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Abstract  Review Article 
 

A spinor definition of matter is extended to simplest cycles in interval [0,1] and to permutations of quartic-cubic roots 

in elliptic curves. Minkowski spacetime and Mandelstam plane are linked with wave vectors due to rotation on real 

interval. Metrical geometry is discussed by rational triangles which are connected with modular invariants. An adiabatic 

solution in terms of cyclotomic units for constant elliptic invariants is derived and extended to iterated invariants. The 

pseudo-congruences allow to formulate coupling constants. Iterated invariants connect a scale factor with diagram 

expansions in different eras in bifurcating k-components. 
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1. INTRODUCTION 
Metrical geometry can be formulated by 

rational triangles (Menger, 1931). Complex quadratic 

Newtonian root finding Nq(z) depends on angles φq =

ln
zk+1−zk+2

zk−zk+3
 of points z in a planar triangle T(zq) 

(Schröder, 1870). Nq(z) iterates for conformal maps 

γ(n) ∘ z also yield one of two roots of q(z) (Schröder, 

1870). This uncertainty even for quadratic q(z) is 

discussed within unique factorization domains (UFD) 

(Ziep, 2026). It yields a multisheet Riemann surface ℝL 

of complex cubic algebraic units L(w, z) = ln(w − z) 

which are related to regulator indices R(𝕂) (Ziep, 2026). 

A cubic number field 𝕂 proves to be an optimal (best) 

approximation of the linear vicinity of simple nontrivial 

zeros of any entire transcendent function ϕ(∞)(z). 

Circles define complex time on a multisheet complex 

plane. Bifurcating k-components in Mandelbrot set 

galleries obey an optimal representation by cubic parts 

which are parts of T(zq). Triangles are capable resolving 

roots by circles and not by secants with higher 

computational precision. The corresponding triangulated 

surface ℝL (T(zq)) obeys infinite degrees of freedom by 

rotations of T(zq). This ball of discrete angles of 

triangles constitutes Minkowski spacetime ℳ in (Ziep, 

2026). The present paper extends invariant two-step 

cycles to unified fields in ℳ with coupling constants 

differing by up to hundreds of orders of magnitude. A 

two-step conformal invariance is capable to formulate 

massless Lorentz-invariant spinors and half-order 

differentials (Dick, 1995) (Schiffer, 1966). For complex 

time z a Schwarzian derivative corresponds to conformal 

stress-energy (Schiffer, 1966) (Polchinski, 2005) (Ziep, 

2026). The present paper links a complex 

thermodynamic potential Ω to δ- sources caused by theta 

functions as heat sources. The logarithmic surface 

ℝL(T(zq) is connected with Abelian integrals of the 

third kind. Under γ(n) a Newton fractal defines two 

complex points, two curvatures and two masses in each 

spacetime points of ℳ. Half-order differentials with first 

derivative in a Cayley-Newton iteration is not 

conformally invariant. First a chain k,k+1,k+2 of squared 

differentials with Schwarzian derivatives is metrical one-

dimensional stress-energy (Schiffer, 1966). Point-like 

sources arise from angles φq on one-dimensional real 

interval [0,1]. The one-periodic binary ball of bits {φq} 

constitutes Green’s functions in ℳ. A doubly-periodic 

complex Ω operates with invariant Laplacian on 

Poincaré upper ℍ2half plane Δh = y2 ∂z ∂z̅ = y2(∂x
2 +

∂y
2) with complex Green’s functions L(w, z) = ln(w −

z). Dimensionless fields are capable to capture coupling 

constants of many orders of magnitude as candidates for 

unified interactions (strong, weak, electromagnetic, 

gravitational, dark) (Ziep, 2024) (Ziep, 2025). A doubly-

periodic period-doubling is viewed as a self-consistent 

spacetime confinement. Vacuum energy Ω of confined 

space (Casimir effect) is proportional to Riemann zeta 

https://saspublishers.com/sjpms/
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functions ζ(z) at arguments z=-3 (Ruggiero & others, 

1977). For sets of open systems Ω- minima is predicted 

for iterated nontrivial zeros ζ(znt)=0 (Ziep, 2025) (Ziep, 

2025). Section 2 describes an optimal scan algorithm. 

Section 3 reduces cycles to quadruples. Section 5 defines 

wave vectors in Mandelstam plane followed by complex 

Lagrangians in Section 6. Triangles are related to 

doubly-periodic functions in ℳ. Section discusses a 

unified picture for Feynman diagrams and Section 8 

explains coupling constants by Jacobi- Gauss periods.  

 

2. SCANNING A SPLIT HYPERELLIPTIC 

SURFACE 
Two-step conformal invariance in Newton root finding 

of q(z) = (z−z1)(z − z2) (Schiffer, 1966) 

zk+1 ← Nq(z) = z −
q(z)

∂zq(z)
|zk

← γ(3)(w) ∘ zk       (1) 

is subjected a Hermite-Tschirnhausen process by 

fractional substitutions (Weber, 1895)  

 

z ← F(n)(w, z) =
ϕ(n)(w)

w−z
− ⅓ ∂wϕ(n)(w) = γ(n) ◦ z =

|
a b

−1 w
| ◦ z                                                        (2) 

where a =
1

n
∂wϕ(n) and b = ϕ(n) −

w

n
∂wϕ(n). 

Transvectants with z ∧ w yield for n=3 

 

ϕ(n)(z) =  ∑ an−ii=0,…,n zi|n=3 → ϕ(3)(z) = z3 − g2z −

g3                                                                      (3) 

elliptic invariants g2 and g3. A quadratic γ(3) is simply a 

permutation of quartic roots xi = xq = xs in a quadruple 

q where permutations of two roots constitute ℳ 

q: 1, δk, δkδk, δkδkδk ≃ k + 3 ∊ k, k + 1, k + 2 ≃
±∞, ±i∞, ei                                                        (4) 

 

Invariants (3) enter a Lagrangian ℒ[ψi] of four-

component ψi = xi1 + ixi2 with nearly constant 

a + g2/3 = z2 = (xixj)(xixk) ≃ −¼ψi ∧ ψ̅jψi ∧ ψ̅k ≃

ψ̅iψ̅jΓijklψkψl                                                            (5) 

 

 
Fig.1: the planar triangle 𝑻𝐪(𝒛)- configuration for 

deciding whether root finding (1) tends to 𝒛𝟏 or 𝒛𝟐. The 

Fatou set is the range of the hyperbola (Schröder, 1870) 

 

A constant b=0 in (2) expands into a rational vertex Γijkl  

z − ei = γ(3) ∘ x = (xixk)(xixl)Mj,i(x) →

ψ̅iψ̅jΓijklψkψl                                                            (6) 

Γijkl ensures that any expansion of the difference z − ei 

into pairs of different quartic roots depends on the 

symmetrized Moebius map M1,2(z) =
z−z1

z−z2
. A solution of 

(3) is z = f 8(ω) with 

 f(ω) = e
−iπω

24 ∏ (1 + eiπω(2n−1)) ≃ ζ(12)e
−iπω

24∞
n=1   (7) 

