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Abstract  Original Research Article 
 

In this paper, a two-component mixture of Exponential and Rama distribution named Xrama distribution is introduced 

and discussed. The distributional properties such as moment and the related measures including other characteristics 

namely quantile function, mean residual life function, Bonferroni curve, Lorenz curve, order statistics, stochastic 

ordering, and entropy were derived. Simulation study for both complete and progressive type-2 censored schemes is 

used to illustrate and analyze the behavior of the model. The proposed model’s performance is assessed through a 

comparison with various other lifetime distributions using negative log-likelihood, Akaike Information Criterion, 

Corrected Akaike Information Criterion, Bayesian Information Criterion, and Hannan–Quinn information criterion on 

an actual dataset. The results reveal that, when modeling real lifetime data, the suggested model exhibits greater 

flexibility than the competing models examined in this study. 
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1. INTRODUCTION 
The role and significance of probability models 

in describing data sets from lifetime events cannot be 

ignored. Probability distribution plays a pivotal role in 

modeling lifetime data sets, offering a fundamental 

framework to understand and analyze the uncertainty 

associated with events or phenomena that occur over 

time. Whether in fields like reliability engineering, 

finance, epidemiology, or countless others, the choice of 

an appropriate probability distribution is essential for 

making informed predictions, optimizing resource 

allocation, and assessing risks. Statisticians engage in the 

critical task of making informed decisions regarding a 

population based on a sample taken from it. Evidently, 

many decision-relevant phenomena are subject to 

change, and the most effective approach to account for 

uncertainties surrounding them is through the adoption 

of probabilistic models. These probability models 

function as mathematical frameworks for describing 

physical phenomena. An essential prerequisite for 

applying probabilistic models to real-world issues is 

ensuring that the observed sample data conforms to 

specific probability distributions. Traditional probability 

distributions, for instance lognormal, exponential, 

normal, Weibull, gamma, and distributions proposed by 

Rama Shanker et al. (2019), Tesfalem and Shanker 

(2019), and Alhyasat et al. (2021) and many others, are 

commonly employed for modeling various real-life 

problems. Regrettably, numerous data sets do not align 

with existing probability distributions, prompting a 

demand for alternative distributions, particularly for 

extending the current ones to better suit the fitting of real-

world data. Shanker (2017) suggested a lifetime 

distribution for modeling data sets that are more flexible 

in reliability and in terms of hazard rate shapes than the 

lifetime distributions mentioned in his article. Rama 

distribution is a one-parameter distribution formed by 

mixing exponential (θ) and gamma (4, θ), with mixing 

proportion  To provide a more robust and 

flexible version of Rama distribution, many extensions 

such as Chrisogonus Kelechi Onyekwere et al. (2021) 

and Enogwe et al. (2021), and others, have been created, 

each with a specific application area. Hence, the chief 

aim of this article is to suggest a more flexible model that 

can be used to model data sets in reliability and in terms 

of hazard rate. We shall equally provide Parameter 

estimation for the suggested model under a complete 
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sample and under the Progressive Type-II Censoring 

Scheme (PT2CS), then compare with some existing 

models by Shanker and Shukla (2017), KK (2018), 

Chrisogonus K Onyekwere and O. J. Obulezi (2022), and 

Rama Shanker (2017). Some of these distributions have 

been extended as well as modified, see O. J. Obulezi et 

al. (2023), Etaga, Celestine, et al. (2023), Innocent et al. 

(2023), Oramulu, Igbokwe, et al. (2023), O. Obulezi, 

Igbokwe, and Anabike (2023), Onuoha et al. (2023), 

Musa, Onyeagu, and O. J. Obulezi (2023a), Musa, 

Onyeagu, and O. J. Obulezi (2023b), Omoruyi et al. 

(2023), B. C. Nwankwo et al. (2024), Oramulu, Etaga, et 

al. (2023), and Etaga, M. P. Nwankwo, et al. (2023). 

 

The remainder of the paper is organized in the 

following sequence; section 2 is on the derivation of the 

proposed distribution. Section 3, dwells on the statistical 

properties of the Xrama distribution. The parameter of 

the proposed distribution is estimated under the complete 

sample in section 4. Section 5, centers on the parameter 

estimation under a progressive type-2 censoring scheme. 

We demonstrate the usefulness of the proposed model 

using simulation and real-life data. The work is 

concluded in section 6. 

 

2. Xrama Distribution 

Let X ∼ Xrama (θ), then the pdf and cdf are 

respectively 

 

 
 

 
Figure 1: Pdf of XRama distribution          Figure 2: Cdf of Xrama distribution 
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Figure 3: Survival function of Xrama distribution   Figure 4: Hazard function of Xrama distribution 

 

3. Statistical Properties of the Xrama Distribution 

In this section, some properties of the proposed 

distribution are derived. 

