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1. INTRODUCTION

The study of the concept of fractional calculus
which is mainly concerned with the pure mathematical
fields is traceable to the 19" century by Liouville,
Riemann, Caputo, etc [29, 39].

One of the trends in the stability theory of
solutions of differential equations is the so-called
practical stability [10-35]. This aspect of stability was
introduced by LaSelle in [26], and it is used in
estimating the worst-case transient and steady-state
responses together with verifying point wise in time
constraints imposed on the solution path or the
trajectory curve. Fundamental results in this area were
established in [10,22,34-36,42] for integer order
derivative.

Rapidly revolving alongside the development
of the theory of practical stability in recent years is the
mathematical theory of impulsive differential equations
which have experienced a massive research attention
and development. The theory of impulsive differential

equation is richer than the corresponding theory of
differential equations [18], as they constitutes very
important models for describing the true state of several
real life processes and phenomena since many evolution
processes are characterized by the fact that, at certain
moments of time, they experience a change of state
abruptly. These processes are assumed to be subject to
short term perturbations whose duration is negligible in
comparison with the duration of the process.
Consequently, it is natural to assume that these
perturbations act instantaneously, that is, in the form of
impulses. For instance, many biological phenomena
involving thresholds, bursting rhythm models in
medicine and biology, optimal control models in
economics, pharmacokinetics and frequency modulated
systems do exhibit impulsive effects [18].

Again, the efficient applications of impulsive
differential system require the finding of criteria for
stability of their solutions [37], and one of the most
versatile methods in the study of the stability properties
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of impulsive systems is the Lyapunov second method
(see [6]).

The novelty of the Lyapunov's second method
as observed in [6-40] over other methods of examining
stability properties of impulsive differential systems
like the Razumikhin technique, the use of matrix
inequality, the Laplace transform method, variational
method, etc. stems from the fact that the method allows
us to examine the stability of solutions without first
solving the given differential equation - by seeking an
appropriate  continuously  differentiable  function
(Lyapunov’s function) that is positive definite, whose
time derivative along the trajectory curve is negative
semidefinite.

The stability of the zero solution of impulsive
differential equations have been extensively studied in
[13] and [32], and fundamental results have been
obtained for its corresponding fractional order in [3-46].
Atsu in [6] obtained fundamental results on the practical
stability of impulsive Caputo fractional differential
equations using the vector Lyapunov functions,

stressing the importance of the method over the scalar
Lyapunov function.

In this paper, the asymptotic practical stability
of impulsive Caputo fractional order systems is
considered, and by means of the comparison principle,
sufficient conditions for the asymptotic practical
stability of impulsive fractional order systems is
established using a class of piecewise continuous
functions. An illustrative example is given to confirm
the suitability of the obtained results.

2. Preliminaries and Basic Definitions

The basic concept of calculus such as the
derivative and integrals can be generalized to
noninteger order using fractional calculus. This allows
for more in-depth understanding of behavior of
functions, particularly when they have complex or
irregular behavior. There are multiple ways to define
fractional derivatives and the integrals and the choice of
definitions depends on the specific applications (see
[16-39]).

There are several definitions of fractional derivatives and fractional integrals.
General Case: Let the number n—1< 8 <n,8>0 be given, where n is a natural number, and I'(.) denotes the

Gamma function.

Definition 2.1

The Riemann Liouville fractional derivative of order £ of y(t) is given by (see [35])

1 d"
T'(n—p) dt"

t
WDr(M) = =)y (s)ds,t =1,
t

Definition 2.2

The Caputo fractional derivative of order f of y(t) is given by (see [36])

1 t
°DPy(t)=—— | (t—5)" "Ly (s)ds,t >t
DO F(n_ﬁ)t{( )"V (s)ds t> 1

The Caputo derivative has many properties that are similar to those of the standard derivatives which make them
easier to understand and apply. Also, the initial conditions of the Caputo fractional order derivative are also easier to

interpret in physical context.

Definition 2.3

The Grunwald-Letnikov fractional derivative of order £ of y(t) is given by (See [2])

[[7[0

"Dy = lim hi,, 2 DCyt-rh), t=t,
r=0

and

Definition 2.4: The Grunwald-Letnikov fractional Dini derivative of order  of (t) is given by (See [2])

t-tg

Dy (t) = Iimsuphiﬁi(—l)'ﬂc,y(t —rh), t>t,
h—0* r=0

where ﬂCr are the binomial coefficients and [t —t ] denotes the integer part of

h

t—t,.
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Particular Case (when n=1). In most applications, the order of 3 is often less than 1, so that £ € (0,1) . For simplicity
of notation, we will use D” instead of , c Dﬂ and the Caputo fractional derivative of order [ of the function y(t) is

7()_%‘[( —S)ﬁ "ds, t=>t, (21)

3. Impulses in Fractional Differential Equations

Consider the initial value problem (IVP) for the system of fractional differential equations (FrDE) with a Caputo
derivative for 0 < f <1.

