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Abstract: The negative Pell equation represented by the binary quadratic equation 615y 22  x   is analyzed for its 

non-zero distinct integer solutions. A few interesting relations among the solutions are presented. Employing the 

solutions of the equation under consideration, the integer solutions for a few choices of hyperbola and parabola are 
obtained. 
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INTRODUCTION:  

Diophantine equation of the form 1y 22  Dx  where D is a given positive square-free integer, is known as Pell 

equation and is one of the oldest Diophantine equation that has interested mathematicians all over the world, since 

antiquity , J.L.lagrange proved that the positive Pell equation 1y 22  Dx  has infinitely many distinct integer 

solutions where as the negative pell equation 1y 22  Dx  does not always have a solution. In [1], an elementary 

proof of a ceriterium for the solvability of the pell equation 1x 22  Dy where D is any positive non-square integer 

has been presented. For examples the equations 47,13y 2222  xyx  have no integer solutions, where as 

1202,165y 2222  xyx  have integer solutions. In this context, one may refer [2- 9].More specifically, one 

may refer ‟ The On-line Encyclopedia of integer sequences ” (A031396,A130226,A031398) for values of D for which 

the negative pell equation 1y 22  Dx  is solvable or not. In this communication, the negative Pell equation given by 

615y 22  x  is considered and infinitely many integer solutions are obtained. A few interesting relations among the 

solutions are presented. 

 

METHOD OF ANALYSIS 

The negative Pell equation representing hyperbola under consideration is     

     615y 22  x       (1) 

            whose smallest positive integer solution is 

                                     3,1x 00  y  

 To obtain the other solutions of (1), consider the Pell equation    

 115y 22  x  

 whose general solution is given by 

        sss fyg
2

1~,
152

1
x~s   

 where  

11
s )154()154(f 

 ss
 

11
s )154()154(g 

 ss
,          s =0,1,2,3,…… 
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Applying Brahmagupta lemma between (x0,y0) and ),~,x~( s sy  the other integer solutions of (1) are given by  

                          ss gf
15

3
2x 1s   

                        ss gf 1532y 1s   

The recurrence relations satisfied by x and y are given by 

27,3,08y 10123s   yyyy ss  

7,1,08x 10123s   xxxx ss  

 

 

Some numerical examples of x and y satisfying (1) are given in the following table: 

 

Table: Numerical Examples 
   s               sx          sy      

     0              1             3 

     1              7            27 

     2             55           213 

     3            433          1677 

     4           3409         13203 

     5          26839        103947 

     6         211303        818373 

     7        1663585       6443037 

 

From the above table, we observe some interesting relations among the solutions which are presented  below: 

 

1. sx  is always odd. 

2. sy is always odd. 

3. 0x 2-3s  (mod 7) 

4. 0ys  (mod 3) 

 

A few interesting properties between the solutions and special numbers are given below: 

1. )26(5x 2222s   sy   is a nasty number.                                                    

2. ])154()154[(35x 11
3333s


  ss

sy  is a cubical integer. 

 

3.  Each of the following properties represents a perfect square: 

 25x 2222s   sy   

 29 3222   ss xx  

   271
8

1
4222   ss xx  

 2
15

3
15

3

15
2222 







  ss yx  

 2
15

3
157

12

15
3222 







  ss yx  

 2
15

3
1555

93

15
4222 







  ss yx  

 2971 4232   ss xx  
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 2
15

27
15

12

15
2232 







  ss yx  

 2
15

27
157

3

15
3232 







  ss yx  

 2
15

27
1555

12

15
4232 







  ss yx  

 2
15

213
15

93

15
2242 







  ss yx  

 2
15

213
157

12

15
3242 







  ss yx  

 2
15

213
1555

3

15
4242 







  ss yx  

4.    123s 2162y   ss yy  

5.   121s 8230x   ss yy  

6.   122s 2830x   ss yy  

7.   123s 86230x   ss yy  

8.   113s 622402y   ss yx  

9.   213s 62308y   ss yx  

10. 
2

1
2

22131s 24602y   sssss yyyxy  

11. 
2

1
2

21132s 816302y   sssss yyyxy  

12.  123s 2602y   ss yx  

13.  223s 8302y   ss yx  

14.  
2

1
2

22231s 2642402y   sssss yyyxy  

15. 
2

1
2

21232s 264308y   sssss yyyxy  

16.  133s 224062y   ss yx  

17. 233s 2308y   ss yx  

18. 
2

1
2

22331s 2124602y   sssss yyyxy  

19. 
2

1
2

21332s 84963062y   sssss yyyxy  

20. 121s 3030120x   ss yx  

21.  212s 3030120x   ss yx  

22. 
2

1
2

22211s 883030x   sssss yyyxy  

23. 
2

1
2

21221s 223030x   sssss yyyxy  

24.  113s 24093030x   ss yx  

25.  213s 603030x   ss yx  

26. 
2

1
2

22311s 326230120x   sssss yyyxy  

27. 
2

1
2

21321s 3262120930x   sssss yyyxy  
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28.  123s 30930120x   ss yx  

