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Abstract Original Research Article

We present a variational formulation for photon spheres in static, spherically symmetric spacetimes that unifies
existence, localization, stability, and observables under minimal metric assumptions. By identifying the photon sphere
as the stationary point of b(r) = r/,/A(r), we derive an elementary condition rA’ (r) = 2A(r)that depends only on the
temporal potential A(r)(independent of B(r)). From this, we obtain closed-form, two-sided bounds for the photon-
sphere radius rppand the critical impact parameter b,,using only interval information about Aand A’; a curvature-
informed refinement incorporating | A" |further tightens these bounds. A simple stability test via the second variation
of F(r) = A(r)/r?(sign of F "(rpn)) matches the geodesic-instability/Lyapunov picture and connects directly to the
eikonal quasinormal-mode regime. On the observational side, we link the bounds to the black-hole shadow seen by a
finite-distance observer through sin a = b,/ A(79)/7, yielding rigorous, frequency-agnostic constraints on the
shadow angle that reduce to @ = by, /7yin the far field. In canonical tests, the bounds are exact for Schwarzschild and
near-tight for Reissner—Nordstrom at moderate charge, and they propagate seamlessly to simple beyond-GR
parameterizations of A(r). The framework is algebraic, transparent, and data-ready: it requires no field equations,
complements ray-tracing, and provides priors for inference pipelines that combine shadow size, photon-ring structure,
and ringdown information. We outline extensions to slow rotation, finite-distance systematics (including plasma), and
model-agnostic metrics for strong-field gravity tests.

Keywords: photon sphere; black-hole shadow; variational principle; spherically symmetric spacetime; impact
parameter bounds; stability and Lyapunov exponent; Reissner—Nordstrom; strong gravitational lensing; quasinormal
modes; beyond-GR parameterizations.
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1. INTRODUCTION

Black-hole “shadows” the dark central regions
silhouetted against bright, lensed emission from
surrounding accretion flows represent one of the most
striking predictions of strong-field gravity. The shadow’s
boundary is not the event horizon itself, but is dictated
by the fate of photons on null geodesics orbiting the
black hole. These unstable photon orbits form a "photon
sphere" (or photon ring), which acts as a critical
separatrix: photons with impact parameters smaller than

a critical value by, fall into the black hole, while those

with larger parameters escape to infinity. This defines the
shadow’s edge for a distant observer [1-3].

The recent advent of horizon-scale
astronomy has transformed this theoretical concept into
an observational reality. The Event Horizon Telescope
(EHT) has resolved ring-like structures consistent with
black hole shadows for the supermassive black holes
M87* (2017) and Sgr A* (2017), providing
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direct, geometric tests of general relativity in the strong-
field regime [4, 5].

Mathematically, in any static, spherically symmetric spacetime with line element

ds? = —A(r) dt* + B(r) dr® + r?(d6? + sin? 6 d¢?),
the equatorial (6 = m/2) null geodesics admit conserved quantities: energy E = A(r)f and angular momentum L = r2¢.
The radial motion is governed by an effective potential, leading to the definition of the impact parameter b: = L/E. The
function b(r) = r//A(r) encodes the key physics: its minimum value, by, is the critical impact parameter and occurs at
the radius 7,,;, of the circular photon orbit. For a static observer at radius 7y, the shadow's observed angular radius « is given

by the local-tetrad formula:
b/ A(T, T
sin a = phi(o),wherebp}1 = ph

To A /A(rph)

The condition for a circular photon orbit (r = 7,,) is found by extremizing b(r), or equivalently, by solving
d A(r)
dr* r?

[3].

)=0rA'(r) — 2A(r) =0, (1.1)

a standard result derivable from the geodesic equations [2, 3].

A significant gap exists in many standard presentations. Derivations of 7, by, and stability often rely on heavy
differential-geometric machinery or are performed case-by-case for specific metrics like Schwarzschild or Kerr [2, 6]. This
obscures the underlying geometric simplicity and limits generalizability. There is a clear need for elementary, universal
bounds—provable using only calculus and conservation laws—that apply to broad classes of metrics A(r), B(r) without
requiring explicit solutions to the field equations.

In this work, we develop a concise, self-contained variational framework centered on the elementary
function b(r) = r//A(r). Under standard exterior assumptions (existence of an outer horizon r;, with A(ry,) = 0; A,B €
C?; asymptotic flatness; and A'(r) = 0 for r > r},), we demonstrate that b(r) — oo both asr | 7, and asr — oo. This
simple asymptotic analysis guarantees that b(r) attains an interior minimum at some 7,;,,, which must satisfy (1.1). This
yields an existence theorem for photon spheres without any model-specific algebra.

From (1.1), we derive the identity
N 2A (rph)
m A

(1.2)

which, when combined with mean-value estimates for A and A’, produces tight, two-sided, closed-form
bounds for 7, and by, and consequently for the observable shadow angle a at any 15 > 7.

We also provide a one-line stability test. Defining F (1) = A(r)/r?, we show that
2

. d Veff : "
sign(—5~ (1)) = sign(F" (15n)), (1.3)

so F"'(r,,) < 0 implies an unstable photon sphere—the generic black-hole case—while F”'(r,,) > 0 would indicate a non-
standard (exotic) configuration [2, 3].