DAy = F(t ), t =1, (31)
7o) = 7o,

where y eRM, f eC[R, xR",R"], f(t,0)=0 and (t,,x,) € R, xR".

Some sufficient conditions for the existence of the global solutions to (3.1) are considered in [8-43].
The I1\VP for FrDE (3.1) is equivalent to the following Volterra integral equation (See [3]),

r®) =y, + —8)P (s, p(s))ds, t > t, (3.2)

1
¢

Consider the IVP for the system of impulsive fractional differential equations (IFrDE) with a Caputo derivative for
0< p <],

CDAy(t) = f(t,y), t=t,, t=t, k=12,..
Ay =1(t)) t=t,keN, (3.3)

y(ts) =70s
where , , eR", f eC[R, xR",R"], andt, eR, I, :R" »>R", k=1.2,...under the following assumptions:

()0<t, <t, <..<t <..andt, —>o ask —>oo; (ii) f : R, xRN —» R"is piecewise continuous in (t,,t,]

andforeach Xe R", k=12,..., and |imn ¥ t,y) = f(t7,y) eXists;

(t,y)—>(t 7))

iii) 1, xR" — R"

In this paper, we assume that f (t,0) =0, 1, (0) =0 for all k so that we have trivial solution for (3.3), and the points
t., k =12,... are fixed such that t, <t, <.... and II(imtk = o0, The system (3.3) with initial condition ¥ (t,) = 7, is

assumed to have a solution y(t;t,,7,) € PC” ([t,,),R").

Remark 3.1. The second equation in (3.3) is called the impulsive condition, and the function I, (y(t,)) gives the

amount of jump of the solution at the point f, .

Definition 3.1 Let : R, x RY — R™ Then Q is said to belong to class y if,
(i) Q is continuous in (t, ;,t ] and foreach y € R"and  |im Q(t, y) = Q(t;, y) exists;

(t.y)—>(t )

(ii) C2is locally Lipschitz with respect to its second argument X and Q(t,0) = 0

Now, for any function ¢(t, y) e PC([t,,x) < &, RY). we define the Caputo fractional Dini derivative as:

DlQ(ty)= |lmSUP {Q(W Qlty, 70) - i D"C IO -ty =h (6 7) - Qfta. 70)T} (34

r=l

t =1, where ¢ elty, ), 7.7, € & &< RN and there exists h>0 suchthat t — rh e [t,,T].
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Definition 3.2 A function g e PC[R", R"]is said to be quasimonotone nondecreasing in y, if y <y and }; =Y,
for 1<i<n implies g, () = g, (y).

Definition 3.3 The zero solution of (3.3) is said to be:
(PS1) practically stable if for every £ >0 and t, € R, there exist 0 = J(¢,t,) >0 continuous in t, such that for

any y, eR", |ly,|| < sImplies y, € RN ||7/(t,to,}/0)|| <& fort2t;

(PS2) uniformly practically stable if for every & > 0 and t, € R, there exist 5 = 5§(g) > 0, continuous in t, such
thatforany ,, e R™, |y,||< & implies y e RN ||y (t,to, 7o) < & Tor t>1,;
(PS3) asymptotically practically stable if it is practically stable and if for each & > 0 and t, € R+ there exist positive

numbers 5, = &, (t,) >0 and T =T (ty, &) such thatfor ¢ >, + T and ol < & IMPIiES [1(t,t,, 70)|| < &;
(PS4) uniformly asymptotically practically stable if it is uniformly practically stable and 5, = 5,(e) and T =T (&)
such that for t > t, + T , the inequality lroll = & implies |7t t, 7o) < &

Definition 3.4 A function a(r)is said to belong to the class K if a < Pc([0,y),R,), a(0) =0, and a(r) is

strictly monotone increasing in r.
In this paper, we define the following sets:

Sv =l =R":yl<v]
S, ={reR" |l <w}

Suffice to say that the inequalities between vectors are understood to be component-wise inequalities.
We will use the comparison results for the impulsive Caputo fractional differential equation of the type

SDu=g(tu), t=t, t=t, k=12,.
Au=y, (u(t)), t=t, keN, (3.5)
u(tg):uov
existing for t > 1,

ueR", R, =[t,,©), g:R, xR - R", g(t,0) =0, where g is the continuous mapping of R, x R" into R". The
function g € PC[R, x R, R"] is such that for any initial data (t,,u,) € R, xR", the system (3.5) with initial
condition u(t,) = u, is assumed to have a solution u(t,t,,u,) € PC” ([t,, ), R").

Lemma 3.2 [1JAssume m e PC([t,,T]1xS,,R"). and suppose there exists t* €[t,,T] such that for & < ,,
m(t*, ) =m(t", @,) and
m(t, &) <m(t,@,) for t, <t <t". Then if the Caputo fractional Dini derivative of m exists at t”, then the

inequality “D”m(t", o, )-“D’m(t", «,) > O holds.