 

 

 

3.1 Quantile function 

Let X ∼ Xrama (θ) with cdf defined is eq 2. We 

define the quantile xq for u ∼ U(0,1) where u = F(x) 

hence xq is 

the inverse of the cdf obtained by transformation 
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Figure 5: Surface plot of the skewness of Xrama distribution 

 

 
Figure 6: Surface plot of the Kurtosis of Xrama distribution 

 

3.3 Information Measure 

A popular measure of information in the 

statistical literature is the Reny entropy. For a non-

negative number ω ≠ 1, the Reny entropy for Xrama 

distribution can be defined as 
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Figure 7: Mode of Xrama distribution for different values of θ 
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4. Estimation of Xrama Distribution Parameter Under Complete Sample 

 

 
 

 
 

 
Figure 8: Profile of the Log-likelihood of Xrama distribution under complete sample 

 

5. Estimation of Xrama Distribution Parameter 

Under Progressive Type-II Censoring Scheme 

(PT2CS) 

Cheng and Amin (1983) are the first to use the 

Maximum product spacing estimation method and its 

competitiveness with the Likelihood estimator was later 

studied by Ranneby (1984). Balakrishnan and Cramer 

(2014) showed that under a progressive type-II censoring 

scheme, the maximum product spacing estimation has a 

competitive advantage over the likelihood estimation. 

Further, Anatolyev and Kosenok (2005) also claimed 

that for skewed models or in small-sample cases for 

heavy-tailed models, maximum product spacing 

estimations are more efficient than maximum likelihood 

estimations. Almetwally et al., (2023) therefore 

concluded that Maximum product spacing possesses 

most of the properties of the maximum likelihood and a 

product of spacing is bounded, hence, even when 

likelihood breaks down due to the unbounded likelihood 

function, the maximum product spacing method can 

provide asymptotically optimal estimates. 
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Figure 9: Progressive Type-II Censoring Scheme Illustration 
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5.1 Bootstrap Confidence Intervals 

When effective sample sizes required for 

asymptotic confidence interval construction are small, 

Asymptotic Confidence Intervals will perform poorly 

hence re-sampling technique namely the bootstrap 

method provides precise estimates Almetwally et al. 

(2023). We consider two popular bootstrap techniques in 

the literature proposed by Efron and Tibshirani (1994) 

namely Boot- t and Boot- p. Here are the steps; 
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6. Applications 

In this section, we illustrate the usefulness of the proposed distribution with a simulation study and real-life data 

applications. 
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Figure 16 reveals also that Xrama is best for modeling the Vinyl Chloride data among the competing distributions. 
 

 
 

7. CONCLUDING REMARKS 
This paper introduces a two-component mixture 

of Exponential and Rama distribution named Xrama 

distribution. The mathematical and statistical properties 

for this distribution were derived. The reliability, hazard 

rate, reversed hazard rate, and odd functions are detailed. 

Parameter estimation was derived under a complete 

sample and under the Progressive Type-II Censoring 

Scheme (PT2CS) using the maximum likelihood 

estimation and maximum product spacing estimation. 

The study includes simulation analysis and a comparison 

of the model’s performance in fitting real data against 

some commonly used models for describing lifetime 

data, evaluated through Bias, Mean Square Error (MSE), 

Root Mean Square Error (RMSE), etc. The results 

suggest that the Xrama presents a better alternative when 

modeling lifetime data. 

 

Conflict of Interest: The authors declare no conflict of 

interest. 

 

Funding: The authors declare that there was no funding 

received for this research. 

 

REFERENCES 
1. Albert, J. (Ed.). (2009). Bayesian computation with 

R. New York, NY: Springer New York. 

2. Almetwally, E. M., Jawa, T. M., Sayed-Ahmed, N., 

Park, C., Zakarya, M., & Dey, S. (2023). Analysis 

of unit-Weibull based on progressive type-II 

censored with optimal scheme. Alexandria 

Engineering Journal, 63, 321-338. 

3. Anatolyev, S., & Kosenok, G. (2005). An alternative 

to maximum likelihood based on 

spacings. Econometric Theory, 21(2), 472-476. 

4. Balakrishnan, N., & Cramer, E. (2014). The art of 

progressive censoring. Statistics for industry and 

technology. 

5. Efron, B., & Tibshirani, R. J. (1994). An 

introduction to the bootstrap. CRC press. 

6. Etaga, H. O., Celestine, E. C., Onyekwere, C. K., 

Omeje, I. L., Nwankwo, M. P., Oramulu, D. O., & 

Obulezi, O. J. (2023). A new modification of 

Shanker distribution with applications to increasing 

failure rate data. Earthline Journal of Mathematical 

Sciences, 13(2), 509-526. 

7. Etaga, H. O., Nwankwo, M. P., Oramulu, D. O., & 

Obulezi, O. J. (2023). An Improved XShanker 

Distribution with Applications to Rainfall and Vinyl 

Chloride Data. Sch J Eng Tech, 9, 212-224. 
8. Innocent, C. F., Frederick, O. A., Udofia, E. M., 

Obulezi, O. J., & Igbokwe, C. P. (2023). Estimation of 

the parameters of the power size biased Chris-Jerry 

distribution. International Journal of Innovative 
Science and Research Technology, 8(5), 423-436. 