 

The ‘spinor’ ψi ix expanded by cyclotomic 

bases ζ(2), ζ(3) and ζ(4). Whereas ζ(3) yield non-periodic 

non-Abelian ternary CF cyclotomic roots ζ(2) and ζ(4) 

constitute Abelian functions within the KWT. Map (2) 

implies a cubic base {w} =  {w0 = 1, w1, w2} by wk →

wk surrounded by ζ(4) which splits into the Mandelbrot 

set zk+1 ← 4zk
2 + c, c =

2

3
g2 for base vector w0 and 

linear map zk+1 ← zk for base vector w1 for n=3 (Ziep, 

2026). ℒ[ψi ] is supported by writing Dμυ = 2𝔑zk and 

I𝜇𝜐 = 2𝔍zk, ℱ = ½𝔑(c − zk+1), 𝒢 = ½𝔍(c − zk+1) 

which rewrites map (2) as the invariant Dμν
4 + 2ℱDμν

𝟐 −

𝒢2 = 0 or ℱ + i𝒢 = Dμν
𝟐 + 2iDμυIμυ − Iμν

𝟐  of field 

energy density and current (Schwinger, 1951). The 

invariant g2 = 3(ℱ + i𝒢) +
3

2
zk+1 in (5) is like an 

energy density. For a quadratic q(z) = (z − z1)(z − z2) 

the two-step algorithm (1) combines convergence with 

the information uncertainty bit z1⋁z2 on the hyperbolic 

border between the Julia set and the Fatou set 𝒥(Nq) −

ℱ(Nq). A regular chaotic distribution of rotations of 

L(w, z) = ln|w − z| by φq = ±π  of triangles T(zq) =

T(Δz = z0, z1, z2, z3 = ½(z1 + z2)) in Fig.1. yields 

Green’s functions 

 

G(±)(φq) = S(φq)θ(π − φq) + (1 ± S(φq)) θ(φq − π)  (8) 

for a one-dimensional source 
1

2π
∫ dpcos (p(φq − φq´))

+∞

−∞
≃ δ(φq − φq´)       (9) 

 

in [0,1]. Here S(φq) = ∑ dφq → ζ(ℒ, φq) are geometric 

zeta functions being occupation numbers where ± 

correspond to a period-3 cycle π+π+π=3π. Triangulated 

surface elements of satisfy Δz ← eDΔz. D =
Dμν[γμ, γν]− is a four-component representation Dμν =

[kμ, kν]− of Lorentz transformations exp(kμσμ) (dφ1 
dφ2 

) 

of homogeneous angles (φ1 , φ2 ) with Pauli matrices σμ. 

Wave vectors kμ are 12-component strings φq in units of 

inverse length in Vol(ℳ). Period-3 fixpoints in period-n 

fixpoints z(z(z))=z(z) or z(z(z))=z or z(z)=1 or period-3 

multiplicative inverses f(f(f(z))=z or f(f(z))=z yield the 
1

n!
 

factor in D3  =  X2D, D4 =  X4, D5  =  X4D where X =
|𝐗| of the matrix exponential of the tensor Dμυ + Dμυ

∗  =

𝐗 = √(ℱ + i𝒢) ≃ 𝐄 + i𝐁. The Weber invariant f(ω) 

enters a heat equation with unit diffusion coefficient 
(du)2

dω
. A two-step-invariance defines a sum of (Δz)2. 
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Periods ω of the general Riemann surface ℝL satisfy 

δkω ≃ δkδkω of because (2) splits ω. 
(du)2

dω
→

(du)2

(dω)2 

yields the tangent in Fig.1 as the velocity of light. The 

Riemann surface ℝL contains two (dφ1 
dφ2 

)- balls formed 

by logarithmic sheets L(w, z) = ln(w − z) of roots (4). 

The permutation (4) is a genus 3 reduced to genus 1 

surface which is hyperelliptic. A rationalizable quartic 

surface K(X(f)) and W(Y(f)) in projective space are 

points on Kummer and Weddle surface with vanishing 

4 ⋅ 4 determinant |K(X)| = |W(Y)| = 0 where (Baker, 

1907) (Ziep, 2024) (Ziep, 2024) 

 

Ctw: X(f) = ℘±±, 1)  = (1, −f, f 2, 1), Y(f) = ℘±±± =
(1, −f, f 2, −f 3).                                                 (10) 

 

The hyperelliptic ℘- function on a twisted cubic 

Ctw is seen as a complex potential parametrized by the 

Weber invariant f(ω). Points on K(X) are zeros of the 

hyperelliptic sigma function σ(u±) or zeros of 

(1, −fk, fk
2, 1)iσ3⨂σ2(1, −fk+1, fk+1

2 , 1) → 0    (11) 

 

which is a f(ω)- parametrized hyperelliptic 

addition law (Baker, 1907). The division algebra (1) is 

regular for a unique factorization domain (UFD) and 

complex multiplication (CM) of periods ω for an 

imaginary quadratic field ℚ[Δ] of a cubic field 𝕂[Δ] 

 (Heegner, 1952) (Weber, 1908). Transforms X(γ3 ∘ f) 

are SE(3)- like steps on K(X(f)) where quartic roots xi(f) 

mix cyclotomic roots ζ(12) in a quadruple fq(ω) ∊

ζ(12)e
−iπω

24 . With norm N(fq(ω), 𝕂) = ff ′f ′′ = 2 of 

three-component complex conjugates f´, f´´ ≃

∑ ac1
c−1

3 ∂c−1
c=1,2,3  e.g. with ∂=2⅓ only substitutions of 

two f-components of are Abelain. Two components 

(dφ1 
dφ2 

) of fq on complex plane in ℝL connect the real 

interval [0,1] via  exp(σμxμ) (dφ1 
dφ2 

) to ℳ (Sharkovsky, 

November 2019). fq(ω) can be substituted by generators 

ζ(12) in three distinct circles 𝕊1(b), 𝕊1(w), 𝕊1(s) for a B̂ =

{b0, b1}[{w0 = 1, w1, w2} ⊗ {ζ(4)}] by binary, cubic 

and quartic bases with congruences mod 2,3 and 4. Some 

properties of root finding (1) are shortly described. The 

invariant complex process (1) obeys a φq time scale Δt 

on a Vol(ℳ). Cyclotomic expansions in quadruples 

ψi[ζ(12)] are Δt-symmetric. q(z)-roots depend on the real 

condition φq = ±π  in an underconstrained complex 

potential Ω 

𝑞(𝑧) = 𝑒
∫

d𝑧

𝑧𝑘+1−𝑧

𝑧
0 = 𝑒− ∫ Gd𝑧

𝑧
0 = 𝑒− ∫ d𝛺

𝛺𝑘
0 ≃

𝐺0
−1(𝑧)𝐺0

−1(𝑧)                                               (12) 

 

which solve as well (11) on K(X) because z≃fk. 