29.  223s 3012030x   ss yx  

30. 
2

1
2

22312s 2623030x   sssss yyyxy  

31.
2

1
2

21322s 824830930x   sssss yyyxy  

 

REMARKABLE OBSERVATIONS: 

 

1.  Let N be any non-zero positive integer such that 

 
2

1x
N n 
  

Then it is observed that 
2

,3 18 nN xt   

Similarly, 
2

,3 18 nM yt   

2. Let p and q be two non-zero distinct positive integers such that  

     ny2xp n     and  nxq   

Note that 0qp  . Treat p,q as the generators of the Pythagorean triangle ),,T(  .  

       where  2pq , 
22 qp    and  

22p q  

Let A,P represent the area and perimeter of ),,T(  . Then the following interesting relations are observed: 

       0242930a    

            )(1202431b
P

A
  

  )(4243031c
P

A
   

Each of the following represents a hyperbola: 

S.No.     Hyperbola                  )Y(g),X(f ss   

    1. 
  36159 22  YX   1111 3

3

15
,5   ssss xyyx  

    2. 
  36159 22  YX   1221 7

3

15
,9   ssss xxxx  

    3. 
  2304159 22  YX     1331 55

24

15
,71

8

1
  ssss xxxx  

    4. 
  361515 22  YX   1111 3

3

15
,

15

3
15

3

15
 








 ssss xyyx  

    5. 
  5761515 22  YX   1221 27

12

15
,

15

3
157

12

15
 








 ssss xyyx  

    6. 
 345961515 22  YX   1331 213

93

15
,

15

3
1555

93

15
 








 ssss xyyx  

    7. 
  1441536 22  YX   2332 11014

6

15
,971   ssss xxxx  

    8. 
  5761515 22  YX   2112 37

12

15
,

15

27
15

12

15
 








 ssss xyyx  
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    9. 
  361515 22  YX   2222 277

3

15
,

15

27
157

3

15
 








 ssss xyyx  

    10. 
  5761515 22  YX   2332 2137

12

15
,

15

27
1555

12

15
 








 ssss xyyx  

    11. 
  345961515 22  YX   3113 355

93

15
,

15

213
15

93

15
 








 ssss xyyx  

    12. 
  5761515 22  YX   3222 2755

12

15
,

15

213
157

12

15
 








 ssss xyyx  

    13. 
  361515 22  YX   3333 21355

3

15
,

15

213
1555

3

15
 








 ssss xyyx  

    14. 
  540915 22  YX     3112 9

15

1
,7

3

1
  ssss yyyy  

    15. 
  1152035 22  YX     3113 71

158

1
,55

24

1
  ssss yyyy  

    16. 
  540915 22  YX     3223 971

15

1
,557

3

1
  ssss yyyy  

  

 

Each of the following represents a parabola:  

S.NO      Parabola                  )Y(g),X(f s

2

s   

    1. 
  36915 2  XY   112222 3

3

15
,25   ssss xyyx  

    2. 
36915 2  XY   123222 7

3

15
,29   ssss xxxx  

    3. 
23047215 2  XY     134222 55

24

15
,271

8

1
  ssss xxxx  

    4. 
36315 2  XY   112222 3

3

15
,2

15

3
15

3

15
 








 ssss xyyx  

    5. 
5761215 2  XY   123222 27

12

15
,2

15

3
157

12

15
 








 ssss xyyx  

    6. 
345969315 2  XY   134222 213

93

15
,2

15

3
1555

93

15
 








 ssss xyyx  

    7. 
1443615 2  XY   234232 11014

6

15
,2971   ssss xxxx  

    8. 
5761215 2  XY   212232 37

12

15
,2

15

27
15

12

15
 








 ssss xyyx  

    9. 
36315 2  XY   223232 277

3

15
,2

15

27
157

3

15
 








 ssss xyyx  
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    10. 
5761215 2  XY   234232 2137

12

15
,2

15

27
1555

12

15
 








 ssss xyyx  

    11. 
345969315 2  XY   312242 355

93

15
,2

15

213
15

93

15
 








 ssss xyyx  

    12. 
5761215 2  XY   323242 2755

12

15
,2

15

213
157

12

15
 








 ssss xyyx  

    13. 
 36315 2  XY   334242 21355

3

15
,2

15

213
1555

3

15
 








 ssss xyyx  

    14.   60X5Y2      212242 9
15

1
,27

3

1
  ssss yyyy  

    15. 3840X40Y2      312242 7
158

1
,255

24

1
  ssss yyyy  

    16. 60X5Y2      323242 971
15

1
,2557

3

1
  ssss yyyy  

  

CONCLUSION: 

In this paper , We have presented infinitely many integer solutions for the hyperbola represented by the negative 

Pell equation 615y 22  x . As the binary quadratic Diophantine equation are rich in variety , one may search for the 

other choices of negative Pell equations and determine their integer solutions along with suitable properties. 
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