G(y,).

ie.,G:Y, — 2%is a GFC-KKM mapping. By theorem
22,NLG(Y,)#D. It follows that U A # X

which contradicts the assumption U, A = X . Hence,
the conclusion holds.

Remark 3.3. Theorem 3.3 generalizes Theorem 3.1 in
[3] from L-convex space to GFC-space.

Theorem3.4. Let(X,Y,®)be a GFC-space, { A},

be a family of compactly open subsets of X such that
" A =Xandy,Y,,.... ¥, be N points of Y . Then

for any N points X;, X,,+++, X in X there exists

{X'l’x'z ' } {Xl Xprto n}such that
¢N( n)m(njzlpﬁj)i@.

Proof. LetY, ={ ¥, Yo, Yo}, for any
A={X,%, -, X, } =X, define a set-valued
mapping G : Y, — 2 by G(Y;) = X \ A for each

i=12,...,n. Since each A is compactly open, then G

is a set-valued mapping with compactly closed values.
Suppose that the conclusion is false, then for any

{x,,x,,-, ,} (X, %+ %}, we  have
§0N( n)m(ﬂjzlpﬁj):@and &Y

2N (An) c Ukj:l(x \Aij): Ukj:le(yij)’

ie,G:Y, — 2%is a GFC-KKM mapping. By theorem
22,NLG(Y,)#9. It follows that U A # X

which contradicts the assumption U, A = X . Hence,
the conclusion holds.

Remark 3.4. Theorem 3.4 generalizes Theorem 3.2 in
[3] from L-convex space to GFC-space.

Theorem 3.5. Let(X,Y,qD)be a GFC-space, and

T:Y — 2% be a set-valued mapping with compactly
closed values. Suppose that there existsN points

Yir Yoo Yo inY such that X =L, T(Y,), and for

Vxe X, THx)={yeY xeT(y)}is GFC-

convex. ThenT has a fixed point in X .

Proof. By theorem 3.3, there exists
{yil,yiz,...,yik}e{yl,yz,...,yn}such that
o (A) AT ) =D Lelxc g (8,) (LT (Y, )
then y; eT(x*)for all j =1,2,---k. Since T *(x*)
is GFC-convex, we have X* € @ (A, ) cT7H(x*),
i.e., T has a fixed pointin X .

Remark 3.5. Theorem 3.5 generalizes Theorem 3.3 in
[1] from L-convex space to GFC-space.
Theorem 3.6. Let(X ,Y,<D) be a GFC-space, and

T:Y — 2% be a set-valued mapping with compactly
open values. Suppose that there existsN points

Yir Yareen YpinY such that X =UL,T(Y;), and for
Wxe X, T () ={yeY :xeT(y)}is GFC-

convex. ThenT has a fixed point in X .

Proof. By theorem 3.4 and theorem 3.5, it is easy to
prove that the conclusion holds.

Remark 3.6. Theorem 3.6 generalizes Theorem 3.4 in
[1] from L-convex space to GFC-space.

Theorem 3.7. Let(X Y, d)) be a GFC-space,

S:Y >2%andT : X —>2%are two multivalued
mappings such that:
(i) S(y) is compactly closed forally € Y ;

(i) For anyXxe X ,N ={y1,y2,---,yn} €Y and
Vi Yoo Yy € {000 Voo Vi

if{yil, Vi Y, } € <S’1(X)> can deduce
on (A) ST HX);

(iii) There exists N ={Y,, ¥, Y,} €Y such that
SHX)NN =D foranyx e X .

Then there exists X* € X such thatX” € T (X’).