Simple nontrivial zeros z1, z2 ≃ znt, z̅nt setting q(z) =
ζ(z)ζ̅(z̅) should be detectable by orbits of laps as fixed 

points of (2). Diagrams of (11) is given by Σlinear a linear 

in Γ and a quadratic in Γ exchange term Σex of self-energy 

G−1 = G0
−1 − Σ. Quantum statistics (QS) with Δt→∞ is 

not capable to distinguish between Σlinear and Σex (double-

slit experiment). Gravitation and dark matter with Δt→0 

is capable to resolves a bell-shaped maximum Σlinear and 

a double-well twin peak Σex. Green’s function (8) 

depends on a quadruple ψi ≃ f(ωq) of permuted quartic 

roots for cosφ = −g3(3/g2)3/2 in units of √(g2/3) 

(Brizard, 2009) 

 

ei(φ) = (cos((φ − π)/3), cos((φ + π)/), cos(φ/3))    (13) 

 

for complex φ where Δ = g2
3sin2φ and λ =

±√3sin(φ/3)

sin(φ/3±π/6)
. A quadratic map (2) with ω→2ω yields λ →

0 for k → ∞. The invariant equation (3) gets highly-

nonlinear where g2 → ∞ and sin(iφ) → 0 for k → ∞ 

yields the classical one-periodic behavior. The algorithm 

has the lowest complexity for iterating over discrete 

number of roots ∊ ζ(12) for given invariants g2 ≃ γ2 ∊ ℤ 

and g3 ≃ γ3 ∊ ℚ(√Δ) for class number one fields hΔ =

1 in 𝕂[Δ]. This case covers QS. Here nearly unit 

coupling constants ensure optimality  φq
2 ≃ eφq  and 

φq ≃ f(ωq) for sequential steps of mod 4, mod 3, and 

mod 2 congruences of ζ(12) in the approximation (7). 

Varying g2 and g3 the number of steps k increases which 

leads to optimality  φq
2 ≃ eΠφq  for low coupling 

constants which covers classical fields. The variable z on 

Riemann surface sheets ℝL is proportional to the number 

of vertices Γijkl in (6) as the number of permutations of 

quartic roots. One has a linear behavior ∂zNq(z) =

∂zF(3)(w, z) = 2w0a0z + w1a0 + w0a1 = 8w0z +
4w1which justifies to set ∂zF(3)(w, z) ≃ Γijkl. Formed 

φq circles are time cycles equivalent to astronomical 

time with years and months. The Green’ function (8)  

 

G(±)(φq) ≃ ψ̅qψq ≃ φ̅qφq ≃ S(φq)Ga(f(ω)) + (1 ±

S(φq))Gr(f(ω))                                                  (14) 

 

is a causal tent map which splits into an 

advanced Ga(f(ω)) and retarded part Gr(f(ω)). Here 

L(w, z)  ≃ φq is time and ∂zL(w, z)  = ∂σμxμ
L(w, z)  is 

curvature/stress-energy (Ziep, 2026). The paper mainly 

discusses the ∂zF(3)(w, z) ≃ Γijkl behavior for unified 

interactions. A Feigenbaum renormalized quartic 

polynomial ϕ(4)(f) in (11) is supposed with constant αF 

F(3)(z) = −αFF(3)(F(3)(−z/αF)). The quartic ϕ(4)(f) 

allows in ∂zF(3)(w, z) = ∏ ∂zk
F(3)(w, zk)k  a quadratic 

expansion into Γijkl which places ∂zF(3)(w, z) in the 

universe radius R(τ) as a universe potential of the boson 

function Dμν. A quadratic equation for ∂zF(3)(w, z) 

includes γ-fixed points which are a product of periodic 

CF |ℒ ζ(4)

0 1
| with |

1 0
−Σ 1

| . Whereas the former product 

yields string ℒ geometric zeta functions ζ(ℒ, lnz) as 

occupation numbers the latter yield the Dyson equation 

for (8) and a Bethe- Salpeter equation for Γijkl for self-

energy Σ replaced by GG. This approach supposes that 
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complex variables z are Fourier components within the 

base B̂. The generality of the approach will be 

demonstrated by setting G−1 ≃ z − ei and G(w, z) =

∂zL(w, z) =
1

zk+1−zk
 (Ziep, 2026). This suggests a 

relation to the thermodynamic Green’ function 

G ≃ f −1θ(Δf) ≃ f´f´´θ(Δf) ≃ tr (eΩ/k𝐵Tfq
´ fq

´´θ(Δf))    (15) 

 

by cubic conjugates f´ and f´´ and explains the known 

expression of the real thermodynamic potential 

(Abrikosov, Gorkov, & Dzyaloshinski, 1965) 

 δΩ ≃ ∑ ΔzΔf{F, z} → ∑ ∫
dτ

τ
G0

−1 (G − G0)        (16) 

 

A Schwarzian derivative of frayed paths w→z yields 

γν ∂μGq,q´
(±)

 in (Schiffer, 1966). With γ-invariant Cayley 

quotient which is a Bezout matrix in base B̂  

B(f, g) = (f(z)g(w) − f(w)g(z))/(z − w)      (17) 

 

the Schwarzian derivative is written as (Schiffer, 1966) 

{F(3)(w, z), z} = −6 ∂z ∂wlnB(F(3)(w, z), 1)|
w→z

    (18) 

 

Abbreviating Γ = ∂zF(3)(w, z), G =
1

F(3)(w,z)−F(3)(w,w)
, G0 = ∂zL(w, z) =

1

z−w
 one gets 

{F(3)(w, z), z} = −6 ∂z(GΓ − G0) ≃ −6 ∂zG−1   (19) 

 

Here GΓ →  ψ̅iψ̅jΓijklψkψl ≃ (xixj)Γijkl(xkxl) 

is viewed as a curvature form in ℳ by exterior calculus 

of one-forms (xixj). A Green’s function is differentiable 

in homogeneous angles (φ1 , φ2 ) in ℳ- coordinates 

exp(σμxμ) (dφ1 
dφ2 

) by transforming from discrete angles 

φq. ℳ arises form one-periodic permutations of quartic 

roots on complex plane (Ziep, 2026).  