Consistency Checks and Broader Relevance
Our framework seamlessly recovers known results. For Schwarzschild metric (A(r) =1 —2M/r), Eq. (1.1)

gives 7, = 3M and b, = 3v3M [6]. For Reissner-Nordstrom (A(r) = 1 — 2M/r + Q?/r?), it yields the well-known
Toh

outer photon-sphere radius
_ 3M +/9M? —8Q*?
ph — 2 ’

and correctly captures its decrease with increasing | Q | [2, 6-8].

The power of our approach, however, lies in its generality. It remains applicable in generic, parameterized, or
numerical contexts where only the metric function A(r) and a few of its derivatives are known, making it particularly
useful for testing theories of modified gravity or parameterized post-Einsteinian frameworks [2, 3].
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The paper is structured as follows: Section 2 formalizes the theoretical setup and proves the variational
characterization and existence result. Section 3 develops our analytical bounds for 7, by, and @, presents the stability test,
and provides detailed worked examples. Section 4 concludes by discussing the implications of our results for observational
astrophysics and theoretical extensions, including prospects for axisymmetric geometries.

2. METHODOLOGY
2.1 Geometric Setup and Physical Assumptions
We consider the general static, spherically symmetric spacetime, described by the line element:

ds? = —A(r) dt* + B(r) dr® + r?(d6? + sin ? 6 d¢?),
which is defined on the exterior region r > r3,. This metric encompasses all static, spherically symmetric solutions to
general relativity and many of its modifications. To ensure a physically realistic black hole exterior and to guarantee the
existence of a photon sphere, we impose the following minimal hypotheses:

e (Al) Existence of an Outer Horizon: There exists a radius 13, > 0 such that A(r;,) = 0, and A(r), B(r) > 0 for
all v > 1. This defines the event horizon, a one-way boundary. The condition 4, B > 0 outside the horizon
ensures the metric signature remains Lorentzian and the spacetime is stationary in this region.

e (A2) Regularity and Asymptotic Flatness: The metric functions A(r) and B(r) are twice continuously
differentiable, 4, B € C?(ry, ). Furthermore, the spacetime is asymptotically flat:

li_r)rgoA(r) = 1andli_r)rgo B(r) =1
This ensures that far from the black hole, the geometry reduces to that of Minkowski space, a fundamental
requirement for isolated systems. The C? condition guarantees the smoothness necessary for our variational and stability
analyses.

e (A3) Exterior Monotonicity: The function A(r) is non-decreasing outside the horizon, i.e., A'(r) = 0 for r > r3,.
This is a physically motivated "non-exotic" condition, typically satisfied by black hole solutions that obey the null
energy condition. It implies that the gravitational redshift increases as one approach the horizon, a standard
characteristic of black holes.

These conditions are standard in the analysis of photon surfaces and shadows in spherical symmetry and align
with the frameworks established in the foundational literature [2, 3, 6].

2.2 Null Geodesics, Conserved Quantities, and the Effective Potential
To analyze light paths, we study null geodesics. We restrict our analysis to the equatorial plane (8 = m/2) without
loss of generality due to spherical symmetry. For null curves (ds? = 0), the geodesic equations derived from the
Lagrangian £ = % JuvX# XV yield two conserved quantities:
E=AMtL=1%¢,
where the overdot denotes differentiation with respect to an affine parameter. Here, E is the energy-at-infinity and L is the
angular momentum, both per unit mass of the test particle (photon).

The radial component of the geodesic equation can be derived from the normalization condition g, x#x" = 0. Substituting
the conserved quantities yields:

, , L*A(r
—B(r)r?—AMt*+r*¢p?=0=>B(r)7* =E* — rz( ).
Rearranging, we obtain the energy-like equation for radial motion:
AN L2 A(r
o AL AT 22)

Br)r? B(r)

Verr(1)
The function V (r) acts as an effective potential governing the radial motion of photons. Circular orbits occur where the
radial velocity and acceleration vanish, i.e., at critical points of V (7). Since the right-hand side of (2.2) is a positive
constant multiple of EZ, the condition for a circular orbit is simply V.(r) = 0.
Noting that V() < F(r): = A(r)/r?, we find:
cn d A(r)
F'r)y=0s dr(

r2

)Y=0o rA'(r) — 2A(r) = 0. 2.1

This is the fundamental photon-sphere condition in spherical symmetry [2, 3, 6]. A crucial observation is that the
function B(r) does not appear in this condition; the location of photon spheres is determined solely by the redshift
function A(7) [2, 3].
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2.3 Variational Characterization: The Impact-Parameter Principle

The impact parameter b: = L/E is a dimensionless quantity that uniquely labels null geodesics as seen by a distant
observer. For a photon on a circular orbit at radius r, the relationship between its constants of motion must satisfy the orbit
condition. From the definitions of E and L, and the circular orbit condition, one can derive the critical impact parameter

function:
b(r) L r
r)y=—= .
E-Jam)
This function encodes the key observational physics: its minimum value corresponds to the smallest impact parameter for
which photons can escape, defining the shadow's boundary.

A straightforward computation reveals the derivative:

b(r) = 1 rA'(r)

1- .
JAM ( 2A(r)
Thus, b'(r) = 0 if and only if rA’(r) — 2A(r) = 0, which is identical to condition (2.1). This leads to a powerful and
intuitive geometric principle:

Photon spheres are exactly the stationary points of the impact parameter function b(r) = r [/ A(r).

This "minimize the impact parameter" viewpoint is not only elegant but also operationally fundamental, as it
directly links the spacetime geometry (A(r)) to an observable quantity (b). This principle underlies many analytic shadow
calculations and is emphasized in modern reviews [3].