Proof. Define two set-valued mapping A:Y — 2* by
A(y)= X \S(y)forVyeY andB: X — 2" by
B(x)= X \T(X)forVxe X. Then A(y) is

compactly open for Vy € Y , and for VX € X , we have
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YVAT(X) =S (X)and X \B*(x) =T *(x).
condition(iii), (Y VA (X)) "N # @, Wx e X . Take
y e(Y\A'(X)NN, then we have
xe X\VA(Y"), that is, X =U,.y (X \A(Y)), ie
MNyonA(Y) =D . By theorem 2.2, T is not a GFC-

KKM  mapping,  then  there exists
N ={y, ¥, Y.} €Y and

{Yio Yo Vi | € {¥as Yoo Y} stch that
on (D)2 UkalA(yij), that is, there exists
X €@y (A )such  thatx’ ¢ Ukj:lA(yij ) then
y, € AT(X), Vie {2, ki, ie.,

{yil,yiz,...,yik}e<Y\A’l(x*)>.
By condition(ii), @y (A ) =T (X), that s,
v (A )= X \B7(x). Thereforex* e g (A, ) = X \B*(x)

, that is, X" ¢ B(X)D=X \T(X") . Hence, the conclusion
holds.

Remark 3.7. Theorem 3.7 generalizes Theorem 2.3 in
[10] from FC- space to GFC-space.

Theorem3.8. Let(X,D,CD)be a  GFC-space,
f:DxX >Randg: X xX — Rtwo functions,
letv = suplnf(x y). If

xeX YeX
(i){y eX: f(x,y)< /1} is compactly open for any
xeD;
(ii){X e X:g(x,y)> l} is GFC-convex for any
ye X;
(i) T (x,y) < g(x,y) for any
(x,y)eC={(x,y)eDx X : f(x,y)>V};
(iv) 9(X,x) <vforany X e X .

Then sup inf sup f (X, y)<sup|nf(x y).
<>y€ xeN xeX

Proof. IfV =+00, then this Theorem is obviously true,
hence we may assumeV < +oo. For any fixed A € R
such that A >V, define two maps as follows:

S:D— X,S(x)={yeX: f(x,y) <1} vxeD;

T:X > X T(X)={yeX:g(xy)<i},VxeX;

Then by condition(i), S(X) is compactly open for any
xeD, ifN e<D\S’1(y)>for anyy e X, then

Ne<D>, andy ¢ S(x)for anyXxe N, that is,
f(x,y)> 4. ie., by
gix,y)> f(x,y)>A>vforVxe N, then we
have

Nc{xeD:g(xy)>A}c{xeg(xy)>Ai}.

condition(iii),

Then by condition(ii),
oy (A ) c{xe X 1g(xy)>A} = X\T(y);
by condition(iv), g(X,X)<v<Afor anyXe X,

therefore X e T (X). Hence S and T satisfy all the
conditions of Theorem 2.3, then the family

{S(X) Xe D} has the finite intersection property,
therefore (1, S(X) # & for any N € (D). Take any
Yo €M,y S(X), then F(X,Y,) <A, VXeN, e,

infsup f(X,y)<A. Since N is arbitrary, then we
YeX xeN

have Sup infsup f(x,y) <A. And Ais arbitrary, let
< >y€ xeN

A —>V, hence sup infsup f(x,y)<v= Suplnf(X y)

< > YeX xeN

Remark 3.8. Theorem 3.8 generalizes Theorem 2.4 in
[10] from FC- space to GFC-space.

Theorem  3.9. Let(X : D,CD) be a GFC-space,
f:DxX > Randg: XxX — Rtwo functions,
letv = suplnf (X,y).1f

xeX YEX

(i){y e X: f(x,y)< /1} is compactly closed for any
xeD;

(i){xe X :g(x,y)>1}is GFC-convex for any
yeX;

(i) f(x,y) < g(x,y) forany
(x,y)eC={(x,y)eDx X : f(x,y)>V};

(iv) g(x,x) <vforany X e X .

Then sup infsup f(x,y) < suplnf(x y).

<>y€ xeN xeX

Proof. From the proof part of Theorem 2.3, it is easy to
know that the conclusion is valid.

Remark 3.9. Theorem 3.9 proves that Theorem 3.8
also holds under the condition of compactly closed.
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