 

3. SIMPLEST CYCLES 
Sharkovskii ordering of periods νSh concerns 

the real interval [0,1] with >,<,= signs defined. Ordering 

enters for embedding cubic roots which can be written as 

(Brizard, 2009) 

 Δei(φ) = (sin(φ/3 − π/6), −sin(φ/3 + π/

6), −√3sin(φ/3))                                            (20) 

 

 by rotations φq = ±π, which projects the 12-

component string φq of ⅓ angles of quartic roots to 

interval [0,1]. The Schwarzian derivative of the map (2)  

{F(3)(w, z), z} =
F⃛

Ḟ
−

3

2
(
F̈

Ḟ
)2 = −

3

2
(

2w0a0

w1a0 + 2w0a0z + w0a1

)
2

< 0 

abbreviating Ḟ = ∂zF(3)(w, z) is negative which is a 

sufficient condition for a map to be chaotic. Simplest 

cycles in [0,1] f0=fn of odd period n is of two types 

(Sharkovsky, November 2019) 
 

fn−1 < {fn−(2i+1)}|i=1,…,(n−1)/2 < f0 = fn <

fn−2i |i=(n−1)/2,…,1                                        (21) 

or  

fn−2 < {fn−2i}|i=2,…,(n−1)/2 < f0 = fn <

fn−2i+1 |i=(n−1)/2+1,…,1                                 (22) 

which is  

feven < f0 = fn < fodd              (23-1)  

or  

fodd < f0 = fn < feven                (24-2) 

 

4. CM 

The iterated quadratic form q(z) in (1) creates 

correspondences z → ω → f(ω) with iterated periods 

γ(3) ∘ ω → ω. Root finding with iterates q(zk) is seen as 

a statistical distribution of interacting energies with 

measurable 𝔑q(z) and dark 𝔍q(z) component. In 

dependence on γ processing phantom energies 𝔑q(z) <
0 are achievable even for equivalent detγ=1 as discussed 

in Section 6. The CM multiplicator M = (
η(ω/2)

η(ω)
)

24

=

f1
24(ω) leads to the Weber invariant f(ω) with ff1f2 =

√2 (Weber, 1908) 

εωε̅ω̅  ∼ ∏
η2(ωi)

η2(ωi−1)
∏

η2(ωi)

η2(ωi−1)
 i

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
i  ∼ f1f/f2

2      (25) 

 

with conjugated units ε ∼ f1/f2 , ε̅ ∼ f/f2 of a 

cubic normal field 𝕂 𝕂´ 𝕂´´ of discriminant Δ and 

Dedekind eta function η(ω). The algorithm (1) iterates 

variable z = ℘(u, ω) on elliptic curves y2 = ϕ(3)(z) for 

a discrete set of points in universal covering space u =
aω, a ∊ ℚ2. ℘(ω/2, ω) = ei, y = ∂u℘(u = ω/2, ω) =

0 are invariant for iterates γ(3) ∘ ω of periods. Equivalent 

substitutions γ ∘ ei = γ ∘  ℘ in elliptic invariant j(ω) =

j(γ ∘ ω) lead to a polynomial ϕ(6)(λ) for the transformed 

Legendre module λ = δeij/δeil. It is assumed that 

equivalent substitutions change vacuum energy which 

should be of great importance. The 1:2 relation (6) 

between the Weierstrass ℘ and theta ϑ[gh]
2  – function of 

characteristics is written γ-invariant by modular units 

 xi ≃ ϑ[gh] ≃ g(aiωi). Elliptic curves are self-similar 

because the square of η(ω) in (25) contains itself 

modular congruences g(aiωi) (Lang & Kubert, 1977) 

η2(ω) = ∏
g(aiωi)

g(ai−1ωi−1)
 i                   (26) 

 

This Gordian knot is approximately solved by 

permutations of cyclotomic units ζ(m) in base B̂ where 

εε̅ = ½f 3(√Δ) ≃ ζ(m)e
−π√|Δ|

8
−ht with topological 

entropy ht = ln2.  
 

5. CUBIC POINTS IN MANDELSTAM PLANE 

Nontrivial zeros znt  = ½ + imn of the 

Riemann zeta function ζ(z) are associated to Mandelstam 

plane s,t,u with masses mn in QS (Remmen, 2021). The 

found z − √z relation between s,t,u and the argument of 

ζ(z) is seen as a subsequent quadratic map (6) in (Ziep, 

2024). Starting from interval [0,1] one is led to define the 

Mandelstam plane by squares of  φq
2 

 (s, t, u) = ((k1 + k2)2, (k1 + k3)2, (k1 + k4)2)  (27) 
 

For optimal points  φq
2 ≃ eφq  and  φq

2 ≃ f(ωq). 

A squared quadruple  φq
2  implies invariance of 

(dφ1 |dφ2 )exp(kμσμ) (dφ1 
dφ2 

). This quadratic form is 
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represented as a determinant of a 2⋅2 matrix exponential 

exp(dφ1 dφ1 kμσμ) which leads to exp(vec(dφ1 ) ⋅

(I⨂(kμσμ)) ⋅ vec(dφ1 )). It is assumed that the 

exponent can be transformed to a line element  ds2 =
dxμgμνdxν. Squared quartic roots (xixj) ≃ φq

2 ≃ ei are 

proportional to cubic roots ei. Therefore, variables on 

Mandelstam plane stu=as+bt+ct yield a third order 

polynomial 

 

F(3)(z) =  ∑ a3−ii=0,…,3 zi = ∑ σ3−i[s, t, u]i=0,…,3 zi  (28) 

 

with elementary-symmetric polynomials 

σ0,  σ1  = s + t + u,  σ2, σ3 = abcstu where  σ1 =
0 which compares to the Weierstrass form (3). The 

Mandelstam plane stu=as+bt+ct is a third order 

polynomial (Remmen, 2021). Fixpoints for a quadruple 

(4) q≃μ≃s is understood as four-momentum Πμ = kμ +

Aμ on Mandelstam plane with inverse Green function 

F(w, z) ≃ G−1 = γνΠνw − m = G0
−1 − Σ where self-

energy Σ (Ziep, 2025). 
 

6. COMPLEX ‘LAGRANGIAN’ AND 

STRESS- ENERGY 
 Invariant discriminant Δ and Lagrangian ℒ[ψi] 

related regulator indices R(𝕂) = lnε of 𝕂[Δ] obey 

entropy source constraints. Δ and R(𝕂) are base {w0 =
1, w1, w2} invariant. The Diophantine index form allows 

only shifts of {w1, w2}. A γ-invariant R(𝕂) on complex 

plane obeys mod 2 and mod 3 congruences ζ(2) and ζ(3). 

The constraints μ1, μ2, μ3 concern a quadratic form 

Q[lnε → L(w, z)]. A real unit ε is subjected by 

oscillations of the complex phase L(w, z) on complex 

plane Q[l] = ∑μ1l2 + μ2l + μ3N(l) where N(l) > M∗ →

N(fq)ζ(ℒ, l) ensures non-trivial solution with Euclidean 

norm N(l) (Pohst & Zassenhaus, 1997). The highest 

density of units with extremal Q[l] occurs for  

 

2μ1l + μ2 + μ3e2lζ(ℒ, l)) + μ3N(εq) ∂lζ(ℒ, l))  +

 μ4ε ∂εϕ(3)(ε) = 0.                                         (29) 

 

The meaning density concerns a Vol(ℳ) with 

one-periodic boundary conditions for (dφ1 
dφ2 

) rotations in 

[0,1] by cyclotomic approximations ζ(m) in base B̂. This 

leads to a r-dimensional vector l on circles in complex 

plane which leads to a circulant determinant which can 

be approximated by 

R(𝕂) = |l| = μ1
−r|μ2 + μ3e2l+lnζ(ℒ,l) + μ3elnN(εq)+lnζ′(ℒ,l)| ≃

(
μ3

μ1
)

r
|e2l+lnζ(ℒ,l) + elnN(εq)+lnζ′(ℒ,l)|                            (30) 

 

Terms μ3 in (30) are viewed as eternal 

ionization and scattering rates Rnet and Rscatt (Ziep, 2025). 