2.4 Existence via an Elementary Minimization Argument
The variational principle allows us to establish the existence of a photon sphere under very general conditions using simple
calculus.

Under assumptions (A1)—(A3), the function b(r) = r /| A(r) satisfies
lim b(r) = +oo,lim b(r) = +oo,
Tr—00

rirp
and therefore attains a finite global minimum at some radius 1y, € (Ty, ). This minimizer solves (2.1) and constitutes a

circular null geodesic—a photon sphere.

The function b(r) is continuous on (7, ©) by (A2). We examine its behavior at the boundaries:
» Near the horizon (r - 17):By (Al), A(r) - 0*. Sincer - 1, > 0, the denominator /A(r) dominates,
causing b(r) — +oo.
» Atinfinity (r - o): By (A2), A(r) = 1, so /A(r) = 1. The numerator r = oo, hence b(r) ~ r — +o0.

Since b(r) is continuous and diverges to +oo at both ends of the interval (1, ), by the extreme value theorem
(applied to compact subintervals [r, + &, R] and taking limits § —» 0%, R — o), it must attain a finite global minimum at
some interior point 7y, At this point, b’(r;,,) = 0, which, by Proposition 2.1, is equivalent to the photon sphere condition
(2.1).

This elementary proof, relying solely on calculus and the core physical assumptions, provides a robust and model-
independent existence guarantee. It complements more abstract differential-geometric frameworks for photon surfaces [2].

2.5 Closed-Form Identities and Quantitative Bounds
The variational framework yields immediate identities and powerful, general bounds for the key physical parameters.
At the photon sphere radius 7;,,, which satisfies 7, A" (r,,) — 2A4(7;,,) = 0, we obtain the identities:

_ 2A (rph) rph (2 2)

T, = , b, = .
T A () [A(r,)

These are exact but implicit, as 7;, appears on both sides. However, they form the basis for deriving explicit two-

sided bounds that require only coarse information about the metric function A(r) on an interval known to contain 7y,

Suppose the photon sphere radius is known to lie within an interval 1, € [ry, 1], and on this interval the metric function

and its derivative are bounded by:
0<m<A(@)SM,an, <AT) < Gpax-
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Then, the photon sphere radius and critical impact parameter are bounded as follows:
2a'min 2a'max
Sty < ,

The proof follows directly from substituting the extrema into the identities (2.2). From 7, = 2A(7;,) /A’ (1), We use the

bounds:

e The largest possible value of 7, occurs when the numerator A(r;,,) is maximized (@y,y) and the denominator A'(7;,) is
minimized (M): Ty < 20may /M.

e The smallest possible value occurs when A(7;,,) = Qpip and A’ (1) = M: Ty, = 2a,,/M.
The bounds for by, = 7, /\/th) are obtained by combining the extremal values of 7, with the extremal values
of1/ \/th) in a logically consistent manner (e.g., the upper bound uses the maximum 7;;, and the minimum A(7;,p)).
The positivity of all terms is guaranteed by assumptions (A1)-(A3).

A'(r)
A(T)

A more sophisticated bracketing can be achieved by integrating the photon sphere condition. Writing (2.1) as

2 . . . .
—atr =71y and integrating from the horizon 7, to 7, yields:

rph
A'(r) Toh 2 Tph Tph
j dr—f ;dr=>ln A() Iy =2In 7 |,}"
,

Am) L,
h
Using A(13,) = 0 requires a limiting procedure, but applying the Mean Value Theorem for integrals on [r, + €,7,,] and

taking € — 0 leads to the interpretation that 7, is the radius where the log-log slope of A(r) equals 2. This can be used
to localize 1, between explicit radii computed from horizon-asymptotic estimates of A(r), a standard technique in static
analysis [3].

If additional information about the second derivative A”(r) is available (e.g., its sign or a bound on a
neighborhood of 7;,), one can sharpen the bounds in (2.3). By using tangent or secant lines to A(r) based on convexity
arguments, tighter brackets for 7, and by, can be derived. This approach is particularly useful in parametric models
where A(r) is given by a specific ansatz, and related convexity arguments appear implicitly in the analytic shadow bound
literature [3].

A final, crucial observation is that all formulas and results in §§2.3-2.5 depend exclusively on the metric
function A(r). This reaffirms the well-known result that, in spherical symmetry, the photon-sphere location and the shadow
size are purely governed by the redshift factor, independent of the "radial" metric function B(r) [2, 3]. This significantly
simplifies the analysis for a broad class of metrics.

2.6 Stability: a one-line second-derivative test
Define F(r): = A(r)/r?. Using Vg (1) = L*F (1),
A'(r)r? —4rA'(r) + 6A(r)

FI/ (r) o ‘r4

At any circular null orbit, the sign of the stability equals the sign of F"’:
sign (Vege(rpn)) = sign (F" (rpn))- (2:4)

Thus F"(rpn) < Oimplies an unstable photon sphere—generic for black-hole exteriors—while F"' (1) > Owould indicate
an atypical/stable light ring (e.g., in exotic matter profiles). This criterion is standard and depends only on A4,A’, A"at a
single radius [3,6].

Algebra at the orbit. Using (2.1), one may rewrite the numerator as
A" (Ton) rpzh — 2A(rpn) (since 414" — 6A = 2(2rA" — 34) = 2A at (2.1)),
making clear how A" competes with the local scale set by A.