Proof Let Q(t, ») = m(t, ;) —m(t, «,). Applying (3.4), we have

DMt a) ~m(t', @)= |imSUphi,,{[m(t‘yal) =m(t",a,)]- [ty @) - Mty @,)] - i(fl)”” C[m(t" - rh,oq) -m(t" - rh,a,)]-[M(ty, @) - Mty @)}

h-0"

when o, = &, we have

t-tg
h

DI (m(t", ) - m(t', @) = |im5uphi,;{—[m(%v%) =Mty ;)= Y (D" CIm(t ~rhya) ~m(t - rh,a,)]-[M(ty, o) - ity 0,)T}
h—0" r=1

t-tg o
T h

D/ (m(t",a)-m(t', ) = —Iimsuphiﬂ[m(to,al) -m(t, )]+ Iimsuphiﬂ Y (7T Im(t” - rhyay) -m(t - rh,a,)]- Iimsuphi/} Y (D¢, Imlty, o) - M(ty, )]

h-0* h-0* r=1 h-0* r=1

| © 2024 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India | 163 |




Ante, J. E et al, Sch J Phys Math Stat, Nov, 2024; 11(11): 160-172

t-tg

‘D (m(t", a) —m(t", e,)) =~ IiLnsuphiﬂ[m(tO ya,)—m(ty, a,)]- Ii[]nsuphiﬁ Zh“(_l)r 7C,[m(ty, o) —M(ty, ;)]
—0" —0" r=1

DI (M ) M) = limsup- 3 (1), M, ) - M )]
h—0" r=0

Applying equation (3.8) in [2], we have

°Dm(t’, o)-D’m(t’, ) = w[m(t*, o) —m(t", a,)]

- TA-p)
By the lemma, we have that

m(t,«,) —m(t,a,) <0 fort, <t<t"
And so, it follows that

‘Dfm@t*, a)-°D’m(t", a,) >0
Note that some existence results for (3.5) are given in [12-15].

Remark 3.3 Lemma 3.2 in [1], extends Lemma 1 in [2], where the vectors m(t,«;) and m(t,«,) are compared
component-wise.

In the following, we establish the comparison result for the system (3.3).

4. Fractional Differential Inequalities and Comparison Results for Vector Fractional Differential Equation
In this section, again we assume that 0 < f <1.

Theorem 4.1. (Comparison Result) [1].

Assume that:

(i) g e PC[R, xR, R"] and is continuous in
(t,.t. ], k=12,... and g(t,u)is

quasimonotone non-decreasing in U for each u) exists;

ueR"and Iim g(t,u)=g(t;

(t,y)—>(tu)
(ii) QePC[R, xR",R,V] and © < 4 Such
thate proace, ) < gt 2(t. 7)), (1.7) = R, < R"
and and the function o, 1, (1)) < @, Qt, YO t =1, 7 < s, @ 1 RY —> R is nondecreasing for k =1,2,...
Gii) Q) = I(t,t,,u,) € PC”([t,,T], R") be
the maximal solution of the IVP for the IFrDE system (3.5)

Then,
Q(t, ¥ (1)) < K1), t=>t,, (41)

where ,(t) = 4 (t,t,,7,) € PC”([t,, T], R") isany solution of (3.3) existing on [to, ), provided that

Q. 7)) <u, (4.2)

Proof.
Let ne sz be a small enough arbitrary vector and consider the initial value problem for the following system of

fractional differential equations,

°D”?u=g(t,u) +7n, fortel[t,,o)
u(ty) =u, + 1, (4.3)
for t e [t,,0).
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The function u, (t,a) is a solution of (4.3), where « >0 the fractional differential equation (3.5) if and only if it
satisfies the Volterra fractional integral equation,
u, (ta) =y +7+ 5 j(t $)"1(g(s,u, (s,@)) +@)ds, t e ty,). (4.4)

b
Let the function m(t,«) € PC([t,, T1xS,,, RY) be definedas m(t, &) = Q(t, " (1))

We now prove that
m(t, @) <u, (t,e) for te[ty,) (4.5)

Observe that the inequality (4.5) holds whenever t =t, i.e.
m(t,, @) = Q(ty, 7,) < U, < u, (ty, @)
Assume that the inequality (4.5) is not true, then there exists a point t, > t, such that

m(t, @) =u,(t, @) and m(t,a)<u, (t,a)for telt,t).
It follows from Lemma 3.2 that

‘Df(m(t, @) —u,(t,x)) >0 ie.
‘D (m(t,, @) >“D’u, (4, x)

‘DIO(L, ¥ (4,)) >“Dlu, (4, @)
and using (4.3) we arrive at

CDfQ(tlJ’(tl)) > g(tlvu(tva)) +n> g(t17u(t1!a)
Therefore,
°D’m(t, ) > g(t,u(t,, @)) (4.6)