Geometric zeta functions ζ(ℒ, lb) ≃ ∂zRnet are Bose-like 

occupation numbers nB giving net rates Rnet =

∫ dz ζ(ℒ, lb). Count rates N(εq)ζ′(ℒ, lb) = ∂zRscatt 

yield Rscatt = ∫ dz N(εq)ζ′(ℒ, lb). Regarding 

cyclotomic units ζ(m) as frequencies ν the result can be 

summarized by 

R(𝕂) ≃ |lnε| ≃ exp ∮ dν lnε.         (31) 

 

In difference to the circulant index in (Fueter, 

1910) the cyclotomic units on complex in (29-31) are 

nilpotent of degree 2. The cubic fundamental unit 

R(𝕂) ≃ lnε satisfies 
8

√Δ
ln(2ε) ≃ π with very high 

precision (Meyer, 1970). Next, we discuss γ-invariances 

on complex plane which must involve three steps 

k,k+1,k+2 in dzL(w, z)dwL(w, z) (Schiffer, 1966). The 

Newton iteration (1) can be arranged as 

F(3)(w, zk+1) ← F(3)(w, zk) + δzk ∂zF(3)(w, zk).  (32)  

 

Two iterates (1 − dzk+1 ∂zk+1)(1 − dzk ∂zk)l yield 

dzdw ∂z ∂wF(3)(w, z) giving second derivative zk+2 −
2zk+1 + zk. Alternatively, γ-invariance of 

∮ dν l ≃ ∫(1 − dz ∂z − ½(dz)2 ∂z
2)l       (33) 

 

 requires only second derivatives. Here the 

linear term is set constant as a stationarity condition. For 

l=L(w,z) the quadratic term can be described by 

dzL(w, z)dwL(w, z) giving 

 ∑ {zq,, zq´}dzqdzq´ =  ∑ δ(φq − φq´)dφqdφq´q,q´q,q´ .  (34) 

 

Here dzqdzq´ ≃ dφqdφq´ contains the line 

element  ds2 = dxμgμνdxν. Varying 
δ

δgμν
 yields (19). 

The solution of (29) covers feasible, optimal states  φq
2 ≃

eφq which explain one-periodic spacetime ℳ. For steps 

k,k+1,k+2 the Schwarzian derivative chain is 

{zk+2, zk} = (∂zk
zk+1)2{zk+2, zk+1} + {zk+1, zk}. One-

dimensional conformal theory (Polchinski, 2005)  

 
(∂zk

zk+1)2T(zk+2, zk+1) = T(zk+2, zk) − c{zk+1, zk}    (35) 

 

suggests conformal stress-energy as Schwarzian 

derivative T(zk+1, zk ) = (∂zk
zk+1)2{zk+1, zk}.  

 

The peculiarity of the Riemann surface ℝL consists in 

deriving the derivative (∂zk
zk+1) in terms of Green’s 

functions. 
 

7. RATIONAL METRIC 
Irreducible steps (4) contain an involution 

2¼f(ωk) →
1

2¼f(ωk+1)
 of invariants of degree 2 with 

ff1f2=√2 which transform holomorphic f(ω) into 

meromorphic f1 or f2 as a simultaneous drift and diffusion 

process. The present paper claims that the vertex part 
 

∂zNq(z) = ∂zF(3)(w, z) = 8w0z + 4w1 ≃ Γijkl ≃ R(τ)    (36) 

is a ‘universe’ radius. Involutions yield a drift-diffusion 

step cl(R(t)) →  cl(R(τ))/R(τ) in ℳ with velocity of 

light cl. Time τ arises from the 12-component strings φq. 

Spacetime ℳ is due to shifts dz of planar triangles 

T(zq). A metric 

 ds2 = cl
2dτ2 − R2(τ)dr2             (37) 
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with detĝ = −cl
2R6 instead of metric ds2 = dτ2 −

R2(τ)

cl
2 dr2 is used (Friedmann, 1922). The aim is to prove 

that γ triggers a rationalization process to Schlaefli 

transformation equations of Weber invariant fk, fk+1 of 

degree 2. Quadratic maps in Cayley-Menger 

determinants CM(a, b, c)  

 

(z0, z1, z2) → (a, b, c) → (a2 + b2, a2 − b2, 2ab)   (38) 

transform a Pythagorean triangle for (a, b, c)  →
(ds, dt, dr) into a quartic polynomial for ϑ(u,ω). 

Quadratic  

(a, b) → (a∗2, b∗2) → ϕ(4)(a∗) → a∗ ≃ ϑ(u, ω) →
℘(u, ω) →                                        (39) 

correspond to F(3)(w, z)  

F(3)(w, z) = w0F1(z) + w1F0(z) → ℘(u, ω) →

 ϕ(3)(f)                                         (40) 

 

enveloped by a quartic polynomial ϕ(4)(a∗) and CM of 

periods ω which create Weber invariants a,b,c (Heegner, 

1952). Cycles (𝑑𝑠, 𝑑𝑟, 𝑑𝜏) → (𝑑𝑠, 𝑅(𝜏)𝑑𝑟, 𝑑𝜏) →

(ds, R(τ)dr, dτ/R(τ)) yield a quartic ds2 = cl
2dτ2 −

R(τ)2dr2 and R(τ)2ds2 = cl
2dτ2 − R(τ)4dr2 for 

clR(τ) → cl/R(τ). Due to a vertex 

∂zNq(z) ≃ Γ[Dμν] ≃ R(τ)               (41) 

 

linear in the boson function Dμυ ≃ z in (36) of 

Section 3 the ‘universe’ radius is a drift-diffusion 

potential- scale factor V ≃ R(τ) for alternating diffusion 

coefficient D and cl (Ziep, 2025). Rational triangles of 

determinant CM(a, b, c) = 0 would imply 

equianharmonic curves g2 =  0 followed by e1 + e2 +
 e3 = s + t + u = 0. g2 =  0 implies a vanishing Bezout 

matrix 

 

B(ϕ(3), 1) = e1
2 + e2

2 + e3
2 ≃ s2 + t2 + u2 ≃ a2 + b2 +

c2 → 0.  