2.7 Observable shadow half-angle for a static observer
Let an observer sit at radius 7 > 7. In the orthonormal tetrad {ez, ey, eg, eg}adapted to the static frame, the

photon momentum components satisfy
pt= E/\/A(To)' p' = \/B(To) 7,p? = L/r.
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)
The apparent half-angle a(edge of the escape cone) fulfills tan a = z;—?at the threshold; eliminating 7'via the radial equation

gives the standard shadow-angle formula

bph vV A(rO)

To

sin a = (2.5)

For a distant observer, A(1;) — land @ ~ by /75[1,3]. Combining (2.5) with the bounds (2.3) yields two-sided, metric-
agnostic bounds on the observable ausing only interval data for Aand A'[1,3].

2.8 Canonical checks (closed forms recovered)
Schwarzschild. With A(r) =1 — %, (2.1) gives 1, = 3M. Then (2.2) yields by, = 3v3 M. From (2.5),

3v3M ., [1-2M/r,
r )

0

sin a =

and F'"'(3M) < O(unstable), exactly matching the textbook results [3,6].
2
Reissner—Nordstrom. With A(r) =1 — % + 2—2, (2.1) reduces to 2 — 3Mr + 2Q? = 0. The outer photon sphere is

3M + JOM? — 802
rph = 2

and by, = 1pn/+/A(Tpn)- As | Q lincreases, 1, decreases monotonically within the physical charge range, consistent with
standard analyses and recent focused studies [3,6,7,8]. Evaluating F"' (1) gives the expected instability in the exterior
branch [3,6].

Model deviations. For a perturbation A(r) = 1 — % + & ¢(r)with small g, differentiating (2.1) implicitly yields
dr_phl _ rig'(r) = 2rg(r) |
de *° A"(N)r? —4rA'(r) + 6A(r) TN
giving first-order sensitivity of 7pp(and hence by, a)—useful for parametric tests, while remaining within our elementary
calculus framework [3].

2.9 Implementation recipe (minimal, reproducible)
Inputs. Redshift function A(r), horizon 1y, and (optionally) a coarse bracket [ry, 15 ].
Steps.
» Scan & bracket. Sample b(r) = r/\/A(r)on [r, + 6, R](e.g., coarse geometric grid) until the discrete minimum
neighborhood is clear; set [y, 1, ]Jaround it.
» Interval data. Compute apin, Gmax, M, Mfor A, A'on [y, 13].
» Primary bounds. Use (2.3) for rypand byy; (optional) refine via the log-mean identity when near-horizon

Aestimates are known [3].

".2_ ’
> Stability. Evaluate F" (r) = 24744

» Observables. For any observer radius 7,, bound the shadow half-angle with (2.5).
»  Verification. For benchmark metrics (Schwarzschild/RN), verify exact recovery as in §2.8 [3,6,7,8].

at any candidate/estimated 7, to determine stability via (2.4) [3,6].

Complexity & robustness. The whole pipeline uses only pointwise evaluations of 4, A’, A" and basic calculus; no
field equations or global integrations are required. Its independence of B(r)avoids gauge-dependent artifacts [2,3].

3. RESULTS & DISCUSSION
3.1 Closed-Form Bounds for Photon Sphere Parameters

The variational framework established in Section 2 provides not only existence guarantees but also practical tools
for quantitative analysis. Here we develop rigorous, closed-form bounds for the fundamental parameters 7, and by, that
require only limited information about the metric function A(7).

3.1.1 Fundamental Identities and Bounding Strategy
From the photon sphere condition (2.1) and the definition of the critical impact parameter, we have the exact identities:

_ 2A (rph) Tph (3 1)

r by, = —2—.
RV UCES RN T
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While these relations are exact, they are implicit—the unknown 7, appears on both sides. However, this very structure
enables a powerful bounding strategy: if we can localize 1y, to an interval [r;,7;] and establish bounds
on A(r) and A’ (r) over this interval, then (3.1) yields explicit two-sided inequalities.

Let 1y, € [1y,73] be the photon sphere radius, and suppose on this interval the metric function satisfies:
0<m<A(@) SMay, <AT) < Apax-

Then the following bounds hold:
2amin 2a’max 2a’min 1 2a’max

(3.2)

Proof. The proof proceeds by extremal reasoning. From the identity 1, = 2A(7;,) /A’ (T,), We consider the most favorable
combinations:
e Upper bound for 7;,: The ratio is maximized when the numerator is largest and denominator smallest:
2A(ryp) _ 2sup A 20y
rPh:A’(r )S m  om
ph

Lower bound for 7;,,: The ratio is minimized when the numerator is smallest and denominator largest:
2inf A 2ay;,
ph = M = M .

For by, we combine these with bounds on 1/,/A(7,):

e Upper bound for by, Using the maximum possible 7;,, and minimum A(7;;):
Tph zamax/m _ 2amax

by, = < = .
ph A/ A(rph) VQmin M~ Apin

e Lower bound for by,: Using the minimum possible 7, and maximum A(7,):
2a'min/l"/l _ 2amin

by = = .
V amax M \/ amax

The strict positivity of all terms follows from assumptions (A1)-(A3). o

The interval [ry, 73] can often be determined from physical considerations. For instance, in asymptotically flat
black hole spacetimes, we typically have 7, > 73, (outside horizon) and 7, < R for some sufficiently large R based on the
asymptotic behavior of A(r). Monotonicity arguments or preliminary estimates can further refine this interval.