From Theorem 4.1, the function »~(t) = y(t,t,,,) Satisfies the IVP (4.3) and the equality
llmsurJ [y" (=7, =SG"(1).h]= f(t.y" (1)), holds, (4.7)

where »*(t) = y(t,t,,7,) isany other solution of (3.5), and
51

SG @), =Y (<) T [ (t—rh) - ] (4.8)

r=1
is the Grunwald Letnikov fractional derivative

Multiply equation (4.7) through by h?
limsup[y~(t) = 7, — S (" (1),N)]1=h"f (t, " (1))

7 O -7 -[S¢"®.h)+p(")]=h"1 (7 1)
' O-h Tty ©)=[S¢"1).h)+7,+p(h")] (4.9)

Then for t e[t,, o), We have

t-tg
5

(-1™7C,[m(t-rh,a) - m(ty, )] =

h

ft 7 (0)- Q7)Y (D [t -thy O -0ty () -0t 7))

=]
=Q(t7' (1)) -Qt.7) Z 1744, [t -rh) " (0 -0 £t (1) - Q.70+
o (4.10)
YDA - 1), S (7 (1)) + 75+ p(0) =ty 70)]- [t - 10, (= rh)) -ty 7)1}

=l
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Since Q(t, ) is locally Lipschitzian with respect to the second variable, we have that,

t=tg

= LD S CCOIS G .0+ 70+ p(0") = =]

where L > O is a Lipschitz constant.

301
Z(ﬂc NS (1), h) + p(h?))— (" (t—rh) —3,) (4.11)

r=1

Using equation (4.8), equation (4.11) becomes,

<L

Ia] 54

L Z(”Cr)(i(—1)”1(”Cr)[(7”(t =rh)=75)+ p(h") = (7" (t=rh) - 7,)

r=1 r=l

llg

(52 =Y 54

LY (e TY eI t-th -+ . °C,plt) - zﬂc “(t-rh)-

r=1

Iy [ £ (4.12)
<LED™ Z,(ﬁcr)[(}/*('f*l’h)*i’o)]+[ZﬁCr -1+ Zﬁcrp(h”)
Substituting equation (4.12) into (4.10) we have
[‘i
= QL7 0) -t ) ~Y (DAt~ O -1 1.7 O) -0 7]
151 5 |
LY (D)™ ¢°C, )" t-rh)- [z nC, -1+ Z 1)"C, p(h”)
=Q(t, 7" ()~ Qlty. 70) - Z( e fart-m) - (-0 (4 ) -t 1)+
521 52 5
Z D™MCH t-rh) =)l Z (-D’C, -1+ Z( H™C,p(h")
Dividing through by h” > 0 and taking the limsup as h —> 0" we have,
°Df’m(t,a)—limsypht,{ (17" () - 75) f '“’Q[Q(t—rh)—y‘(t)—h"f(t,y*(t»—ﬂ(tu,yn)]}+
=4 54 !
limsup £ LZ DHC) - ) - ) YD AC, -1+ Z( 1)74C,p(h”)
Recall that,
(5
lim > (=)™ (’C,)=-1and limsup p(h”) =0
-V T h—0*
From equations (3.6) and (3.7) in [1], we have that
‘Dm(t,a)="DQ(t, 7" (t) + L Z( =)™ CH( (t-rh) = 7o) [-(-1) ~1]+0
r=1
Using condition (ii) of the Theorem 4.1, we obtain the estimate
“DIm(t, @) < g(t.Q(t, 7" (1) = g (t, m(t, @)),(4.13)
Also,
m(ty, @) <u, and m(t;, @) = Q(t;, ¥ (t,) + 1, (7 (t)) < p (M(L,)) (4.14)
Now equation (4.14) with t =1, contradicts (4.6), hence (4.5) is true. 0
For t [t,,T], we now establish that
u,(t,@)<u, (t,@) whenever 7, <7, (4.15)
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Observe that the inequality (4.15) holds for t =1,
Assume that (4.15) is not true. Then there exists a point tsuch that u, (t,a)=u, (t,,a)and
u, (t,a)<u, (t,a) fortefty,t).

By Lemma 3.2, we have that

¢ Df (u771 (tl' a) - u772 (t2 4 a)) > O
However,

¢ Df (Um (tl’ a) - uﬂz (t2’ a)) = CDf (unl (tl’ a) - uﬂz (tZ’ a)) = g (tl7 u(t17 a)) + 771 _[g(tl’ u(ti’ a)) + 772]