 

    

Harrison O. Etaga., Sch J Phys Math Stat, Dec, 2023; 10(10): 203-219 

© 2023 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India                                                                                          219 

 

 

9. KK, S. (2018). Pranav distribution with properties and 
its applications. Biom Biostat Int J, 7(3), 244-254. 

10. Musa, A., Onyeagu, S. I., & Obulezi, O. J. (2023). 

Comparative Study Based on Simulation of Some 

Methods of Classical Estimation of the Parameters 

of Exponentiated Lindley–Logarithmic 

Distribution. Asian Journal of Probability and 

Statistics, 22(4), 14-30.  

11. Musa, A., Onyeagu, S. I., & Obulezi, O. J. (2023). 

Exponentiated Power Lindley-Logarithmic 

distribution and its applications. Asian Research 

Journal of Mathematics, 19(8), 47-60. 

12. Ng, H. K. T. (2005). Parameter estimation for a 

modified Weibull distribution, for progressively 

type-II censored samples. IEEE transactions on 

Reliability, 54(3), 374-380. 

13. Ng, H. K. T., Chan, P. S., & Balakrishnan, N. 

(2002). Estimation of parameters from progressively 

censored data using EM algorithm. Computational 

Statistics & Data Analysis, 39(4), 371-386. 

14. Ng, H. K. T., Chan, P. S., & Balakrishnan, N. 

(2002). Estimation of parameters from progressively 

censored data using EM algorithm. Computational 

Statistics & Data Analysis, 39(4), 371-386. 

15. Obulezi, O., Igbokwe, C. P., & Anabike, I. C. 

(2023). Single acceptance sampling plan based on 

truncated life tests for zubair-exponential 

distribution. Earthline Journal of Mathematical 

Sciences, 13(1), 165-181. 

16. Obulezi, O. J., Anabike, I. C., Oyo, O. G., Igbokwe, 

C., & Etaga, H. (2023). Marshall-Olkin Chris-Jerry 

distribution and its applications. International 

Journal of Innovative Science and Research 

Technology, 8(5), 522-533. 

17. Omoruyi, F. A., Omeje, I. L., Anabike, I. C., & 

Obulezi, O. J. (2023). A new variant of Rama 

distribution with simulation study and application to 

blood cancer data. European Journal of Theoretical 

and Applied Sciences, 1(4), 389-409. 

18. Onuoha, H. C., Osuji, G. A., Etaga, H. O., & 

Obulezi, O. J. (2023). The Weibull Distribution with 

Estimable Shift Parameter. Earthline Journal of 

Mathematical Sciences, 13(1), 183-208. 

19. Onyekwere, C. K., & Obulezi, O. J. (2022). Chris-

Jerry distribution and its applications. Asian Journal 

of Probability and Statistics, 20(1), 16-30. 

20. Onyekwere, C. K., Osuji, G. A., Enogwe, S. U., 

Okoro, M. C., & Ihedioha, V. N. (2021). 

Exponentiated Rama Distribution: Properties and 

Application. Mathematical theory and 

Modelling, 11(1), 2224-5804. 

21. Oramulu, D. O., Etaga, H. O., Onuorah, A. J., & 

Obulezi, O. J. (2023). A New Member in the Lindley 

Class of Distributions with Flexible 

Applications. Sch J Phys Math Stat, 7, 148-159. 

22. Oramulu, D. O., Igbokwe, C. P., Anabike, I. C., 

Etaga, H. O., & Obulezi, O. J. (2023). Simulation 

study of the Bayesian and non-Bayesian estimation 

of a new lifetime distribution parameters with 

increasing hazard rate. Asian Research Journal of 

Mathematics, 19(9), 183-211. 

23. Ranneby, B. (1984). The maximum spacing method. 

An estimation method related to the maximum 

likelihood method. Scandinavian Journal of 

Statistics, 93-112. 

24. Shanker, R. (2017). Rama distribution and its 

application. International Journal of Statistics and 

Applications, 7(1), 26-35. 

25. Shanker, R., & Shukla, K. K. (2017). Ishita 

distribution and its applications. Biometrics & 

Biostatistics International Journal, 5(2), 1-9. 

26. Shanker, R. (2017). Rani distribution and its 

application. Biometrics & Biostatistics 

International Journal, 6(1), 1-10. 

27. Abebe, B., Tesfay, M., Eyob, T., & Shanker, R. 

(2019). A two-parameter power Rama distribution 

with properties and applications. Biometrics and 

Biostatistics International Journal, 8(1), 6-11. 

28. Tesfalem, E. Y. O. B., & Shanker, R. (2019). A 

Two-Parameter Weighted Rama Distribution with 

Properties and Application. Universal Journal of 

Mathematics and Applications, 2(2), 48-58. 

29. Tolba, A. H., Onyekwere, C. K., El-Saeed, A. R., 

Alsadat, N., Alohali, H., & Obulezi, O. J. (2023). A 

New Distribution for Modeling Data with Increasing 

Hazard Rate: A Case of COVID-19 Pandemic and 

Vinyl Chloride Data. Sustainability, 15(17), 12782. 

 