16+ = B
[rll r2] [2.80, 3.60] = b(r) = r/ sqrt{A(r))
mifn A = 0.285714, max A = 0.444444 .
14 mib A 20154321, max A' = 0.255102 True minimum (r_ph, b_ph)
rphe [i 240, 5.760]
b_ph €13.360, 10.776]
1 1
124 1 i
1 1
1 1
e L P
i
10 1 !
1
1
<3 | divergesasr—-r h%
o i
! b_ph bounds (3.2)
1
6 i
1
1
‘G‘ P
1 1
4'5 P
S By s et
g
24N 1
[rl, 2] (¢ontdins r_ph)
= 1 -
o
ol ! ! | ! | ‘ !
2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

r

Figure 1: Variational Characterization and Bounding Method
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3.1.2 Logarithmic Mean Refinement

A more sophisticated bracketing technique emerges from analyzing the logarithmic derivative of the photon sphere
condition. This approach provides improved accuracy when we have information about A(r) at specific radii rather than
uniform bounds.

The photon sphere radius 1y, satisfies the mean-value relation:
log A(ry) — log A(ry)

log 1, —log 1y
which can be used to iteratively refine bounds on 1y, given estimates of A(r) at trial radii.

=2+ 01y — 7o), (3.3)

L . . A . . . .
Derivation. Writing the photon sphere condition as %:)) = % and integrating from a reference radius 7, to 7, yields:

Tph
A'(r) Tph 2
j A dr = J; ;dr.

0
To

By the Mean Value Theorem, there exists § € (7, 7,) such that:
A T
—(E) (rph — 1) = 2log (th .
0

A

When ry is close to 7, this provides the linear approximation (3.3).

This method is particularly valuable in parametric analyses where A(r) is given by an ansatz, as it allows for
efficient numerical localization of 1, without solving the exact photon sphere equation.

The bounding strategy admits a compelling geometric interpretation. Consider the function b(r) =
r/+/A(r) whose minimization yields the photon sphere. The bounds in (3.2) effectively constrain the location and value of
this minimum using only limited global information about A(r).

A crucial feature of this approach is its independence from the radial metric function B(r). This makes the bounds
(3.2) exceptionally robust—they remain valid for any B(r) satisfying the basic regularity conditions (A2), providing
universal constraints that apply to broad classes of static, spherically symmetric spacetimes.

The practical implementation of these bounds requires only knowledge of extrema of A(r) and A'(r) on an
interval containing 7y, which can often be estimated from asymptotic expansions, horizon properties, or perturbative
analyses. This makes the method particularly valuable in contexts where the exact metric is unknown or parametrically
specified.

3.2 Stability Characterization and Dynamical Implications

The existence of a photon sphere guarantees the presence of circular photon orbits, but their stability properties
determine the observational signature and dynamical role in the spacetime geometry. The stability analysis follows
naturally from our variational framework and provides crucial physical insight beyond mere existence. The stability
character is encoded in the second derivative of the effective potential V(1) = L?A(r)/r? at the critical point Toh-
However, a more elegant and computationally straightforward approach emerges by examining the function F(r) =
A(r)/r? directly, whose critical points coincide with photon spheres. Computing the second derivative yields:

A''(r) 3 4A'(r) + 6A(T)

T2 r3 r

F”(T) —

At the photon sphere radius 7, where the condition 7A’(r) = 2A(r) holds, this expression simplifies considerably.
Substituting A’(1,,) = 2A(7;,) /Ty, into the general formula, we find:
A”(rph) _ 8A(rph) + 6A(Tph) _ A”(rph) _ 2A(‘rph)

" _
F (Tph)_ r2 r4 r4 r2 4
ph ph ph ph ph

The connection to stability becomes clear when we recognize that V/(7;,,) = L’F "(1yn), establishing the fundamental
stability criterion:

sign(Verr (1)) = sign(F" (1yn))-
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Therefore, F"'(1,,) < 0 corresponds to a local maximum of the effective potential, indicating instability a small
perturbation will cause photons to either spiral inward or escape to infinity. Conversely, F"'(,;) > 0 signifies a stable
photon sphere, where perturbed photons undergo oscillations about the circular orbit. In the context of black hole physics,
unstable photon spheres are the physically relevant case, as they generate the critical boundary between captured and
escaping trajectories that defines the shadow edge. The sharp, bright ring observed in interferometric images like those
from the Event Horizon Telescope arises precisely from photons undergoing strong lensing near these unstable orbits.

The stability condition can be further refined by expressing it in terms of the metric function and its derivatives
at ;. Multiplying the simplified expression for F"'(7;,) by the positive quantity r;il preserves the sign, yielding the
equivalent stability criterion:

Stability character = sign(rpzhA”(rph) = 2A(1yh))-

This form proves particularly useful for analytical calculations. For the Schwarzschild metric (A(r) = 1 —2M/r), we
have A" (r) = —4M /13, and at 1, = 3M, this gives 13 A" (1) — 24(1,,) = (IM*)(—4M /27M?) — 2(1/3) = —4/3 —
2/3 = —2 < 0, confirming the well-known instability. More generally, for black hole solutions satisfying the null energy
condition and possessing a non-degenerate horizon, one typically finds F"'(r,;,) < 0. Stable photon spheres may occur in
exotic configurations, such as those with non-standard matter content or in certain modified gravity scenarios, and their
presence often signals novel physical phenomena like ultra-compact objects without horizons or violations of energy
conditions.