=1,-1,<0
which is a contradiction, and so (4.15) is true. Thus, equations (4.5) and (4.15) guarantee that the family of solutions
{u,(t,a)}, t et,, T] of (4.3) is uniformly bounded, i.e. there exists 4 >0 with |u,7 (t,a)| < A, with bound A on
[t,T]. We now show that the family {u, (t,x)}s  equicontinuous  on [t,, T]  Let
k =sup{ g(t,») I: (t,») € [t,, T]x[- 4, 4]},, where A is the bound on the family{u, (t,&)}.Fix a decreasing
sequence {3, |~ ,(t), such that limz, =0 and consider a sequence of functions {u,(t,@)}. Again, let

|—>00

t,,t, e[t,, T], with t, <t,, then we have the following estimates,

%aya>—wapa>sn%4aﬁ+Fénz@2—@ﬂ%g@¢mam»+nmx
- uo4-ni4—Iw§3)I(n~—s)”1(g(s,u(&7a))+7ﬁ)dsJ|
< r(lﬂ) j (t, —s)’" —:I:(tl - s)“}(g(s, u(s, 7,))u(t,, 7,)ds
gr&)I@_gw_yyﬂyq®
sr&)i@_gm+zm_gm;z@_g“%s

ty t t,
<X sy~ [ —s)*+[(t,—syds
to to t

k[ L T 7
< r'(B) ] t_[(tz —-s) _;[(tl —s)Y s+ {[(tz —sy 1ds}
k
Sl —6) 6 —t) & —u) |+ @ - u)|]
K 2k
=) (€ 6y _tl)ﬁ]zm(tz -t) <e,

1
provided |it, —t| < 5(e) = (r(ﬁ+1)8jﬂ , proving that the family of solutions {u, (t, )} is equicontinuous. By the

Arzela-Ascoli theorem, {U, (t, )} guarantees the existence of a subsequence{u, (t,cr)} which converges uniformly

to the function &(t) on [t,,T]. Then we show that $(t) is a solution of (4.4). Thus, equation (4.4) becomes
t
u, (ta)=uy +7; + ﬁj(t - s)’“(gii (s, Uy (s,0))+ 7, )ds, tety,o). (4.16)

b
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Taking the lim as i; — oo in (4.16) yields,

8(t) =y +1, + e [ (L= (a5, (0)ds, t <[y, ). (4.17)

Hence, $(t) is a solution of (3.5) on [t,, T]. We claim that $(t) is the maximal solution of (3.5). Then, from (4.5), we
have that

m(t, ) <u, (t,a) < H(t) on [t,, T].
Suppose that in Theorem 4.1, g(t,u) = 0, then we have the following results

Corollary 4.1.

Assume that Condition (i) of Theorem 4.1 holds and,
(i) QePC[R, xR",R.N]and o < 4 such that

°DAQ(t,y) <0 (4.14)
holds, and
Qt, 7 + 1L, (E))) < @ (L y @), t=t,, 7 €S, and the function «, : RN — RN is nondecreasing for k =1,2,...
Then for t €[t;,o0), the inequality
Q(t, (1)) < Q(tg, »,) holds

5. Main Results

In this section, we will obtain sufficient conditions for the practical stability as well as asymptotic practical stability of

the system (3.3). Again we assume 0 < S <1.

Theorem 5.1. Assume that:
(i) g ePC[R, xR", R"] is piecewise

continuous in (t, ,,t,] and for each ueR", k=12,.., and |im g(t,y)=g(t ,u) exists, and g(t,u) is

(ty) ()
quasimonotone nondecreasing in U

(i) QePC[R, xR",R,"] and Q e y such that

‘DOt 7)< g(t, Qt, 7)), t #t,, holds for all (t,7)eR, xS,
There exists y, > 0 such that 7, €S,
implies that »(t) + 1, (»(t,)) € S, and
Oty 7+ 1, (¥t )) < o (At ¥ (1)).t =ty €S, and the function ¢ : R — R s
nondecreasing for kK =1,2,...
(i) b(|y])< (¢, ), where beK and

20t ), = S ().

Then the practical stability of the trivial solution u =0 of (3.5) implies the practical stability of the trivial solution
y =0 of (3.3).

Proof. Let 0 <& < p and t, € R, be given.

| © 2024 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India | 168 |




Ante, J. E et al, Sch J Phys Math Stat, Nov, 2024; 11(11): 160-172

Assume that the solution (3.5) is stable. Then given b(e)>0 and t, € R,, there exists a positive function

S8 = 5(t,, &) >0 which is continuous in {, for each & such that

N . . N
DU <5 implies Syt ty,u,) <b(e), t =1t (5.1)
i=1 i=1
where u(t,t,,u,) isany solution of (3.5).
Choose U, =Q(ty,7,)-
Since Q(t,Xx) is continuous, then by the property of continuity, given & > Othere exists a positive function
S, = 8,(t,,8) > 0 that is continuous in t; foreach & such that the inequalities
[t 7) =ty 70)]| < & implies [y =y < &,
and as [Q(t, )| — 0, 7| — O then the inequalities

HyOH <é, and HQ(toJ/o) < 5H (5.2)
are satisfied simultaneously.
We claim that, if [ ,]| < 8, then [y (t.ty, 7,)] < €.