 

Vanishing invariants B(ϕ(3), 1) in base {w} where F =

F(3) 

 

B00B11 − B01B10 = [

1 F0(e1) F1(e1)

1 F0(e2) F1(e2)

1 F0(e3) F1(e3)
] = |

8g2 12g3

12g3 −⅔g2
| → 12g3 |

0 1
1 0

| → 0  (42) 

 

are realizable by w base shifts giving a ζ(2) 

field. Map (1) is conjugate to M1,2(zk) = M1,2(zk+N)2N
 

(Babajee, Cordero, & Torregrosa, 2016). The elliptic 

approximation of entire transcendent ϕ(∞)(z) by two 

roots z1, z2 ≃ e2, e3 implies that the Moebius transform 

is a Legendre module M(zk+1) =
zk+1−e2

zk+1−e3
 which serves 

as the optimal, feasible (best) approximation of a 

bifurcating region. Any computation of (1) is invariant 

with respect to rotations and orthogonal transformations 

of rational triangles. This additional degree of freedom is 

a candidate to explain stability of states ℒ[ψi]. 
 

8. METRIC STABILITY 
Invariant Newton root finding (1) for a 

quadratic complex q(z) = (z − z1)(z + z2) converges 

for |∂zNq(z)| < 2. According to (43) the metrical 

stability is as well stability for a drift-diffusion potential 

V which should hold in the vicinity of simple zeros z1, z2 

of any holomorphic function. For triangles with Δz in 

quadruples (4)  
 

Δz ≃ (ΠF)̇Δz ≃<
Δz

Δτ
> Δz ≃

(Δs)2

Δτ
≃

(Δs)2

(Δτ)2 Δz ≃ V(z) ≃

I ≃ R(τ)                                                          (43) 

 

holomorphic functions ξ(z) should yield a 

current I ≃ V(z) ≃ ∫ dzξ(z) circulating around z1, z2 

which is equivalent to a quantum Hall topology. 

Periodicities in universal covering space u = aω, a ∊ ℚ2 

as rotation angles φq declare a time in ℳ as an elliptic 

integral over z, i.e. R(τ) (Friedmann, 1922). Complex 

radii R(τ) imply two curvatures in (xixj)Γijkl(xkxl)[Dμν]. 

The existence of a quadratic equation of masses in each 

point in ℳ is supported by the presence of anti-matter 

Moreover, equivalent periods ω in stress-energy (33) 

enable various vacuum states in dependence on the γ-

processing. Variable Δz in (1) transforms as Δz→λΔz 

due to invariant phase changes in dzL(w, z)dwL(w, z) 

for three steps k,k+1,k+2. This justifies to introduce a 

current jm = 

 

jm = ψ̅λmψ in λ(ω) = ½ +
jm

m
 which obeys 

elliptic symmetries i(λ), 1/λ, 1/i(λ), 1 − 1/λ, −λ/i(λ) 

for involution i(λ) = 1 − λ which are elliptic invariants 

j(ω) = j(ω`). In iterates of (33) a vanishing linear term 

is a stationarity condition. A Lagrangian ℒ[ψi] from 

∑ {zq,, zq´}dzqdzq´q,q´  can be derived if the quadratic term 

(dz)2 → (Δz)2 → q(z) in (33) converges. In the 

following the case of a weak time dependence Γ[Dμν] ≃

R(τ) is discussed and classified by diagrams. A metrical 

stability requires a real scalar density ℒ(g, ∂g, … , ∂ng) 

linear in higher-order derivatives ∂ng which leads only 

to nth order Euler-Lagrange expressions (Harmanni, 

2016). A Lagrangian 

 ℒ(g, ∂g, … , ∂2g) = √−g (
R̃

κ4
+ ℒM)           (44) 

in the Einstein-Hilbert action S = ∫ dσ4 L with ℳ -

hypersurface dσ4 for metric ĝ  = gμν in (37) with κw =
8πGw

cl
4  , matter Lagrangian LM depends on the Ricci scalar 

R̃ and  

R̃ =
6

cl
2 (

R̈

R
+ (

Ṙ

R
)

2

)                            (45) 

and yields Euler-Lagrange equations 
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∂ℒ

∂g
−

d

dx

∂ℒ

∂(∂g)
+

d2

 dx2

∂ℒ

∂(∂2g)
= 0              (46) 

 

Linear in second derivatives equations R̂ −
ĝR̃ + Λĝ = −κ4T̂ for curvature R̂, metric ĝ and stress-

energy tensor T̂ are stable. In one-periodic 

(dφ1 , dφ2 )exp(kμσμ) (dφ1 
dφ2 

) ≃ (Δz)2 of ±π rotations in 

interval [0,1] a metric originates from (Δz)2 on ℂw in 

ℝL[T(zq)]. Next it is shown that a linear ∂2g − 

dependence arises for invariant ϕ(3)(f) where F⃛ = 0. 

Next constant 
6

cl
2 √−g as well variable 

6

cl
2 √−g is 

discussed for constant cl and cl ≃ R−1 due to diagram (ii) 

in Fig. 2. Setting ℒ[R] ≃
√−g

κ4
{F(3)(w, z), z} and ∂zF(3) =

R(τ) one would get a matter Lagrangian ℒM =

−
30

2κ4cl
2 (

Ṙ

R
)

2

+
1

√−g
ϕ(3)(R) as a partial Schwarzian 

derivative. The extra term −
5

2
(

Ṙ

R
)

2

changes only the 

prefactor in Euler equations substituting R̃ → R̃s =
6

cl
2 (

R̈

R
−

3

2
(

Ṙ

R
)

2

). An auxiliary polynomial ϕ(3)(R) arises 

because ∂zF(3) is linear where (36) and (3) hold. This 

leads to constant and variable 
6

cl
2 √−g ≃ R4 or 

6

cl
2 √−g ≃

R3 and invariances ζ(4) and ζ(3). Next the Friedmann 

solution 8.1-4 describes a fluid-like Ginzburg-Landau 

functional whereas remaining cases indicate a massive 

solid state. For constant Rm = const one gets R̈ =
(1−m)Ṙ2

R
 differentiating two times which implies a 

presence of a generator ζ(m). Adding 
d

dτ
(ṘR2) or 

d

dτ
(ṘR3) to ℒ does not change the Euler-Lagrange 

equations. Because variation should be over ĝ  = gμν on 

one-periodic hypersurface dσ4 a one-parametric 

variation is questionable. Here τ is understood as a 

scaling parameter of vertex Γijkl in (5).  

 

8.1. Constant scale R, constant 𝒄𝒍 

For m=3 one gets R̈ =
−2Ṙ2

R
 in ℒ. With √−g0  = cR3 =

const the Lagrangian 

ℒ(R) =
√−g

κ4
R̃s  − μϕ3(R)                     (47) 

with condition ϕ3(R) = 0 Lagrange parameter μ for 

reduces to  

ℒ(R) =
−21

cl
2κ4

√−g0
Ṙ2

R2 − μϕ(3)(R)        

 (48) 

with Euler-Lagrange equations 
3⋅7⋅8

cl
2κ4

√−g0
Ṙ2

R3 = −μ ∂Rϕ(3)                   (49) 

where R → ζ(3)R and forces μ ∂Rϕ(3) are like z2 in (5) 

with a possible negative differential branch. 