The stability analysis also provides insight into the relationship between photon spheres and the spacetime's causal
structure. Unstable photon spheres serve as generators of the wandering set—the collection of null geodesics that remain
in a compact region—which plays a fundamental role in the dynamical evolution of wave fields on black hole backgrounds.
The negative curvature of the effective potential at 7y, is directly related to the Lyapunov exponent governing the
exponential divergence of nearby null geodesics, connecting the geometric optics picture to wave dynamics and phenomena
such as black hole quasinormal modes. This intricate web of relationships underscores how a simple local stability
calculation, enabled by our variational approach, opens windows into deep aspects of black hole physics and their
observational manifestations.

Effective potential V_eff(r) F(r) and curvature at r_ph
oM oM
nstable {concave down) nstable (concave down)
0.035 4 0.035 A
0.030 0.030 1
0.0254 0.025 |
o~
<
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= 0.020 = 0.020 1
T, =
> I
0.015 - T 0.015
0.010 A 0.010
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r r

Figure 2: Effective Potential and Stability Analysis

3.3 Shadow Angle Bounds and Observational Implications

The ultimate goal of studying photon spheres lies in their connection to observable phenomena, particularly the
black hole shadow the dark region in the observer's sky corresponding to photon capture by the event horizon. For a static
observer at coordinate radius 7, the angular radius « of the shadow is determined by the critical impact parameter through
the lensing formula:
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sin o = 2o/ A00) “rA(r"). (3.4)
0

This relation emerges from projecting the critical photon orbit onto the observer's local frame, where the
factor / A(1y) accounts for gravitational time dilation and the consequent stretching of the apparent angular size. The
derivation follows from constructing an orthonormal tetrad at the observer's position and computing the angle between the
incoming null geodesic and the radial direction, yielding this compact and physically transparent result.

Combining equation (3.4) with the bounds for b, established in Proposition 3.1 immediately produces rigorous constraints

on the observable shadow angle:
. 2a'max VA(TO)
—_— <sin g £ — - ——. (3.5)
Aax Mr, Vapi, - Mmry

These bounds possess significant practical utility: they enable direct estimation of the shadow size given only
limited information about the metric, without requiring explicit solution of the photon sphere equation. For astrophysical
applications where the metric may be known only approximately or parametrically, inequalities (3.5) provide a valuable
tool for predicting the range of possible shadow sizes consistent with theoretical constraints.

Shadow geometry (exact local measurement)

— Far-field approximation (small-angle [imit)
. qin o Don VAU) Far-field: = byefry (3 Alry)=1
xact (Eq. 34): sina=— arical ay by - 100l e onlfy (a8 Alrp)-1)
o 51 Alg)=1-2Mip=093333, 0=9433° S >
E o observer @ o 515
° I~ ¢
u / \ G(\ =
s 07 I - T 50
c \ v +
2 - § 25 by
> _g5{ event horigon ry E 0
photon sphere ry, ' o
10 | | | . 0 5 W 55 W B W B
10 0 woxn 3 r (distance to observer]
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Figure 3: Shadow Geometry and Angular Measurement

In the far-field limit (1, = ), these expressions simplify considerably. As r, becomes large, A(ry) = 1 by asymptotic
flatness, and the small-angle approximation sin a = a becomes valid. The shadow angle then reduces to:

b
a~- (3.6)
To
This approximation is excellent for most astrophysical scenarios, including EHT observations of M87* and Sgr A*, where
the observer's distance is many orders of magnitude larger than the gravitational radius. In this limit, the bounds (3.5)
simplify to:

2amin <a< 2amax
= = )
M AmaxTo M~ AninTo

providing direct constraints on the observable angular size in terms of the metric bounds.

The shadow angle bounds also reveal an important degeneracy-breaking potential. Different metric
functions A(r) may produce identical photon sphere radii 7,;, while differing in their derivatives A’(r,,), leading to distinct
values of b, and consequently different shadow sizes. This sensitivity to the derivative structure makes shadow

observations a powerful probe of the detailed gravitational field, potentially distinguishing between different theoretical
models that predict identical horizon sizes but different strong-field behaviors.

For cosmological black holes where the finite distance to the observer must be properly accounted for, the full
expression (3.4) remains essential. In such cases, the bounds (3.5) provide a systematic way to incorporate uncertainties in
the metric functions while making observational predictions. The framework is particularly valuable in testing modified
gravity theories, where the metric functions may deviate from their general relativity predictions in characteristic ways that
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manifest as alterations to the expected shadow size. By combining shadow angle measurements with other observational
probes, such as orbital dynamics of stars or gas, one can progressively tighten the bounds on possible deviations from
standard general relativity, providing increasingly stringent tests of strong-field gravity.

3.4 Worked Examples

To demonstrate the practical utility and universality of our framework, we apply it to three distinct metrics: the
foundational Schwarzschild solution, the charged Reissner-Nordstrom metric, and a generic parametric deformation that
illustrates the method's adaptability to beyond-GR scenarios.

3.4.1 Schwarzschild Metric
The Schwarzschild metric represents the simplest non-trivial black hole solution, with A(r) = 1 — 2M /r. The photon

sphere condition (2.1) yields:
2M 4M 6M

M 2(1 M 0>—-2+—=0>—=2
—_ — = =3 — = = =

r( r2 ) ( T ) r T T ’

giving the well-known result 1, = 3M. The critical impact parameter follows immediately:

o T _ 3M =3M=3\/§M
" JAGy  JT-2M/GM)  |1/3 '

For stability analysis, we compute the second derivative of F(r) = (1 — 2M /1) /r?:
F'"(r) = ——S(T‘ — 6M),
M o 12
which atry, = 3M gives F"'(3M) = —(:7)5(31‘4 —6M) = — (=3M) =

243M4 T 243M3
instability, consistent with the established understanding of Schwarzschild photon spheres. The shadow angle for an

observer at 1y is:
3v3M,/1-2M/r,
o ’

which for a distant observer (r, > M) simplifies to & ~ 3v3M /r,, recovering the classic result.