Suppose that this claim is false, then there would exists a point t, < [t,,t) and the solution y(t,t,,5,) With |y,|| < &,
such that

||7(t1)|| =¢ and ||7(t)|| <¢g forteft,,t,) (5.3)
So that using equation (5.3); condition (iii) of Theorem 5.1 reduces to the form

b@‘y(tl)H)S ZQi t, »t))

implying

b(e) = 310, (b 7 (1) 54
for t e [t,,t,) and from Theorem 4.1,

Q(t, y(t) < () (5.5)

where gty — Zn:lg_ (t,t,,u,) 1S the maximal solution of (3.5).
i=1
Then, using equations (5.4), (5.3), (5.5) and condition (iii) of Theorem 5.1 we arrive at the estimate
N
b(e) < Q,(t, ¥(t)) < Z'gi (t,t5,uy) <b(e)

i=1
which leads to a contradiction.

Hence, the practical stability of the trivial solution u =0 of (3.5) implies the practical stability of the trivial solution
y =0 of (3.3).

Theorem 5.2. Assume that:

(i) g e PC[R, xR, R"] is piecewise
continuous in (t, ,,t, ] and foreach ue R",k =1,2,...,, and  |im a(t,y) = gt ,u) exists, and g(t,u) is

()t u)
quasimonotone nondecreasing in U

(i) QePC[R, xR",R "] and Q e y such that
°DIQ(t,7) < g(t, Qt, 7)), t #t,, holds for all (t,7) eR, xS,

There exists y, > 0 such that y, e Sy/ implies that , (t) + LOt)NeS, and

Q7 + 1, (7)) < o (L, ¥(1))), t =t,,7 € S, and the function @, : RY — R is nondecreasing for k =1,2,...
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N
(i) b(|y]) <, y), forall (t,7) € R, xS, where b e K and O (t,5),=> i (t, 7).
i=1

Then the asymptotic practical stability of the trivial solution u = 0O of (3.5) implies the asymptotic practical stability of

the trivial solution ¥ =0 of (3.3).

Proof. Let 0 <& < p and t, € R, be given.

Assume that the trivial solution (3.5) is asymptotically practically stable. Then it is practically stable, and given
b(¢) >0 and t, € R, , there exists a positive function & = J(t,, &) >0 which is continuous in t, for each & such

that

- - N
S U <5 implies 37w, (t,t,,up) < b(&), t > 1, (5.6)
i=1 i=1

Since Q(t,Xx) is continuous, then by the property of continuity, given & > Othere exists a positive function
0, = 0,(t,,0) >0 that is continuous in t, foreach & such that the inequalities

It ) -ty )| < & implies Iy = 7ol < &

and as ||Q(t, }/)" —0, ||7/|| — 0 then the inequalities

lvol < 6, and |Qty,7,) <4
are satisfied simultaneously.
We claim that, if |y, < &, then ||y (t,t,, )| < &-

(6.7)

Now, suppose this claim is false, then there exists a sequence {tn} such that T, —>o0asn— oo and t, 2t +T

such that

||7/(tk 1, 7/0)” > &, where (t,,t,,7,) issome solution of (3.3) starting in || < &,-

Now, from condition (iii) of the Theorem 5.2, we have that

b(”?’(tk!to:?/o)”) SQu(t, 7yt 7))t 2t +T e

b(e) < Q(t, ¥t 6, 70)) te =t +T

(5.8)

This implies that 5 (t) e S, fort e[t,,t,) and for t €[t,,t,) from Theorem 4.1,

O (t, (1) < D8 (e v Uo)

(5.9)

Combining equations (5.8), (5.9), (5.6) and (5.5) gives the estimate
N
b(e) < Qu (L, ¥ (t 15, 70)) < 219. (te.t;, Uo) <b(e)

i=1
which leads to an absurdity.

Hence, the asymptotic practical stability of the trivial
solution u =0 of (3.5) implies the asymptotic practical

stability of the trivial solution ¥ =0 of (3.3).

From the results obtained, we can therefore conclude
that the trivial solution of the main system (3.3) is
asymptotically practically stable.

6. CONCLUSION

In this paper, the existence of the maximal
solution of the comparison system for vector Lyapunov
function is established, and sufficient condition for the
asymptotic practical stability of impulsive Caputo
fractional order systems is presented by means of the
comparison principle. It was discovered that the

maximal solution of the comparison system majorizes
the vector form of the Lyapunov function. Again,
sufficient conditions for the asymptotic practical
stability of the impulsive fractional order systems are
established. The results also went t further to emphasize
the fact that the solution of the main system is
asymptotically practically stable.

Acknowledgment

The authors wish to thank the Management
and Department of Mathematics, Topfaith University,
Mkpatak, Nigeria for the enabling environment
accorded this research.

REFERENCES

| © 2024 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India | 170 |




Ante, J. E et al, Sch J Phys Math Stat, Nov, 2024; 11(11): 160-172

10.

11.

12.

13.