 

8.2. Constant scale R, diffusive 𝒄𝒍 ≃ 𝑹−𝟏 

For m=4 R̈ =
−3Ṙ2

R
 replacing c by c/R in R̃s in ℒ one gets 

for (48) 

ℒ(R) =
−33

cl
2κ4

√−g0
Ṙ2

R2 − μϕ(3)(R)            (50) 

Euler-Lagrange equations with R̈ =
−3Ṙ2

R
 read 

2⋅33⋅5

cl
2κ4

√−g0
Ṙ2

R3 = −μ ∂Rϕ(3)(R)          (51) 

on a quadratic lattice R → ζ(3)R and forces μ ∂Rϕ(3) are 

like z2 in (5) with a possible negative differential branch. 

 

8.3. Variable scale R, constant 𝒄𝒍 

ℒ(R) =
√−g

κ4
R̃s − μϕ(3)(R) would recover both 

Friedmann equations for an elliptic time-integral clτ =

∫
√RdR

√ϕ3(R)
 (Friedmann, 1922). For √−g  = clR

3 adding 

d

dτ
(ṘR2) 

 

ℒ(R) =
√−g

κ4
R̃s − μϕ(3)(R) =

−6

clκ4
(R2R̈ −

3

2
 Ṙ2R) −

μϕ(3)(R) ≃ −
3⋅7

clκ4
Ṙ2R − μϕ(3)(R).                     (52) 

The Lagrangian is a particle with mass proportional to R. 

 

8.4. Variable scale R, diffusive 𝒄𝒍 ≃ 𝑹−𝟏 

Adding 
d

dτ
(ṘR3) one gets a Lagrangian for a particle 

with mass proportional to R2. 

ℒ(R) =
√−g

κ4
R̃s − μϕ(3)(R) =

−6

clκ4
(R3R̈ −

3

2
 Ṙ2R2) −

μϕ(3)(R) ≃ −
33

clκ4
Ṙ2R2 − μϕ(3)(R)                      (53) 

 

Supposing a discrete quadratic map one would get 

ℒ(R2 → R) = −
33

clκ4
Ṙ2R − ϕ(3)(√R) 

 

8.5. Constant complex scale factor  

If the γ-invariant unit ε is represented as an 

invariant B(F(3)(w, z), 1) one gets (18) in the quadratic 

term in (33) where (Δz)2 ∂z
2lnε → (Δz)2{zk+N, zk}. A 

{φq} ball (dφ1 , dφ2 )exp(kμσμ) (dφ1 
dφ2 

) ≃ (Δz)2 forms 

a hypersurface (Δz)2 in ℝL which should corresponds to 

the surface √−gdσ4. But cubic bases with 

ΔzΔw ← Ḟ2ΔzΔw  

 

cover involutions F(F)=z which explain a quadratic Γijkl 

dependence. Variable zk in (5) is the square root of 

 z2 = (xixj)(xixk) ≃ ψ̅iψ̅jΓijklψkψl  

 

by (6) where  z − ei ≃ Γijkl ≃ φq
2 ≃ eφq ≃

R(τ) where Ṙ ≃ ∂z
2F ≃ 8w0 due to (36). A linear 

dependence of (5) arises in four-component complex 

space. Therefore, zk becomes time τ after a sufficient ball 

of string {φq}. A scale factor ∂zF(3) = ∏ F(3)(zk)k =

R(τ) factorizes an iterated polynomial 

F(3) (F(3)(F(3) … )) of order 2k. It renormalizes into an 

invariant polynomial ϕ(2k)(z) → ϕ(3)(f(ω)) . The cubic 

invariant ϕ(3) reduces ∂z
NF to third or second order N=2 

or 3 which proves diagram techniques by creating a 
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vanishing third derivative z⃛ = F⃛ = 0. In the following N 

steps yield ϕ(2N) which require to differentiate Euler-

Lagrange equations up to fourth order. First (Δz)2 =

const is discussed. Denoting F = F(3) one would get a 

Lagrangian 

 ℒ = const{zk+N, zk} − μϕ(3)(z) = const(
F⃛

Ḟ
−

3

2
(

F̈

Ḟ
)2) −

μϕ(3)(z)                                                           (54) 

 

from Section 6. Subsequent steps are 

summarized conformal steps. Steps interchange 

functions into variables. Differentiation in {zk+N, zk} =
{F(zk+N−1), zk} is over zk.  

 

Iterated ϕ2k(z) yield derivatives up to fourth 

power in Euler-Lagrange equations (55). Euler-Lagrange 

equations (55) read with effective coordinate 

Feff[F, Ḟ, F̈, F⃛] where ∂z
3F = F⃛. Dots or roman numbers 

denote derivatives ∂zF(3) in L(F, Ḟ, F̈, F⃛). Euler-Lagrange 

equations of (54) read (z=F) 
∂ℒ

∂z
−

d

dτ
{

∂ℒ

∂Ḟ
−

d

dτ

∂ℒ

∂F̈
+

d2

dτ2

∂ℒ

∂F⃛
} =

∂ℒ

∂z
−

d

dτ

∂ℒ

∂Ḟeff
= 0  (55) 

with 

 

 
∂ℒ

∂Ḟeff
=

∂L

∂Ḟ
−

d

dτ

∂ℒ

∂F̈
+

d2

dτ2

∂ℒ

∂F⃛
= const(

F⃛

Ḟ2 −
F̈2

Ḟ3)    (56) 

and 
∂ℒ

∂z
−

d

dτ

∂ℒ

∂Ḟeff
=

∂ℒ

∂z
− const

d

dτ
(

F⃛

Ḟ2 −
F̈2

Ḟ3) = const (
F(iv)

Ḟ2 −

4
F̈  F⃛

Ḟ3 + 3
F̈3

Ḟ4) − μ ∂zϕ(3)(z) = 0                             (57) 

 

8.6. Variable complex scale factor 

Next ΔzΔw ≃ Ḟ2 is discussed which yields the 

Lagrangian 

L = Ḟ2{zk+1, zk} − μϕ(3)(F) =  F⃛Ḟ −
3

2
F̈2 − μϕ(3)(z).     (58) 

 

The Euler-Lagrange equation reads 
∂ℒ

∂z
−

d

dτ

∂ℒ

∂Ḟeff
= F(4) − μ ∂zϕ(3)(z) = 0           (59) 

 

where, 
∂ℒ

∂Ḟeff
=

∂ℒ

∂Ḟ
−

d

dτ

∂ℒ

∂F̈
+

d2

dτ2

∂ℒ

∂F⃛
= −F⃛         (60) 

which is discussed in the next Section in terms of 

Feynman diagrams. 