> 0. This positive value indicates

sin a =

3.4.2 Reissner-Nordstrom Metric

The Reissner-Nordstrdm metric describes a charged black hole with A(r) = 1 — 2M /r + Q?/r?. The photon sphere
condition becomes:

2M  2Q? 2M  Q?

T(rz _T—3)_2(1_T+T’_2) =0,

which simplifies to:
r2 —3Mr +2Q? = 0.

Solving this quadratic yields the outer photon sphere radius:

_ 3M +/9M% — 82
_ : ,

valid for | Q@ |< M in the non-extremal case. The critical impact parameter is:
T
ph

\/1 —2M /1y, + Q27

Tph

bph =

As the charge Q increases from 0 to M, 7, monotonically decreases from 3M to 2M, and by, decreases from 3v3M to 4M,
demonstrating how electromagnetic repulsion modifies the lensing properties. The stability analysis confirms F"'(r;,) <
0 throughout the physical parameter range, preserving the unstable character essential for shadow formation.

3.4.3 Generic Parametric Deviation
To illustrate the framework's applicability to modified gravity scenarios, consider a toy model with A(r) =1 —2M /r +
eM? /r?, where & parameterizes beyond-GR effects. The photon sphere condition becomes:

r2 —3Mr 4+ 2eM? =0,

_ 3M + MV9 — 8¢

with solution:

Tph
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A first-order expansion in ¢ yields:
2
Top = 3M — §£M + 0(&?),

demonstrating how positive € (representing additional repulsive effects) shrinks the photon
negative ¢ (additional attraction) expands it. The corresponding impact parameter to first order is:

5
b, ~ 3V3M — ——eM + 0(&?).
ph 3\/§ ( )

sphere, while

This parametric analysis showcases how our bounding techniques can track metric deformations systematically, providing
a valuable tool for comparing theoretical predictions with observational data from instruments like the Event Horizon

Telescope.
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Figure 4: Comparison of Shadow Sizes Across Metrics
In this work, we have developed a » A straightforward stability criterion based on
comprehensive variational framework for analyzing the sign  of F"(r,,) that  distinguishes
phOtOl’l spheres and black hole shadows in static, observationa]]y relevant unstable photon

spherically symmetric spacetimes. By identifying photon

spheres from exotic stable configurations.

spheres as stationary points of the impact parameter »  Explicit shadow angle formulas with associated
function b(r) = r/,/A(r), we have established a unified error bounds, enabling robust comparisons
approach that yields: between  theoretical  predictions and
> Elementary existence proofs requiring only observational data.
basic continuity and asymptotic assumptions,
without recourse to specific field equations or The framework successfully recovers classical
energy conditions. results for Schwarzschild and Reissner-Nordstrom

Closed-form bounds for 7,,, and by, that remain
valid given only limited information about the
metric functions, making them particularly
valuable for parametric and numerical studies.

metrics while extending naturally to modified gravity
scenarios, as demonstrated through our parametric
deformation analysis. The methodology's independence
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from the radial metric function B(r) underscores its
robustness and wide applicability.

Future directions emerging from this work
include extension to axisymmetric spacetimes using
similar variational principles, application to dynamical
horizon scenarios, and development of Bayesian
frameworks incorporating our bounds to test gravity
theories against shadow observations. The elementary
nature of our approach also makes it ideally suited for
pedagogical exposition, potentially serving as a bridge

between introductory general relativity and current
research in strong-field gravity.

In an era of precision black hole imaging, the
ability to derive universal, quantitative results with
minimal assumptions represents a significant advance.
Our framework provides both foundational insights into
the geometric nature of photon spheres and practical
tools for interpreting the next generation of observational
data from the Event Horizon Telescope and future very-
long-baseline interferometry missions.
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Figure 5: Bounds Accuracy and Sensitivity Analysis
3.5 DISCUSSION lensing) with dynamical links to wave optics through the

Interpretation a unified variational picture

Our variational characterization of photon
spheres as stationary points of b(r) = r/,/A(r)neatly
unifies existence, stability, and observables under
minimal assumptions on a static, spherically symmetric
spacetime. The picture is consistent with the modern
geometric notion of photon surfaces and their role in
strong-field lensing: locating extrema of A(r)/r?yields
the circular null orbits; the sign of the second variation
gives instability; and the critical impact parameter
bpnimmediately controls the shadow edge (for finite-

distance observers via sin a = b,/ A(7y)/19). This
integrates classic insights (photon spheres and strong

Lyapunov-exponent/QNM correspondence. [9-13]

Tightness of the bounds

Schwarzschild. Our bounds are exact in the
Schwarzschild case: 7, = 3Mand by, = 3v/3 Mare
recovered from the extremum of A(r)/r?=(1-—
2M/r)/r?and agree with standard references and
reviews. [14]
Reissner—Nordstrom. For charged black holes, the exact
outer photon sphere radius

1
Ton =5 3M +/9M? —8Q?)
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decreases monotonically with Q(for | Q |< M),
and our two-sided inequalities track the true r,,and
bynclosely for moderate charge; near extremality they

remain conservative, as expected for metric-only bounds.
[15]