Ante, J. E., Itam, O. O,, Atsu, J. U., Essang, S. O.,
Abraham, E. E., & Ineh, M. P. (2024). On the
Novel Auxiliary Lyapunov Function and Uniform
Asymptotic Practical Stability of Nonlinear
Impulsive Caputo Fractional Differential Equations
via New Modelled Generalized Dini Derivative.
African Journal of Mathematics and Statistics
Studies 7(4), 11-33. Doi: 10.52589/AJMSS-
VUNAIOBC.

Agarwal, R., O’Regan, D., & Hristova, S. (2015).
Stability of Caputo fractional differential equations
by Lyapunov  functions.  Applications  of
Mathematics, 60, 653-676.

Agarwal, R. P., Hristova, S., & O'Regan, D.
(2016). Stability of solutions to impulsive Caputo
fractional differential equations.

Agarwal, R., O’Regan, D., Hristova, S., & Cicek,
M. (2017). Practical stability with respect to initial
time difference for Caputo fractional differential
equations. Communications in Nonlinear Science
and Numerical Simulation, 42, 106-120.

Akpan, E. P., & Akinyele, O. (1992). On the ¢0-
stability of comparison differential systems.
Journal of mathematical analysis and applications,
164(2), 307-324.

Atsu, J. U., Ante, J. E., Inyang, A. B., & Akpan, U.
D. (2024). A Survey on the Vector Lyapunov
Functions and Practical stability of Nonlinear
Impulsive Caputo Fractional Differential Equations
via New Modelled Generalized Dini Derivative.
IOSR Journal of Mathematics, 20(4), 1 (Jul. — Aug.
2024), 28-42. Doi: 10.9790/5728-2004012842.
Arnold, L., & Schmalfuss, B. (2001). Lyapunov's
second method for random dynamical systems.
Journal of Differential Equations, 177(1), 235-265.
Béleanu, D., & Mustafa, O. G. (2010). On the
global existence of solutions to a class of fractional
differential equations. Computers & Mathematics
with Applications, 59(5), 1835-1841.

Bainov, D., & Simeonov, P. S. (1989). Systems
with impulse effect: stability, theory, and
applications. (No Title).

Bainov, D. D., & Stamova, I. M. (1996). On the
practical stability of the solutions of impulsive
systems of differential-difference equations with
variable impulsive perturbations. Journal of
mathematical analysis and applications, 200(2),
272-288.

Burton, T. A. (2011). Fractional differential
equations and Lyapunov functionals. Nonlinear
Analysis: Theory, Methods & Applications, 74(16),
5648-5662.

Diethelm, K., & Ford, N. J. (2010). The analysis of
fractional differential equations. Lecture notes in
mathematics, 2004.

Devi, J. V., Mc Rae, F. A., & Drici, Z. (2012).
Variational Lyapunov method for fractional
differential equations. Computers & Mathematics
with Applications, 64(10), 2982-2989.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

28.

Ante, J. E., & lgobi, D. K. (2018). Results on
Existence and Uniqueness of Solution of Impulsive
Neutral Integro-Differential System. Journal of
Mathematics Research, 10(4), 165-174.

Kanu, I. D., & Ineh, M. P. (2024). Results on
Existence and Uniqueness of Solutions of Dynamic
Equations on Time Scale via Generalized Ordinary
Differential. International Journal of Applied
Mathematics, 37(1), 1-20.

Kilbas, A. A., Marichev, O. I, & Samko, S. G.
(1974). Fractional Integrals and Derivatives
(Theory and Applications), Transl. from the
Russian. Gordon and Breach, New York.
Lakshmikantham, V. (1974). “On the Method of
vector Lyapunov Functions, Technical report No.
16.

Lakshmikantham, V., Bainov, D. D., & Simeonov,
P. S. (2009). The Theory of Impulsive Differential
Equations. Series in Modern Applied Mathematics,
No. 6, 1989, World Scientific Publishing C. Pte,
Ltd.

Lakshmikantham, V., & Vatsala, A. S. (2008).
Basic theory of fractional differential equations.
Nonlinear  Analysis:  Theory, Methods &
Applications, 69(8), 2677-2682.

Lakshmikantham, V., Leela, S., & Sambandham,
M. (2008). Lyapunov theory for fractional
differential equations. Communications in Applied
Analysis, 12(4), 365.

Lakshmikantham, V., & Leela, S. (Eds.). (1969).
Differential and integral inequalities: theory and
applications: volume |: ordinary differential
equations. Academic press.

Lakshmikantham, V., Leela, S., & Martynyuk, A.
A. (1960). Practical Stability of nonlinear Systems,
World Scientific, Singapore.

Lakshmikantham, V., Leela, S., & Devi, J. V.
(2009). Theory of Fractional Dynamic Systems.
Cambridge Scientific Publishers.