 

8.7. Eras in vertex scale factor R(τ) 

 

 
 

It is claimed that invariant root finding (1) is 

important for all interactions on complex time surface 

ℝL (T(zq)) with underconstrained complex Lagrangian 

ℒ[ψi]. Under certain circumstances a Newton fractal 

appears on the hyperbolic border between the Julia set 

and the Fatou set 𝒥(Nq) − ℱ(Nq) . Transcendent roots 

z1, z2 in a quadratic approximation q(z) are orbited by 

algebraic root-based states with e2, e3. Then the invariant 

form q(z) can be expanded quadratically in terms of the 

vertex z − ei ≃ Γijkl which could be classifiable by 

Feynman diagrams which should hold for all 

interactions. A validity check of (8.1-7) could consist in 

explaining scale factor eras. In early-to-late cosmology 

(i) radiation- dominated era R(τ) ≃ τ½ (ii) matter- 

dominated era R(τ) ≃ τ⅔ (iii) dark matter dominated era 

R(τ) ≃ eτ ∂τlnR(τ)results from Friedmann solutions in 

(8.3). zk Identifying time τ with a sufficient large ball of 

string {φq} variable zk ≃ F(w, z) becomes time τ ≃

[G(±)(φq)]−1. But Δzk defines the Greens’s functions 

G(±)(φq) ≃ 1/Δzk in (14) by an interval 3π=π+π+π. 

Equivalent to the renormalization equation F(3)(z) =
−αFF(3)(F(3)(−z/αF)) eras are explainable by periods 

(i) F(F(F))=F or G(−)G(−)G(+) ≃ G(+), periods (ii) 

F(F(F)=F(F) or G(−)G(+)G(−)G(−)G(+) (iii) both periods 

F(F(F))=F and F(F(F))=F(F). Eras (i-iii) would 

correspond to expansions 

 

In QS diagrams in Fig.2 is equally weighted 

yielding an overestimated vacuum density within the 

cosmological constant problem. Doubly-periodic 

processing resolves individual k-steps γ as a Newton root 

finding process to approach points in spacetime. 

Therefore, QS expands q(z) linear in [G(±)(φq)]−1 with 

self-energy Σ = sum of (i-iii). Matter generation is 

attributed to quadratic in Γijkl q(z) behavior in era (ii) of 

finite third derivative of the self-energy 
δ3∑

δG3 ≃ F ⃛#0. 

Term (iii) is equivalent to exchange correlation, a 

correlated classical tidal force or a Bell state as a source 

of entanglement (Nielsen & Chuang, 2010) (Ziep, 2025).  

 

9. JACOBI-GAUSS PERIODS 
Physical fields obey one-periodic (Abelian) 

bases ζ(2) and ζ(4) with possibly non-Abelian cubic 

irrational ternary CF of base ζ(3). The present paper 

searches unified fields by one-periodic {φq} balls of ±π 

rotations in [0,1] in elliptic curves in ℝL (T(zq)) with 

periodic wave vectors in 

(dφ1 , dφ2 )exp(kμσμ) (dφ1 
dφ2 

) ≃ (Δz)2. Under 

interaction w=1,2,3,4,5 a Kronecker product ζ(m) ⊗. . .⊗

ζ(m)of w cyclotomic bases ζ(m) is defined which 

describes the topological entropy of the {φq} ball. 

Mathematically a generalized under constrained 

(i)  (ii) (iii)  
Figure 2: Dominating diagrams in an expansion of q(z) linear and quadratic in z − e𝑖 ≃ Γijkl 
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Riemann surface requires w<6 or (
w
2

) − 3w + 3 < w 

for quadrics φi with w-relations φiφj = φk
2, (i, j, k ≤ w) 

(Weber, 1878). Physically, w nested cyclotomic gyro-

twist spheres should be capable to describe a general 

complex time. Computationally, zoomed Mandelbrot 

cardioids are independent on w planes. The paper claims 

that laps of γ-orbits are cyclotomic numbers in very high 

precision. The algebraic unit in R(𝕂) = l = lnε depends 

on cyclotomic bases, e.g. l = l[a, b] = ∑ aibgip−2
i=0  where 

ap−1−1

a−1
= 0 and 

bp−1

b−1
= 0 (Jacobi, 1846) 

(i) w=5 yields p=11 with a = gp−1−2w mod p with 

primitive root g=2,6,7,8 of p=11 for possible 

w=1,2,3,4,5 (Jacobi, 1846) 

(ii) Gaussian periods, i.e. vanishing periods exist for 

generator g with gn2
= 22k

= g2k
. Taking g=b=2 

one gets n2 = 2g and g=2,4,6,8,10. This leads to 

n2 = 2p for p < 11 (fuchs, 1863). mod νp-1 

congruences have roots 10,8,7,6,2 for p=11 

(Ondiany & Mude, 2025). This leads to a period 

matrix ωij(i, j = 1,2, … ,2w) in power integral 

base (1, ν, ν2, ν3, ν4)  

(iii) g2p
implies a pseudo- congruences 22k

≃ 1 

expected at k≃10. Therefore, Mersenne number 

transforms M2t = ПFt + 1 should exist which 

splits into Fermat number transforms with 

maximal five imaginary units for primes Ft(t < 5) 

where 22k
= ∏ Fi

k−1
i=0 +1 

 

The branching of the 

dφ1 , dφ2 )exp(kμσμ) (dφ1 
dφ2 

) ≃ (Δz)2 into log- 

Riemann surface yields an invariance Dμυ = 2𝔑zk →

2Gw𝔑zk. The mod 2 field ζ(2) yields an optimal 

feasible φq
2 ≃ eφq  and φq ≃ f(ωq) for sequential steps 

of mod 4, mod 3, and mod 2 congruences of ζ(12). The 

number of ±π rotations S(φq) = ∑ dφq → ζ(ℒ, φq) on 

w circles should be the product of rotations in each circle 

 φq
2 → e∏ φqw . The estimation lnGw = w! 2wln3

w2 

(Ziep, 2025) is very close to the behavior of the Legendre 

module for ω→2ω where λ→0 reproduces the classical 

behavior. 

 

10. CONCLUSIONS 
Metrical stability is discussed by rational 

coordinates in triangles ℝL (T(zq)). Convergence 

requires |∂zNq(z)| < 2 which is discussed with that in 

Mandelbrot sets |z|<2. The Lagrangian ℒ[ψi] of iterated 

z is valid for a logarithmic zoom Gw𝔑zk with coupling 

constant Gw. The behavior of states ψi on ℝL (T(zq)) is 

classifiable by sequential steps k within an adiabatic 

approximation for constant g2, g3 and discrete 

cyclotomic states ζ(m) followed by g2, g3 variations. For 

various interactions diagram expansions differ by the 

scale Δt of time averaging. Whereas QS uses Δt→∞ 

classical fields at w=4 or w=5 resolve the vertex 

functional Γijkl as an universe radius R(τ) allowing to 

include a Big Bang Γijkl → 0 and Big Rip Γijkl → ∞ 

situation. The present work aims to discuss confinement-

dependent vacuum energies for future work which 

depend on processing correlations.  
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