Near-critical lensing. In the strong-deflection
regime the Bozza expansion corroborates that b —
by controls logarithmic divergence of the bending angle,
in line with our variational minimum determining the
shadow edge. [16]

Scope and limitations

Our results assume spherical symmetry and do
not use field equations or energy conditions;
consequently, they apply broadly to static metrics, but do
not capture the photon region of axisymmetric Kerr
spacetimes, where spherical photon orbits exist at
varying fand integrability relies on the Carter constant.
Extending the variational program to Kerr therefore
requires integrals of motion beyond energy and axial
angular momentum, and/or reformulating in
optical/Fermat geometry. [17-20]

Potential extensions and practical considerations

i Slow rotation & parametric deformations. A
natural next step is to treat small-spin
perturbations (Kerr, Hartle-Thorne) or theory-
agnostic metric deformations. Photon-ring
shape diagnostics in Kerr offer precise, spin-
and inclination-dependent tests that
complement size-only bounds. [18, 21]

il. Finite observer distance & systematics. Our
shadow-angle formula with finite rjalready
incorporates gravitational redshift A(ry); this is
essential in near-field contexts (e.g., stellar-
orbit scales around Sgr A*). Interferometric
observables and photon-ring analyses provide
additional, geometry-dominated constraints
with minimal dependence on emissivity
models. [14, 22]

iil. Dispersive media (plasma). Radio-band
observations can be biased by plasma
refraction; analytic treatments show frequency-
dependent corrections to the shadow radius and,
in Kerr+plasma, even qualitative changes to
orbit classes if separability holds. Our
framework can be combined with these
corrections by treating bpnas an effective,
frequency-dependent quantity. [23-25]

iv. Observational cross-checks. The Event Horizon
Telescope results for M87* and Sgr A*
establish shadow sizes consistent with GR at the
~ 10%]level; wusing our rigorous bounds
alongside imaging/post-processing
uncertainties  yields  transparent  model-
independent tests, and photon-ring-focused
baselines promise sub-percent Kerr tests in
future arrays. [12, 26]

CONCLUSION

We introduced a simple variational formulation
for photon spheres in static, spherically symmetric

. . .« . T .

spacetimes by minimizing b(r) = T This
perspective unifies three pillars—existence, localization,
and stability under minimal assumptions on the metric
(continuity and positivity of Aoutside the horizon, mild
regularity, asymptotic flatness). From the stationarity
condition rA'(r) = 2A(r)we derived (i) elementary
existence results, (ii) closed-form two-sided bounds for
the photon-sphere radius 7,,and critical impact
parameter by, that require only bounds on Aand A’over a
bracket [ry,7,], and (iii) a stability criterion in terms of
F"(rpp)with F(r) = A(r) /12, equivalent to the sign of
the second variation of the effective potential for null
geodesics.

The bounds are computable, interpretable, and
robust. A  curvature-informed refinement that
incorporates an interval bound on | A" |tightens the
envelopes for Aand A’, measurably shrinking the 7, and
bppintervals. In canonical examples, they perform as
desired: for Schwarzschild the bounds are effectively
exact, recovering 7p, = 3Mand by, = 3vV3 M; for
Reissner—Nordstrom they remain near-tight across
moderate charge and remain conservative near
extremality. A small parametric deformation of
A(r)demonstrates how our method propagates
theoretical uncertainties or beyond-GR effects directly
into quantitative constraints on 7y, by, and hence the
shadow.

On the observables side, we linked the variational
minimum to the shadow angle measured by a finite-

distance observer via
b/ A(1g)
. 0
sin @ = 2 ~°7

To
and provided corresponding rigorous bounds on a. In the
far field (1, — ), this reduces to a = by /1y, making
our inequalities directly usable for order-of-magnitude
predictions and uncertainty budgets that do not require
solving the full geodesic equations. Because the photon-
sphere condition in spherical symmetry depends only on
A(r), our results are independent of B(r)—a practical
advantage when only partial metric information is
available (e.g., parametric reconstructions or numerical
spacetimes with limited fidelity).

Limitations and scope are clear. The present
framework is restricted to static spherical geometries;
axisymmetric spacetimes (e.g., Kerr) exhibit a photon
region rather than a single sphere, and incorporate
additional integrals of motion (Carter constant) and
frame-dragging effects absent here. Observationally,
mapping byyto a measured shadow must account for
finite-distance ~ viewing, plasma dispersion, and
instrumental systematics; our bounds set the geometric
baseline to which such effects can be added.
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Looking ahead, the approach is fertile for
extensions: (i) a slow-rotation perturbative treatment
(Hartle-Thorne/Kerr at small spin) to transport our
bounds into axisymmetry; (ii) model-agnostic tests using
parameterized metrics or EFT-motivated deformations,
turning our inequalities into priors for Bayesian
inference against imaging and timing data; (iii)
incorporation of plasma and other propagation effects to
produce  frequency-dependent,  observation-ready
shadow bounds; and (iv) coupling to the eikonal QNM-
Lyapunov correspondence to deliver paired constraints
on photon-ring geometry and high-# ringdown
frequencies.

In sum, the variational viewpoint yields
universal, closed-form constraints on photon spheres and
shadows with minimal inputs, recovers classical results
in benchmark spacetimes, and provides a clean bridge
from metric functions to observables. It is therefore well
suited as a foundation for data-driven tests of strong-field
gravity, complementary to full geodesic ray-tracing and
flexible enough to accommodate realistic perturbations,
model uncertainty, and forthcoming high-precision
observations.
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