Lakshmikantham, V., & Vatsala, A. S. (2007).
General Uniqueness and Monotone Iterative
Technique for Fractional Differential Equations,”
Applied Mathematics Letters, 21, 828-834.
Lakshmikantham, V., Matrosov, V. M., &
Sivasundaram, S. (1991). On Vector Lyapunov
Functions and Stability Analysis of Nonlinear
System,  Springer  Science-Business  Media
Dordrecht.

Lasalle, J., & Lefschetz, S. (1961). Stability by
Liapunov’s Direct Method with Applications.
Academic Press, New York, NY, USA.

Li, Y., Chen, Y., & Podlubny, I. (2010). Stability
of fractional-order nonlinear dynamic systems:
Lyapunov direct method and generalized Mittag—
Leffler stability. Computers & Mathematics with
Applications, 59(5), 1810-1821.

Li, C, Qian, D., & Chen, Y. (2011). On
Riemann-Liouville and Caputo derivatives.
Discrete Dynamics in Nature and Society, 2011(1),
562494,

| © 2024 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India | 171 |




Ante, J. E et al, Sch J Phys Math Stat, Nov, 2024; 11(11): 160-172

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Li, C. P., & Zhang, F. R. (2011). A survey on the
stability of fractional differential equations:
Dedicated to Prof. YS Chen on the Occasion of his
80th Birthday. The European Physical Journal
Special Topics, 193(1), 27-47.

Lipcsey, Z., Ugboh, J. A., Esuabana, I. M., & lIsaac,
I. O. (2020). Existence Theorem for Impulsive
Differential Equations with Measurable Right Side
for Handling Delay Problems. Journal of
Mathematics, 2020(1), 7089313.

Ludwig, A., Pustal, B., & Herlach, D. M. (2001).
General concept for a stability analysis of a planar
interface under rapid solidification conditions in
multi-component alloy systems. Materials Science
and Engineering: A, 304, 277-280.

Milman, V. D., & Myshkis, A. D. (1960). On the
stability of motion in the presence of impulses.
Sibirskii Matematicheskii Zhurnal, 1(2), 233-237.
Martynyuk, A. A. (1983). Practical stability of
motion. Kiev: Naukova Dumka.

Martynyuk, A. A. (1988). Practical stability
conditions for hybrid systems. In 12th World
Congress of IMACS, Paris (pp. 344-347).
Martynyuk, A. A. (1989). Practical stability of
hybrid systems. Soviet Applied Mechanics, 25(2),
194-200.

Podlubny, 1. (1999). Fractional differential
equations.  An Introduction to  Fractional
Derivatives, Fractional Differential Equations to
methods of their Solutions and some of their
Applications. Mathematics in  Science and
Engineering 198, Academic Press, San Diego.
Qunli, Z. (2014). A class of vector Lyapunov
functions for stability analysis of nonlinear
impulsive  differential systems. Mathematical
Problems in Engineering, 2014(1), 649012.
Razumikhin, B. S. (1988). “Stability of Systems
with Retardation, Nauka, Moskow, [Russian].

39.

40.

41.

42,

43.

44,

45.

46.

Samko, S. G. (1993). Fractional integrals and
derivatives. Theory and applications.

Srivastava, S. K., & Amanpreet, K. (2009). A New
Approach to Stability of Impulsive Differential
Equations. Int. Journal of Math. Analysis, 3(4),
179-185.

Ugboh, J. A., & Esuabana, I. M. (2018). Existence
and Uniqueness Result for a Class of Impulsive
Delay Differential Equations. International Journal
of Chemistry, Mathematics and Physics, 2(4), 27-
32.

Wu, B., Han, J., & Cai, X. (2012). On the practical
stability of impulsive differential equations with
infinite delay in terms of two measures. In Abstract
and Applied Analysis (Vol. 2012, No. 1, p.
434137). Hindawi Publishing Corporation.

Wu, C. (2020). A general comparison principle for
Caputo fractional-order ordinary differential
equations. Fractals, 28(04), 2050070.

Ante, Jackson Efiong, Atsu, Jeremiah Ugeh,
Maharaj, Adhir, Abraham, Etimbuk Emmanuel,
Narain, Ojen Kumar, (2024). On a Class of
Piecewise Continuous Lyapunov Functions and
Uniform Eventual Stability of Nonlinear Impulsive
Caputo Fractional Differential Equations via New
Generalized Dini Derivative. Asia Pac. J. Math.
11:99.

Achuobi, J. O., Akpan, E. P., George, R. & Ofem,
A. E. (2024). Stability Analysis of Caputo
Fractional Time-Dependent Systems with Delay
using Vector Lyapunov Functions. Advances in
Fractional Calculus: Theory and Applications,
9(10).

Ineh, M. P., Achuobi, J. O., Akpan, E. P. & Ante, J.
E. (2024). On the Uniform Stability of Caputo
Fractional Differential Equations using Vector
Lyapunov Functions. Journal of NAMP 68(1), 51-
64.

| © 2024 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India | 172 |




